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Preface

In the literature, theory of magnetism is available in books at two levels. At the
beginners level it is dealt as a chapter in books on solid state physics. There certain
basic facts about magnetism are presented and some of the theoretical ideas are
mentioned almost in passing. If one wants to persue the subject in depth then one
has to refer to the books at the higher level. At this level there already do exist excel-
lent books which have either a large canvas or limit the area but go to considerable
depth. These books, however, are useful to those who already are practitioners of
theoretical research in magnetism and are not exactly suitable for those who want
to prepare themselves for research. In other words, we find that to our knowledge,
there does not exist a book on the quantum theory of magnetism which serves as
a text book and also one which helps and guides one in self-study. That is, a book
where every step is worked out in detail and also contains a number of problems
which help in self-assessment and also which supplement the material dealt with in
the text of the book. It is precisely to fill this gap, we have attempted to write this
book. This need was felt by one of the authors (WN) while giving special courses
to advanced students almost two decades ago. As a result he published a book with
exactly the same title but in German. The book was well received and many a reader
has been asking since then if there is a revised edition. As a result, the present book is
an english, thoroughly revised and updated version of the original German version.
The book presumes the reader to have certain basic understanding of the concepts
and techniques of quantum mechanics and statistical mechanics. Except for that, the
book is, we hope, self-contained in the sense that every single step has been worked
out both in the main text and also in the solutions to the problems. Some of the prob-
lems have rather long solutions. Then, these represent the results which most often
are assumed to be well known but in fact they need to be worked out somewhere.
Some of the problems are such that the solutions impart considerable training to
one who wants to start out on research and helps him in learning certain “standard”
tricks in order to understand some seminal papers and also in implementing his own
research programme.

The first chapter introduces, starting from Maxwell’s equations, certain basic
facts about magnetism such as magnetic moment, magnetization and susceptibility
and also contains a section on thermodynamics as applicable to magnetic systems.
If one wants to understand magnetism of materials, one has to be first clear about
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the magnetism of individual atoms. This purpose is served by Chap. 2 (Atomic mag-
netism), in which all the important magnetic properties of atoms are discussed. We
derive the electron spin and spin—orbit interaction from the relativistic Dirac equa-
tion and investigate the behaviour of an atomic electron in the field of the nucleus
and also in the presence of an external magnetic field. The third chapter is devoted
to “diamagnetism” which is a property possessed by all materials, which, however,
is observable only when it is not overwhelmed by some other forms of magnetism
(para-, ferro-, ferri- or antiferromagnetism). Diamagnetism in some measure can be
explained as an induction effect, particularly because of the negative susceptibility.
Chapter 4 deals with paramagnetism, which in contrast to diamagnetism, presumes
the existence of permanent magnetic moments. These moments can either be local-
ized stemming from partially filled electron shells of the ions in solid or they can be
the moments of the quasi-freely moving band electrons. An external magnetic field
tries to order them, whereas the thermal motion opposes the ordering tendency. The
result is a positive susceptibility which in general is temperature dependent. Param-
agnets are characterized by the fact that a direct interaction between the permanent
moments, to a good approximation, can be neglected. In contrast to this, collective
magetism (ferro, ferri and antiferromagnetism) is characterized by a spontaneous
ordering of the magnetic moments below a critical temperature, and therefore a
necessary precondition for this is the existence of a microscopic interaction between
the moments. The so-called exchange interaction even though has its origin in pure
electrostatic interaction cannot be understood from classical point of view. The
general experience is that for a beginner this poses certain conceptual difficulties
but, at the same time, it is the basis of understanding collective magnetism. There-
fore exchange interaction has been discussed in considerable detail in Chap. 5. The
so-called direct exchange interaction is determined via the overlap integrals of the
wavefunctions of the participating magnetic ions. As a result it is of very short range
and therefore is seldom realized in nature as compared to certain indirect exchange
interactions which use the electrons in the conduction band (RKKY interaction)
or the diamagnetic ions (superexchange, double exchange) as ‘“catalysts” for an
interaction between the localized moments. The coupling mechanisms are explained
using simple cluster models and it is shown that ultimately all the interactions have
the same operator form (Heisenberg model).

Having established the required conceptual basis, the last three chapters are
devoted to the three important models of magnetism, namely, the Ising, the Heisen-
berg and the Hubbard model, respectively. In these chapters, an attempt has been
made to present material such that the approach is pedagogic and at the same time
gives the latest results available in literature. In doing this care is taken to derive all
the results systematically and in every detail. Some of the important derivations are
treated as problems whose complete solutions are given. While discussing quantum
theory of magnetism it is imperative that one uses the techniques of many-body
theory. In order to famialiarize the reader with these techniques, two appendices are
added. The first one deals with the formalism of second quantization where all the
results are worked out and to provide sufficient training to the self-learner, a set of
problems is added. The second apendix is concerned with the many-body theory.
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The topics in this appendix are so chosen that they are directly relevant to the theory
of magnetism. Again in this appendix, too, problems are provided, some of which
elucidate certain further results which are left out in the actual text.

The preperation of this book took about 3 years during which the authors were
able to get together at either Berlin or Warangal for short periods, the financial
support for which was provided by the Volkswagen Foundation and Kakatiya Uni-
versity. It is a pleasure to acknowledge the help of Dr. G. Gangadhar Reddy in
various forms during the entire period of writing the book.

Berlin, Germany W. Nolting
Warangal, India A. Ramakanth
July 2009
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Chapter 1
Basic Facts

Before we start the explanation and discussion of the characteristic features of the
phenomenon “magnetism”, we have to fix the notation and define the key terms of
magnetism. We use the SI units and begin with a non-controversial definition of
quantities such as the magnetic moment, magnetization and magnetic susceptibility,
which are important for the theory of magnetism.

1.1 Macroscopic Maxwell Equations

Magnetism is a phenomenon observed in matter. Therefore we need the Maxwell’s
equations in matter. Matter is made up of charged or neutral particles, which are
either bound or quasi-free. The charged particles respond to external fields in a
complex manner which leads to induced multipoles and consequently to additional
fields in matter.

Postulate: Maxwell’s equations of vacuum are universally valid microscopically!
Denoting the microscopic fields with small letters, using the customary notation, we
have the well-known microscopic Maxwell’s equations:

Vxe=—b V-b=0

. . 1.1
V-e=p/e V xXb=pupj+ e po € (-1

g0 = 8.854188 x 1012 4s

Vm
po = 4m x 1077 = (1.2)

2= 1

Ko €o

here gy is the permittivity, uo the free-space permeability, and c is the velocity
of light in vacuum. The problem becomes unsolvable because of the fact that, in
matter, there are, on an average about 10% molecular (atomic, subatomic) par-
ticles per cm® which are in constant motion (lattice vibrations, orbital motion
of the atomic electrons, etc.) creating both in space and time rapidly oscillating

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 1
DOI 10.1007/978-3-540-85416-6_1, © Springer-Verlag Berlin Heidelberg 2009



2 1 Basic Facts

fields e and b whose determination appears to be a hopeless undertaking. On the
other hand, a macroscopic measurement means a rough sampling of a microscopic
area. That means, the measurement of a field quantity automatically implies an
averaging over a finite space—time element which smoothens the rapid fluctua-
tions. Typical variations in space are of the order of 1 A(107'" m) and typical
variations in time are of the order of 10~'7 s (nucleons) and of 10~!3 s (atomic
electrons).

Therefore, a theory is meaningful only for average quantities. A microscopically
exact theory is impossible but, fortunately, it is also not necessary since it would
contain superfluous information which is not accessible to experiment. Now the
question is how does one theoretically describe the averaging process involved in
the experiment?

Let us assume

f(r, t) is a microscopic field quantity,
v(r) is a microscopically large and macroscopically small sphere with centre
at r, for example, a volume 10~% cm? which still has about 107 particles.

Defintion: Phenomenological average value:

fr, )= e & f(, 1) (1.3)
U(I’) v(r)

In view of the large number of particles in the macroscopic volume v(r), the
average is simultaneously over space and time. Fast microscopic fluctuations are
automatically smoothened by the space averaging. It should be noted that (1.3) is
not the only possible way of averaging; fortunately this averaging does not require
the specifying of the weight function (here it is 1/v).

For the following discussion, we make use of the fundamental assumptions that
the processes of differentiation and averaging are interchangeable:

USSR T V=V 1.4
Ef—g ; f=Vf (1.4)

This is obviously satisfied by the averaging process (1.3).
We now define macroscopic fields by averaging the microscopic fields,

E(r,t)=e(r,7) ; B(r,7)=b(r,1) (1.5)
so that we obtain the macroscopic Maxwell’s equations

VxE=-B V-B=0

_ . 1.6
V-E=p/e VXB=puoj+eonE (16)
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If we use the continuity equation,
V-j+p=0 (1.7)
the quantity still to be determined is the average current density j. It is made up of

two terms, namely, j s originating from the free charge carriers (electrons) and jpuna
originating from the localized ions:

j = jf + jhound (18)

For the contribution of the free charges, we write

Jr=ps-V (1.9)

which we call free current density, where p; is the respective charge density of the
free charges.

The current density due to ions, which we call the bound current density, can be
again split into two terms:

Jvound =Jip +im (1.10)

(1) j, is the current density of polarization charges which results from the time-
dependent dipole moments, charge displacements in ions, etc. In order to determine
this, we start by recapitulating certain results of basic electrodynamics.

Potential of the jth ion:

47T80¢-(P)=L+P' I'——Rj+
! r=R;[ Ry

(1.11)
where R; is the position vector, g; the charge and P; the dipole moment of the jth
ion (Fig. 1.1).

The contribution of (1.11) must be summed over all particles. Here, we are inter-
ested only in the second summand which we reformulate in terms of the microscopic
dipole density,

n@):ZP_,. -8(r —R;) (1.12)
J

and obtain

4me ¢p(r)=f &' ) - ——— :/ &' ). Vo ————.
[r—r'| Ir—r|
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;. pj- Py

Fig. 1.1 Schematic plot for the definition of the scalar ion-potential.

From this it follows that

1

-— 1
deg - Pp(r) = —/ d* x /d3r/ nr) Ve ———
U Jix|<R r+x—r|

1 1
—/ d> x /d3 r" (" +x) Vo ————
v

[r—1r"|

- 1
= f &*r" TI(r") Vr"u-—m' (1.13)

where r’” = r’ — x. v(r) is the averaging volume which is taken as a sphere with
radius r.
We define the macroscopic polarization P(r) as

- 1
Pr) =Tl = - Z P; (1.14)

jev

From (1.13), by taking gradient, we obtain the electric field E,(r) created by the
polarization:

1
4y Ep(r) = —V, / &r"P() Ve - (1.15)
r—r
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which can further be rewritten as
dreg V-E,(r) = — / &r'"P") Vo Arﬁ
r—r

—478(r—r")

= —47 V, / &P’y 8(r —r")

—47 V - P(r)
This helps us in defining the polarization density p, as
o, =—V-P) (1.16)

From the corresponding continuity equation, we get the current density

0
ir= EP(I’) (1.17)

(2) j is the magnetization current density. It results from the internal motion of
the atomic electrons in their stationary orbits. Here stationary means equal amount
of charge flows into and out of a given volume:

/ df-jm:/d3rv-jm:0. (1.18)
'A% 14

where | oy indicates integral over the surface that encloses the volume V. Since the
volume V can be arbitrarily chosen, (1.18) is equivalent to

V'ijO (1.19)

For magnetic considerations, j,, is the primarily important quantity, since it defines
the magnetic moment m; of the ion localized at R;:

1
2

m;

/d3r (r—R) x jo (1.20)

The index i indicates the lattice point.

It is instructive to evaluate (1.20) for a known example. Assuming that the mag-
netic moment is affected only by the electrons (assumed to be point charges) and
not by the motion of the nucleus, we can write for the current density

P
im=—e) v;8(r—r)). (R, =0) (1.21)
j=1
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The summation is over the p atomic electrons. Substituting in (1.20) we get the
moment

e e
m:—zzrjXVj:—%le (122)
J J

where 1; is the angular momentum of the jth electron. This is the well-known rela-
tion between the angular momentum and the magnetic moment.

Egs. (1.19) and (1.20) are fulfilled by the following generalized representation of
the current density:

9 =—m; x Vf(r—R;) =V x (m; - f(Ir —R;|)) (1.23)

Note that m; is a particle property and therefore not space dependent. Here the
function f(Jr — R;|) is almost arbitrary. It should, however, satisfy two conditions:

(a) f = 0 outside the ion at R;

(b) &r f(r—Ri) =1 (1.24)

Ton

That j%) in the form of (1.23) indeed satisfies (1.19) and (1.20) can easily be checked

m

by substitution (Problem 1.1).
We now define

Jn(@) =V x@m- f(Ir —R[)) = V x M(r) (1.25)
and therewith
M(r) =m- f(Ir — R|) (1.26)

where M(r) is called the magnetization.
With these definitions, we can now gather the macroscopic Maxwell equations:

V xB = oG+, +in)+eonE
=pojs+roP+ 1oV x M+ e po E

This can be further rearranged as
V x (B = 110 M) = o s + 1o (e K + P) (1.27)

Similarly, when we denote the macroscopic charge density by p, we find

1 1
V-E=—(p+5,)=—(p—V-P) (1.28)
0] 0]
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so that we have
V(e E+P)=0p (1.29)

We can now summarize as follows:
Material equations:

B = uo (H+M) : D=¢gE+P (1.30)

Maxwell equations:

VXxE=-B V-B=0

V-D=p VxH=j;+D (1.31)

We want to recall the fact that a charge ¢ moving with a velocity v, placed in an
electric field E and a magnetic field B experiences a force, known as the Lorentz
force given by

F=q - (E+vxB) (1.32)

One should pay attention to the fact that a charged particle actually “sees” E and
B since they are the actual physical fields. In contrast, H and D are only auxiliary
quantities.

1.2 Magnetic Moment and Magnetization

The relationships for m and M derived so far are rather inconvenient to handle.
Therefore, we will now try to express them in terms of the energy W of the magnetic
system. W is defined through the magnetization current density j,, and not through
the free current density, which produces a magnetic field in which the magnetic sys-
tem finds itself. First we consider the magnetic energy of a single ion, starting with
a classical treatment. How does the energy of an ion change when a magnetic field
By is switched on? A change in energy appears due to the work done by the external
field on the magnetization current density. This happens through the E-field induced
by By:

VxE= _BO BQ = ,lL()H (133)
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Denoting the change in energy of the ion in time dt by dW, we find
dw = / jm - Ed’rdt
= —dt/ (mx Vf(r—R|)-Ed*r
=—dtm- | (VfxE)dr

ion

:—dtm-/ (Vx(fE)— fVxE)dr

—m.f dBy - f d’r

In the second step we have used (1.23), in the third step, we use the fact that m is a
space-independent intrinsic particle property, and in the fourth step, the well-known
vector formula

Vx((@pa)=¢V xa—axVgo

where a is a vector field and ¢ is a scalar field. In the last step we exploit the property
(a) in (1.24) and the generalized Gauss theorem (a: arbitrary vector field)

/d3era=f dS x a
1% av

where [, indicates integral over the surface that encloses the volume V. Finally,
the Maxwell equation (1.31) is inserted.

dBy is certainly constant over the dimensions of an ion and therefore can be
brought out of the integral. Exploiting the normalization of the function f (property
(b) in (1.24)), the magnetic moment of the ion is then given by

oW
9B,

W (1.34)

0

So far we have calculated classically. The quantum mechanical generalization is
quite straight forward.
Starting from the Schrodinger equation

H-Wy)=0 ; (yly)=1 (1.35)

where H is the Hamiltonian of the ion, by differentiating with respect to the external
field By, we obtain

9H oW ~ .
(8_]30 - B_Bo> V) +(H — W)|8_Bo> =0 (1.36)
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By multiplying from the left with the bra (/| we get

14

oH AW d - w2 (1.37)
(¢|8B0|¢)—8B0 (V] |8B0> .

The last term in the above equation vanishes since H is Hermitean. Comparing
this expression with (1.35) and exploiting the quantum mechanical correspondence
principle we get for the magnetic moment operator

m=-——H 1.38
m 3By (1.38)

As an example, we will now evaluate m for an ion in a homogeneous magnetic
field. For this purpose, we need the Hamiltonian H whose exact derivation is dealt
with in the next section. Here we consider only the atomic electrons, treating the
nucleus to be at rest which only provides the charge neutrality, and, in particular,
does not influence the external magnetic field By = poH appreciably. The (com-
plicated) interaction among the electrons, the interaction with the nucleus and the
spin—orbit coupling effects will not be needed in detail for the moment. We are
mainly interested in the terms that arise due to the external magnetic field. We
choose the vector potential A such that

Bp=VxA ; V-A=0 (Coulomb gauge) (1.39)
This can be fulfilled by
1
A= EBO Xr (1.40)

The kinetic energy of the electrons without field is given by

Ty = i (1.41)

where p is the number of atomic electrons. We denote the charge of the electron by
(—e) so that e > 0. In the presence of the field, we must distinguish the canonical
momentum p; from the mechanical momentum mv;:

pi=my;,—e A(I’,’) (142)

The kinetic energy in the presence of the field is then given by
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P

1
T=_ E(pi +e A(r)
|2
=5 [P +e (pi - A(r) + A(r) - pi) + € A% ()]

i=1
One should pay attention that, in general, the operators p; and A(r;) do not com-

mute. In the Coulomb gauge, however, they do commute as can be seen from the
following:

h h
i'A i :—.V,"A i Z—VA AV,
pi - A(r;) l (ri) l(_0 + )

Therefore, we finally get the following expression for the kinetic energy:

P 2 P
e e
T=To+— Y A@) -pi+— Y A’ 1.44
o+m§ (r)p+2mi§:1 (r:) (1.44)

i=1
Let the homogeneous magnetic field be oriented in the z-direction:
By = (0, 0, By) (1.45)
Substituting in (1.40), the vector potential A is given by

B
A= 70(_y, x, 0) (1.46)

The scalar product A; - p; appearing in (1.44) can then be expressed by the orbital
angular momentum l; of the ith electron:

A -pi

By 1
7(-% Pix + Xi piy) = EB() li

1
— _By -, 1.47
5Bo (1.47)

Introducing the total orbital angular momentum L of the atomic electrons, which is
given by

V4
L=>)" (1.48)
i=1

Equation (1.44) eventually reduces to
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1 P
; Z X7+ y7) (1.49)
where g the Bohr magneton is given by
= gomsi0 ]
He = 2m T
eV
=0.579 % 107* - (1.50)

The total magnetic moment of the atomic electrons due to their orbital angular
momenta follows by inserting (1.49) in (1.38),

1
m, =~ up L (1.51)

in agreement with (1.22). That means, the magnetic moment and angular momentum
are always oriented antiparallel to each other. The reason for this is the negative
charge of the electron. The energy is minimum when the moment and the field are
parallel or when the field and the angular momentum are antiparallel.

So far, we have not taken the spin of the electron into account. The existence
of spin is experimentally established, for example, by the Einstein—de Haas experi-
ment. Its rigorous proof needs the Dirac theory (see Sect. 2.3).

A magnetic moment is also associated with the total spin S of the atomic elec-
trons:

1
ms =~ I5 S S (1.52)

where g, is the Lande’s g-factor given by

g =2 (1 + 2 O(az)) ~ 2.0023, (1.53)
2

and o =~ % is the Sommerfeld’s fine structure constant. For our purpose, it is
always enough to take g, ~ 2. The interaction of mg with the field gives one more

term in the Hamiltonian:
1
H; = g, 7 hs S- By (1.54)

Denoting by f]o the Hamiltonian in the absence of the field, absorbing, e.g. the
electron—electron and the electron—nucleus interaction, which we consider as field
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independent, the Hamiltonian of the ion in the presence of the field is given by

P
Z X2+ 7) (1.55)
Using (1.38) we can now evaluate the magnetic moment:
HB e - 2 2
=-"2(@L+25- —B C 1.56
m=——=(L+28) - og(x,ﬂ,) (1.56)

This result is valid only when the spin—orbit coupling is completely neglected. Also,
only in this case can one uniquely define L and S (see Chap. 2). One recognizes that
the second term in (1.56) corresponds to an induced magnetic moment, disappearing
as soon as the field is switched off. On the contrary, the first term is a permanent
moment that is present as long as (L 4+ 2S) does not vanish. This requires an incom-
pletely filled electron shell (Chap. 2).

We now come to the concept of magnetization. According to (1.26), to evaluate
the magnetization, we have to average the magnetic current density over a volume
v(r) which is macroscopically small but still contains a large number of ions in it.
This is the basic problem of every theory of magnetism. The motion of the charge
carriers is strongly correlated and therefore it is a genuine many-body problem
which can be handled only in certain limiting cases, namely, for

(a) strongly localized moments where the currents are restricted to particular lattice
cells (localized magnetism);

(b) itinerant moments which are carried by quasi-free conduction electrons (band
magnetisn).

It is not always possible to classify magnetic materials into one or the other of
these two classes. In addition, even these limiting cases are not completely under-
stood, either.

For the localized moments (a), we have

— o 1
M) = m - fr - RD = / d’r'mf
N(v(r)

=5 Lom [ @ R
v(r)

Vi

=1

where N (v(r)) is the number of localized moments located in v(r) and v; denotes a
volume containing only the ith ion:
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N(v(r))

M(r) = — Z m; (1.57)

i=1

This expression further simplifies if we assume identical ions. Then the averaging
over many identical ions in different states can be replaced by thermodynamic aver-
age over a single ion:

M(r) = n(r)(m) (1.58)

here n(r) = N(v(r))/v(r) is the ion density and (- - -) means the thermodynamic
average wherein lies the magnetic field and the temperature dependence. The eval-
uation of the magnetization M(r) under given assumptions is, therefore, actually a
thermodynamic averaging over the individual ion moment.

1.3 Susceptibility

We introduce a further important quantity in the field of magnetism, the knowledge
of which provides a lot of information. This is one of the so-called response func-
tions. A response function describes the response of a system to external perturba-
tions. In the case of magnetism, the perturbation is the external magnetic field H and
the response is the magnetization M(r, ¢). These two are related by susceptibility. In
this section, we will restrict ourselves only to some definitions.

One distinguishes linear media where the response is directly proportional to
the perturbation so that the susceptibility is independent of the field, and non-linear
media where the higher powers of the perturbation are not negligible so that the
susceptibility is field dependent.

Every magnetic material has a so-called linear response region for sufficiently
small external perturbations, where the higher powers of the perturbation do not
play any role. This is in general the case for “normal” experimentally realizable
fields. One of the non-linear effects is, for example, the phenomenon of hysteresis.

Using the Fourier transforms of the magnetization and the field,

1 A
_ i(qr—owt)
M(r, 1) = — Zq /da) M(q, w) e/@r=e! (1.59)
1 )
_ i(qr—ot)
Hr, ) = o— §q fdw H(q, ) '@" (1.60)

one defines the generalized susceptibility x:

My(q, ®) = Zfda)z Xap(@, K; @, @) Hp(k, @) (1.61)
k B

a, B € {x,y, z}
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This is the most general case where y is a field and temperature-dependent tensor.
For the (r, #)-dependent Fourier transforms, we have

M(r, t) = / / dr'dt’ x (e, x' ;s 1, 1) H@XY' 1) (1.62)
l(r,r’; =5V Z//da)dwx(q,k w, @) T 4
xe —i w(t— t)et(q Kk)-r’ e—t(a) )’ (163)

Under certain preconditions, this expression takes a simpler form. For example,
if the translational invariance and a stationary medium are imposed, then x can
depend only on the differences (r — r’) and (¢ — ¢'). That means

x(q, ko, ) = x(q, w) §kq (0 — @) (1.64)

This is actually the case, with which we will in general be concerned:

M(r, 1) = / / d*r'dt' y(r —x', 1 — ) H(X', 1) (1.65)

xr—r 1t —1)= —Z/dw x(q, w) ¢/ r—TI=e=") (1.66)

x(q, w) is the dynamic susceptibility and x (q, @ = 0) is the static susceptibility.

"~ If we further assume that the field is homogeneous and static, so that H is not
dependent on r and ¢ and that the magnetizable medium is homogeneous so that M
is also not dependent on r and 7, then we are left with the tensor

X=x(q=0,0=0) (1.67)

the elements of which are given by

oM,
Xap = a, B e {x,y, z}
dHg ),

Obviously, x may depend on 7" and H:

Xep = Xap(T, H) (1.68)



1.4 Classification of Magnetic Materials 15

This quantity is eminently suitable to classify solid materials based on their mag-
netic properties. This will be demonstrated in the next section of this introductory
chapter.

1.4 Classification of Magnetic Materials

One can classify the magnetic phenomena into three main groups.

1.4.1 Diamagnetism

It is defined by
x¥ <0 5 x%=const. (1.69)

It has to do basically with an induction effect. The external field induces magnetic
dipoles, which, according to the Lenz’s law, are oriented antiparallel to the field and
therefore x is negative (see the second term in (1.56)).

Diamagnetism is a property displayed by all materials. However, one speaks of
diamagnetism only when no other, i.e. neither paramagnetism nor collective mag-
netism is present, because if any other magnetism is present, then diamgnetism,
which is weak, is buried under the stronger effects.

Examples:

Almost all the organic substances

Metals like Bi, Zn and Hg

Nonmetals like S, J and Si

Superconductors for T < T are perfect diamagnets, i.e. x“¢ = —1 (Meissner—
Ochsenfeld effect)

NS

1.4.2 Paramagnetism

Typical for this class is
Xpara =0 : Xpara — Xpam(T) (170)

The essential requirement for paramagnetism is the existence of permanent mag-
netic dipoles, which are, more or less, oriented by the field H and this orientation is
opposed by the thermal motion. Paramagnetism can be of two types depending on
whether the permanent moments are localized or itinerant.
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1.4.2.1 Localized Moments
The moments arise due to one of the inner partially filled electron shells.

Examples:

3d: transition metals
4f: rare earths
5f: actinides

Paramagnetism of these materials is the so-called Langevin paramagnetism. In
this case, we have

X = T (1.71)

At high temperatures the well-known Curie’s law is satisfied:

T—C 1.72)
x(T) == .

1.4.2.2 Itinerant Moments

Quasi-free conduction electrons carry a permanent moment of one Bohr magneton
(1wp) each. In this case, we have Pauli-paramagnetism, where x?% to a first
approximation, is temperature independent (due to Pauli’s principle). Schematically
one can distinguish the two types (1.4.2.1) and (1.4.2.2) from Fig. 1.2 (in general,
however, XPauli < XLangevin).

A

%%

Langevin
% 2

= >

Fig. 1.2 Schematic plot of the inverse susceptibility as a function of temperature for a localized
(x Langeviny and for an itinerant () P4/t magnetic moment system (paramagnetism)
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1.4.3 Collective Magnetism

The susceptibility in this case is in general a complicated function of the field, tem-
perature, and also often of the pre-treatment of the sample:

x€ = xS(T, H, history) (1.73)

Collective magnetism arises due to a characteristic, only quantum mechanically
explainable exchange interaction between the permanent magnetic dipoles. That
leads to a critical temperature 7* below which there exists a spontaneous mag-
netization, i.e. a spontaneous, not forced externally, ordering of the dipoles. The
permanent magnetic dipoles can again be either localized (Gd, EuO, Rb,MnCly,
etc.) or itinerant (Fe, Co, Ni, etc.). Collective magnetism can be further divided into
three sub-classes.

1.4.3.1 Ferromagnetism
In this case the critical temperature is called the Curie temperature:
T = T¢ (1.74)

For temperatures 0 < T < T¢ the permanent moments have a preferential orien-
tation. At absolute zero T = 0, all the moments are oriented parallel to each other

(Figs. 1.3 and 1.4).
JOINY

Fig. 1.3 Ferromagnetic order at0 < 7 < T¢

T

Fig. 1.4 Ferromagnetic order at 7 = 0

1.4.3.2 Ferrimagnetism

In this case the lattice is divided into two sub-lattices A and B with different, nor-
mally antiparallel magnetizations M4 and M such that (Fig. 1.5)

M, # M (1.75)
and

M, +Mj #£0 for T < Tc (1.76)
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L

Fig. 1.5 Ferrimagnetic order at 7 =0

1.4.3.3 Antiferromagnetism

The critical temperature is called the Neel temperature:
T =Ty (1.77)
It is a special case of ferrimagnetism (Fig. 1.6):

Myl =|Mp|#0 ;3 Mu=-Mg forT <Ty. (1.78)

LT

Fig. 1.6 Antiferromagnetic order at 7 = 0

The total magnetization M = M4 + Mj is therefore always zero.

Above the critical temperature 7*, collective magnetism goes into paramag-
netism with the characteristic behaviour of the inverse susceptibility sketched in
Fig. 1.7. 0 is the so-called paramagnetic Curie temperature.

The different features, listed above, will all be derived in the course of this book.

%% :
: Antiferro
I
I
I
Ferri

Ferro

Gl T* T

Fig. 1.7 Characteristic temperature behaviour of the inverse susceptibility for antiferromagnetic,
ferrimagnetic and ferromagnetic localized moment systems. 6 is the paramagnetic Curie tempera-
ture
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1.5 Elements of Thermodynamics

We presume that the reader is familiar with the basic principles of Thermodynamics
and Statistical Mechanics. We therefore refer here only to some peculiarities of the
magnetic system which are vital for the consistency of later derivations.

For a magnetic system the first law of thermodynamics can either be written as

dU = TdS — VMdBy+ u dN (1.79)
or
dU = TdS + VBydM + u dN (1.80)

where U is the internal energy, defined as the statistical expectation value of the
Hamiltonian H of the system,

U= (H) (1.81)

T,S,By, M,V,uand N are, respectively, temperature, entropy, magnetic induc-
tion, magnetization, volume, chemical potential and particle number.

The existence of two different Eqgs. (1.79) and (1.80) for the internal energy
means that the magnetic analogue to the volume work (—pdV, p : pressure) of the
fluid system is not unique. The difference lies in the energy stored in the magnetic
field. Shall this contribution be counted or not? Both versions are correct and do not
lead to any contradiction. The version (1.80) has the advantage that according to

p <— By (intensive)

Vs> -m=-VM (extensive)
intensive and extensive thermodynamic variables correspond to each other.

However, the fotal internal energy contains the pure field energy, too. That is

accounted for by the version (1.79). The change of the corresponding free energy,

F=U-TS,
reads in this case
dF = —SdT — VMdBy+ u dN (1.82)

That means the magnetic induction By is one of the natural variables of the ther-
modynamic potential F :

F = F(T, By, N) (1.83)
We will use this version rather exclusively in the following chapters due to the fol-

lowing two reasons. First, the free energy then depends on the variables (T, By, N)
which are most convenient for magnetic systems since they are related to the usual
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experimental situation. Second, it fits the definition (1.81) of the internal energy U

as the expectation value of the system Hamiltonian. This can be seen as follows.
On switching on a magnetic field at T = 0, the internal energy changes by

AU = (H(By) — H(0)) (1.84)
According to our definition (1.38) of the magnetic moment this means

dU = (Vg,H)dB,
—(m)d By
— _VMdB, (1.85)

For T = 0and N = const. this is just (1.79)
For the free energy F' = F(T, By), we can derive a fundamental relationship to
the canonical partition function :

Zy = Zn(T, By) = Tre PH (1.86)

We inspect for a system with N = const.

F 1
d(—BF) = e dT + kB—T(SdT + V MdBy)

U

B (%(FIW - (VBoﬁ)dBo>

From the definition (1.86) of the partition function one gets immediately

—~ 1 ~
(H)y= — Tr (e*ﬁHH)
Zn

0
——InZxN(T, B
op n Zy(T, Bo)

9
= kBTzﬁ In Zn(T, By) (1.87)

~ 1 -~ ~
(Vs,H) = 577 (e*ﬂHVBOH)

10
=———1InZy(T, B 1.88
BBy " N(T, Bo) (1.88)
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It follows

d a
d(—BF) = <8_T anN> dT + <a_B() IHZN> dBy
By T

and therewith the fundamental relation between free energy and canonical partition
function:

F(T, Bo) = —kBT In ZN(T, BQ) (189)

The magnetization M (T, By) can then be derived with (1.82)

1 (OF
M(T,BO)Z——< )
TN

v \ 8B,
kgT [ O
=22 [ = nzx(T, By (1.90)
\%4 0By T

Let us repeat the above considerations for the grand canonical ensemble. Central
thermodynamic potential in this case is the grand canonical potential

Q=F-G (1.91)

where G is the Gibbs enthalpy. Using the Gibbs—Duhem relation, G = uN, one
gets with (1.82)

dQ2=dF — nudN — Ndu
= —SdT — VMdBy — Ndu (1.92)

That means
Q= Q(T, By, )

Since the particle number is not fixed, N is to be read as N = (f\? ), where N is the
particle number operator and (- - - ) is now the grand canonical average

—~ 1 ~ ~
(Ny= —Tr (e—f“H—f“WN) (1.93)

where E is the grand partition function,

5 = 77 (e-1-)

= E,(T, Bo) (1.94)
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One recognizes

19
(N) = e In E,(T, By) (1.95)

. 19 .
<VBOH) = —Ea—BO In uM(T, B()) (196)
U=(H) = —% In&,(T, By) + (N) (1.97)

We inspect now

d(BR) =
Q

1 -
= —— dT — —— (SdT + VMdBy + (N)d
ksT? kBT( + o+ (N)dp)
U — (N) 1 ~
= BT — — (VMdBy + (N)d
Ko T2 kBT( o+ (N)du)

B B
=—(—InE,(T, Bo)) dT — (—ln B, (T, Bo)) d By
<8T " By 3By " T

0
- <— In E(T, Bo)) du
o T,B,

Except for an unimportant constant we therefore get
QT, By, u) = —kgT In E,(T, Boy) (1.98)

The magnetization now reads

1 02
M(T, By) = A
T,u

kgT (9
=2 [ —InE,(T. By (1.99)
\% 9B T,

Equations (1.98) and (1.99), derived in the grand canonical ensemble, are fully

equivalent to the “canonical” expressions (1.89) and (1.90). All the four will be
frequently used in the later chapters.

1.6 Problems

Problem 1.1 According to classical electrodynamics, the magnetization current jg,)
inside a particle (e.g. electrons in atomic shells) produces a magnetic moment
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1 3 +(i)
m,-:i d’r (r —Ry) x j,,

Here R; is the position vector of the centre of the particle. Show that this relation is
equivalent to
iy =V x (m; f(|r — R;])

where the function f, which is differentiable sufficient number of times, can be
chosen “almost arbitrarily” so long as it satisfies the following conditions:

1. f = 0 outside the i-th particle,
2. fparticle f(|l' - Ri|)d3r = 1.

Problem 1.2 Let H be the Hamiltonian of a magnetic system which is placed in a
homogeneous magnetic field By. The operator for the magnetic moment 77 is defined
by

~ d ~

m=—-———H
d By
m refers to a permanent moment and diamagnetic components are neglected. That
means

d . 0
= H=
dBy
The magnetization M and susceptibility y7 are mainly determined by the statistical
average of the magnetic moment:

1 ) oM
M % XT = Mo 9B, ),

where (g is the permeability of vacuum. Verify the following relation between the
susceptibility and the fluctuations of the magnetic moment (fluctuation—dissipation
theorem):

I o, ~

_ - Ko a2
X = v (= (m)7)

Problem 1.3 A small magnet of dipole moment m is suspended at ry = (xg, 0, 0)
such that it can freely rotate in the x—y plane. A homogeneous magnetic field By =
Bye, acts on it. In addition to that, let there be a magnetic field B; due to a line of
current / flowing in the z-direction. Calculate the angle « the dipole makes with the
X-axis.
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Problem 1.4 The ideal paramagnet is characterized by the Curie law (1.72):

M C .
—_ = — C : Curie constant
H T

Calculate the work done on an ideal paramagnet when the applied magnetic field H
is isothermally increased from H; to H, > H;.

Problem 1.5 For not very low temperatures, the Curie law (1.72) represents the
equation of state of an ideal paramagnet.

1. Show that for the heat capacities

T aS
¢ = —
M,H 0T )\ u

oU LANNR
cy=\— e = — —
w=\ar ), "= \er), THC

M, magnetization; H, magnetic field; V = const., volume; S, entropy; C, Curie
constant; ito, permeability of vacuum.
2. For adiabatic change of states, derive the following relation:

holds

(8_M> cu moVM — (55);
oH U

Problem 1.6 Assume that a paramagnetic substance with known heat capacity cy
satisfies the Curie law

M C .
— = — C : Curie constant

H T

For a reversible adiabatic change of state calculate

(57),



Chapter 2
Atomic Magnetism

2.1 Hund’s Rules

We consider a single atom or an ion, which, in addition to completely filled elec-
tronic shells, has exactly one partially filled shell.

We denote by / the orbital angular momentum quantum number of the partially
filled shell and by p the number of electrons in this shell (p < 2(2/ + 1)).

When there are no interactions, the degeneracy of the ground state will be equal
to the degeneracy corresponding to the possible distributions of the p-electrons into
2(21 4 1) levels. This degeneracy will be partially lifted by the Coulomb interaction
H¢ and the spin—orbit coupling Hg.

Under certain conditions for the relative magnitudes of these interactions, namely,
if

He > Hso 5 (“light” nuclei) 2.1

very simple rules are valid in order to find energetically lowest energy terms. First
we will simply list them up. A more detailed discussion of the cases that do not
satisfy (2.1) will be done in later sections.

2.1.1 Russell-Saunders (LS-) Coupling

This is realized, when, to a first approximation, the spin—orbit interaction is negligi-
ble. Then the Hamiltonian can be written to a good approximation as

ij
H*XP: p—2+V(ri) +lzj: ¢ T 1 (2.2)
P 2m 2 dmeg 1) I J

ij

In this case, the total orbital angular momentum L and the total spin angular momen-
tum S which are given by

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 25
DOI 10.1007/978-3-540-85416-6_2, © Springer-Verlag Berlin Heidelberg 2009
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P p
L= Zli : S = Zs,- (2.3)
i=1 i=1

commute with H:
[S, HI-=0 ; (L, H]- =0 (2.4)

Equation (2.4) is valid because, firstly, H does not contain S at all and then H is
rotationally invariant. Further it is always valid that

J, Hl-=0 (2.5)
where J is the total angular momentum of the shell:
J=L+S (2.6)

Physically it means that
P P
L=Y"m s=>"m"andJ (2.7)
i=1 i=1

are good quantum numbers. m;i) and mgi) are the magnetic quantum numbers of the
individual electrons. In other words, there exists a simultaneous set of eigenstates
for the operators

H,J* J, L* L, §* S.
and the states can be labelled by the corresponding quantum numbers:
[--y=|J,M;, L, My, S, Mg) (2.8)
That means for example,

Py =RIG+ D) L) =AMy )

The other angular momentum operators also operate in exactly similar fashion. For
the Hamiltonian we have

H|"'):E(JOL)S|"'> (2.10)

The energy eigenvalues will depend on J, L, S, but, in the absence of a magnetic
field, they will degenerate with respect to M;, M; and M.
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2.1.2 Hund’s Rules for LS Coupling

For given L and § all the possible levels build the so-called LS multiplet. For the
energetically lowest of them, the following rules are valid:

1. Maximum S, as far as being consistent with Pauli’s principle.

1
S=3 1@+ —120+1-pl] @.11)

2. Maximum L, as far as being consistent with both the Pauli’s principle and with

(1):
L=S]2l+1-p| (2.12)

For magnetic problems, only the multiplet built according to (1) and (2) is
meaningful. All the other multiplets, i.e. those which correspond to different
(L, S)-values, lie, in general, energetically much higher (> 1 eV, compare with
kpTgr ~ 1/40eV (Tg: room temperature), g B < 102eV).

Notation:
L=0123
X=SPDF
“Term” : ¥t'x, (2.13)

Every multiplet constructed according to (1) and (2) further contains

L+S

> @I+1)=@QS+DRL+1) (2.14)
J=|L-S|

distinct states. Among these, again, often, though not always, only those states
are important which satisfy the third Hund’s rule:
3. J = |L — S| in case the shell is less than half-filled (p < (2/ + 1))
J = L 4 S in case the shell is more than half-filled (p > (2] + 1))
which means

J=S20 - p| (2.15)

A special case is represented by the completely filled shell with p = 2(2] 4 1).
This is because, in this case, all the angular momenta vanish. A consequence of
this is, on the other hand, that the total angular momentum of the whole atom is
identically equal to the angular momentum of the partially filled shell.
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Attention!

Let us conclude this section with an important remark! From (1.52) and (1.57)
we know that as a consequence of the negative electron charge, angular momen-
tum and magnetic moment are oriented antiparallel to each other. In a magnetic
field, e.g. the energetically favoured orientation of the magnetic moment is par-
allel and that of the corresponding angular momentum is antiparallel to the field.
Nevertheless, in almost all textbooks, the different sign of moment and momentum
is disregarded. Although being, strictly speaking, wrong, it does not change any
relevant physical statement. In order not to confuse the reader, when referring to
other textbooks, we will follow the trend and disregard the different sign of moment
and momentum. As an example, we will assume that a spin up electron (spin pro-
jection +%) has a lower energy in the magnetic field than a spin down electron
(spin projection —%). This has already been used in (2.7) and (2.11) as well as in
Table 2.1.

Table 2.1 Atomic term scheme for an f-shell occupied by p electrons (e.g. 4f-shell of a rare earth
atom). Here 1 represents spin projection 1/2 and | spin projection —1/2

p
my

3 2 1 0 -1 -2 -3 S L J Term
1 A 12 3 5/2 2F5/2
2 ) 1 1 5 4 3H,
3 4 4 4 32 6 9/2 419/2
R 2 6 4 L
5 0 0 0 0 0 5/2 5 512 6H5/2
N S N S S S 303 0 R
£ S S N R T N S /- T B - S
8 1ttt 4t ot 4t 3 3 6 R
9 i1 i1 ) ) ) ) ) 572 5 152 SHsp
04t bt ot 4t 2 6 8k
11 N A O R A NN T T T 326 152 s
E I S N R S N T S T R T
13 i1 i1 i1 i1 i1 i1 T 172 3 772 2Fip
4 7 i1 i1 i1 i1 i1 i1 0 0 0 'So

2.2 Dirac Equation

We now want to discuss, more quantitatively, the ideas that were presented rather
qualitatively so far. In particular, we are concerned with establishing a rigorous basis
for the electron spin. The starting point for this is the Dirac equation which is a result
of the linearization of the relativistic generalization of the Schrodinger equation.
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The Dirac equation describes

Relativistic electrons
Spin 1/2 particles
Magnetic moment of spin
Spin—orbit coupling

Ll

Thus, even the spin—orbit coupling is basically a relativistic effect. We will consider,
in the following, a single electron.
The energy equation for a free classical relativistic particle is given by

E? = p? + m?c? (2.16)
where m is the mass of the electron, p = y (v,, vy, v;) is the relativistic mechanical

momentum with y = (1 — v?/c?)"/? and c is the velocity of light. From (2.16) one
can obtain the wave equation using the Schrodinger’s correspondence rule

., 0 h
E — lhE ; p— - V. 2.17)
i

This can be written compactly in relativistically covariant four-dimensional form:

pu —> ih 9" (2.18)
where
pu=(E/c, ymuv,, ymvy,, ymuv,)=(E/c, y mv) (2.19)
is the four-momentum and
M = (li, —V) (2.20)
c 0t

is the contravariant four-gradient.
With this we obtain the so-called Klein-Gordon equation which is the relativistic
generalization of the Schrodinger equation:

2 2.2
(A_ia_ —£>w=o @21)

There is a problem with (2.21). It is a differential equation of second order in ¢.
Therefore, its solution requires two initial conditions, namely, for ¥ and w In con-
trast, the non-relativistic Schrodinger equation is obviously linear in ¢. Therefore
one should question, whether inclusion of the relativistic effects should lead to such
drastic changes in the requirement on the initial information.
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Dirac’s idea was to linearize the wave equation (2.21):
2 2\ _
(E—czioeip,-—ﬂmc)(E—i—czjajpj—i—ﬁmc)—o (2.22)
i, jef{x, y, 2}

This equation is identical to (2.16) provided the operators (!) o; and B are so chosen
to satisfy the following relations:

ajojtoajo; =281 (2.23)
o f+Bai=0 (2.24)
gr=1 (2.25)

Further, «’s and 8’s must commute with p. Every solution of the linearized equa-
tions

(E:I:cZa,-p,-:I:ﬂmc2>w=0 (2.26)

1

is also a solution of the Klein—Gordon equation; the converse is, however, not nec-
essarily true. We thus have the Dirac equation for a free particle:

<ih%—ca-p—ﬁmc2)¢=0. (2.27)

This form of the wave equation is satisfying from the relativistic view point, too. The
special theory of relativity is typically known to treat the space and time components
on equal footing. Therefore, a relativistic wave equation is expected to possess the
symmetry between the space coordinates and time, which means, it should be of
first order in the space coordinates, too. Obviously, that is the case here!

The above considerations can easily be extended to the case, where the particle
is in the presence of an electromagnetic field, yielding the Dirac equation for an
electron in an electromagnetic field.

{ih%—ca~(p+eA)—ﬂmcz+e¢>}w=O (2.28)

It is obtained by the usual substitutions:

P—opt+eA (2.29)
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E—>E+ed (2.30)

They can be expressed in the covariant form by
Pu— Putel, (2.3

where A, is the four-potential
1
A= (A, - ) (2.32)

The conditions (2.23), (2.24), and (2.25) on «’s and B’s cannot be satisfied by nor-
mal c-numbers. Rather similar relations are obeyed by the Pauli’s spin matrices:

o = (st ayv GZ) (233)

0X=<?(1)> ay=<? _01> GZ:((I) _01) (2.34)

Egs. (2.23), (2.24), and (2.25) are satisfied by the following 4 x 4 matrices (see

Problem 2.2):
~_ 0o A a5 ]12 0
a_(ao), ,B_<O _ﬂz) (2.35)

Here 1, indicates a 2 x 2 unit matrix. The wavefunction also naturally will be a
four-component object:

Vi

| ¥
v (2.36)

Yy

According to (2.27), the Dirac’s Hamiltonian Hg)) for the free electron, which is
defined by

3
ih— = HY (2.37)

satisfies the equation

HY =cap+Bmc? (2.38)
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Hg)) is given in the matrix form by

mC2 02 cp; C(px - ipy)
o _ 0 mc c(px +ipy)  —cp;
Bor=1 o epe—ipy  —me? 0 (2:39)
c(px +ipy) —CPz 0 —mc?
Obviously,
[HgO) , p]i =0 (2.40)

which means we can choose the eigenfunctions of H g) 'as momentum eigenfunc-
tions. These are the plane waves whose direction of propagation may be chosen as
the z-axis (p, = py, =0, p, = p):

Y =q enPED (2.41)

Here @ is a spinor with four position-independent components a;:

a
~_ ay
a= as (2.42)
a,
Now we have to solve the eigenvalue equation
mc?> — E 0 cp a,
0 me? — E 0 —cp a
cp 0 —mc?> — E 0 a3 | 0 (2.43)
0 —cp 0 —mc?> — E as

where p is no longer an operator but a c-number. The condition that the secular
determinant should vanish gives the energy eigenvalues

E=¢E,; e==%1; E,=+cp>+m?>c (2.44)

Each eigenvalue is doubly degenerate, i.e. for every eigenvalue there exist two lin-
early independent eigensolutions. As a reasonable result, we retrieve the relativistic
energy law which is to be expected.
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For the un-normalized spinors, we can easily find

e=+1
1 0
0 1
a(1+) — cp : a\;‘f‘) = 0 (245)
E,,+mc2 cp
0 T E,+mc?
e=-—1
- E,,ii’lCz cOp
a0 = 0 a7 = | B (2.46)
1 0
0 1

The general solution will be a linear combination
v = (42 + B expls (pz— E )] (2.47)
We now define the Dirac spin operator
~ h ~ o0
S—EO’ ; 0_(00) (2.48)

where G is the four-component relativistic generalization of the Pauli spin operator
o = (o, 0y, 0;). In particular, it holds

1000
~ 0-100
o, 0010 (2.49)
00 0-1
Then it directly follows that
~ ) h )
s;a; = +§ a, (2.50)
~ ) h )
S;ay, = —=a, 2.51)
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The four-component spinors distinguish themselves through a “new” quantum num-
ber, which we call from now onwards as spin:

0 00
ay < (+Ep, —3
@ e (<E,, +3) .
@) & (<Ep —3%)

It should be noted that the general solution ¥ is not an eigenfunction of ;. This
is obvious because s, does not commute with Hg)) (see Problem 2.5).

2.3 Electron Spin

In the last section, from the Dirac equation, we have obtained an indication about a
new quantum number, namely the spin. We now want to show, at first more or less
qualitatively, that this new degree of freedom is something like an angular momen-
tum.

We extend the Dirac’s Hamiltonian operator Hg» (2.38) by including a central
potential V (r).

HY =ca-p+Bmc*+ V() (2.53)

Non-relativistically, we expect that in a central potential, the orbital angular momen-
tum

Il=rxp (2.54)

of the electron is a constant of motion. However, one finds (Problem 2.5) that
[1 , Hg”] £0 (2.55)

As an example, we explicitly calculate the commutator (2.55) for the x-component
Iy = yp: — zpy. The other components behave analogously.

3
[t Y] =Dl aiplo 4 me U, B+ 1L, VOIL

i=1
= ciai ([ypZ . pil = [zpy Pi]_)
i=1

= C(ay v, py] pe—elz, pl py)
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This finally results in
[lx , H(DV)] =ihc (otypZ - Olzpy) (2.56)

For the other components we analogously get (see Problem 2.5)

(1. 1Y) =ihe(p—apo) 2.57)
[l HY] = ine (eepy — aypi) (2.58)

A theory is certainly not satisfactory, if it violates the principle of conservation of
angular momentum, when the force is a central force. The reason probably is that
the orbital angular momentum is not the total angular momentum. Therefore, let us
examine the Dirac’s spin operator (2.48),

~ _h
§=370 (2.59)
and consider again the x-component:
0100
R (1] I
0010

In calculating the commutators of 5, with the Dirac’s Hamiltonian operator H ,(jv),
we exploit the fact thats, commutes with p;. Then we have

3
[F HY] =Y B @l pi+md e B (2:61)

i=1

Using the matrix representation (2.35) for 8, we find that

010 0
- nl1o0 o -
58=51000 1 |=F% (2.62)
00-1 0

Therefore, the second summand in (2.61) vanishes:

[5:. Bl =0 (2.63)
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Using the definition of «, (2.35), we get

0010
So=t 9000 = ws, (2.64
0100
Therefore, we have
[5:, ] =0 (2.65)

Only the commutators of 5, with o, and e, give non-zero contributions. We note
that

00i 0
's}ay:g ?88_0[ :—oty’s}z—i—igaz (2.66)
0—-i0 0
Therefore, we have
[5c. ay] =+iha: (2.67)
Analogously we also get from
00 0-1
S o, = — 8_01(1)8 =—otz’s}=—i§ay (2.68)
1000
the third commutator:
5y, ;] =—i ha, (2.69)
Thus, we finally have
[’s\x , H,(jv)]i =ihc (o py—ay p;) (2.70)

We can calculate analogously for the other components:

[TY} ’ HZ()V)] =ihc(ay p; — oz py) 2.71)

[’s\~ , H;,V)] =ihc (ay DPx — Oy py) (2.72)
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Neither s nor I commutes with H},” but we have

[1, HgW]_ _ [§ H,g”] 2.73)

so that the sum of spin and orbital angular momentum does commute with H l()v).
This leads to the following interpretation:

Q)

1+s=1

+
N S| S

— Total angular momentum operator

s=

o — Spinoperator (2.74)

Therefore, the spin, which follows quite naturally from Dirac’s theory can obviously
be interpreted as angular momentum. The total angular momentum 1 4§ is, in a
central field, a conserved quantity.

We now return to the problem of Dirac particle in an electromagnetic field.
According to (2.28) the Hamiltonian is

Hp =ca - (p+ eA) +:§ch — e (2.75)
The field could be due to the nuclear charge. From now onwards, we will consider

only the positive energy solutions (electrons).
It is convenient to split the four-component Dirac spinor into two components.

¥
V| (Y 0
N S R
Yy
with
+=(:Z;> : w_=(:ﬁ) 2.77)

At the moment, it is only another way of writing, where both the summands are the
eigenstates of the operator 8 with eigenvalues +1, respectively:

2 V+\ _ (V= Y A T
The motivation for this splitting is the following. We are ultimately interested in the
non-relativistic limit v < c¢ of the Dirac’s theory. In this limit, the energy eigenvalue

of the free particle differ from the rest energy mc? only by a small amount. The
difference
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T = E, —mc* = /c2p* +m2c* — mc*

2\ 1/2
= mc? (1 + mlzc2> —mc?

~ P (2.79)

is just the same as the well-known expression for the kinetic energy. We can estimate
the relative magnitudes of the individual components Ziﬁz) (2.45) of the solution for

the free Dirac particle:

2 2
(+) (+) 2
(“13 ) _ <a24 ) _ cp

(+) - +) - 212

ap as, (E,; + mc )

Ei — (mc2)2
o (E, + mc?)?
E,— mc?

E, 4+ mc?

T v?
= _=0(|= 1 2.80
T + 2mc? (cz) < 2:80)

In the non-relativistic limit, the two components ag) and aéj[) are negligibly small.
Even when a “normal” electromagnetic field is switched on, these order of mag-
nitude estimates will not change. On the other hand, ai;r) and agj{) determine the
corresponding components 1_. Thus, in the limit v < ¢, between ¥_ and ¥, there
will be an order of magnitude difference. This is actually the motivation for the
above-performed splitting, so that, in the non-relativistic limit, the Dirac’s theory
reduces to a two-component theory (Pauli’s theory).

Using (2.75) for Hp and (2.35) for @ and E we can write the Dirac equation in
the following form:

Yy _ oY ¥
HD<¢+)—C(p+€A)<O, 1/f+)+m62(—g;)
_ ‘/f+ - W+
e¢<w>—E<w> (2.81)

This matrix equation means that we have to solve the following system of equations:

(E—mc*+ep)y. =c(p+eA)-oy_ (2.82)

(E+mc*+ep)y_ =c(p+eA)-o ¥, (2.83)

From the second equation, it follows that
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V_=(E+mc*+ep)lc(p+eA) oy, (2.84)

Once again from this, the orders of magnitude are clear.

“v//
Vo~ Yy (2.85)
—— C ‘“—~—~—
small large

Within the framework of the Pauli’s theory, which represents the non-relativistic
limit of Dirac’s theory, that is, if

1
(E —mc?), e, ﬁ(p +eA)? < mc? (2.86)

we can write up to an error of order of magnitude v?/c?

1
Yo N S (pteA) o (2.87)
mc

The system of Egs. (2.82) and (2.83) can then be written within the corresponding
error as eigenvalue equation for v, by inserting (2.87) into (2.82):

H, ¥y = (E —mc?) ¥y (2.88)
with

Hy =5,

[(p+eA)-oll(p+eA) o] —ep (2.89)

The Pauli’s Hamiltonian is then a 2 x 2 matrix. Using the identity (proof as Prob-
lem 2.6)

(a-o)b-o)=(a-b)l+i(axb)-o (2.90)
we can further rewrite (2.89). For that we have to evaluate

(P+eA)x (p+eA)y =(pxp+eAxA)y
+e(AXp+pxA) VY

:e?(AXVlﬂ-ﬁ-VX(AIﬂ))

=elF7L(V><A)1p

WithV x A =Bpands = % o, we then have



40 2 Atomic Magnetism
1 2 B

Hy=— (p+eA)’+2 =" (s-By) —eo (2.91)
2m h

This is the Hamiltonian of a particle of mass m, the charge e and magnetic eigen-
moment

fii, = —2 “—; s (2.92)

We now summarize the important results of this section:

1. s= % o is classified as angular momentum with the name, “spin” with eigenval-
ues £+ %
2. Magnetic eigenmoment of the electron is established with a Lande’s g-factor

ge=2'

2.4 Spin—-Orbit Coupling

Spin—orbit coupling is a relativistic effect and therefore it must be derived from
the Dirac’s theory, which we will do in the following. However, the essence of the
argument can already be recognized based on a simple-minded physical estimate.
Therefore, we will first present this estimate before undertaking the exact deriva-
tion. The electron moves in the rest system of the charged nucleus which creates an
electrostatic field

E=-V¢ (2.93)

Since the electron moves with respect to the nucleus, it “sees” a magnetic field B
which according to relativistic electrodynamics is given by

_ 1 v? 1
B=J/<B—-/3><E>— p(B-B) B=-V) (2.94)
c y+1 c

I:Iere E and B shall be the fields in the rest frame of the nucleus (B = 0) and E and
B are the fields in the rest frame of the electron. Since v < ¢, y & 1, we are left
with

_ 1

B%——ZVXE (2.95)

c

If we postulate the existence of a spin moment, then, due to this field, there is an
additional term in the Hamiltonian (2.91) of the electron:

Ho=2%B.s= % Exv)-s (2.96)
h mc?
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If we assume a spherically symmetric nuclear potential,

d
E-_r4 (2.97)
rdr
then we getusingl =rxp=mr x v,
Hsp = ——<— (192 a5 (2.98)
SO Tm2e2 \r dr ’

This extra term clearly describes the coupling of the electron spin with the orbital
motion in the field of the nucleus. However, it comes out that, Hy is too large by a
factor of 2.

For the rigorous derivation of spin—orbit interaction, we make use of the non-
relativistic limit of the Dirac’s theory. Now, however, we have to extend the approx-
imation a step further as compared to what we have done in the last section. In
discussing the spin magnetic moment, we have neglected the terms of the order
of (v2 /cz). It was done, so that, in the limit v < ¢, the “small” component ¥/_
can be eliminated and the theory can be reduced from a four-component theory to
a two-component theory, which is the normal situation in non-relativistic physics.
However, neglecting 1y might possibly lead to an error in the normalization of the
wavefunction. This we examine more carefully now.

¥ = (5*) S =Y Y (2.99)

When we go over to a two-component theory, the normalization should be con-
served. Therefore, we start with the following ansatz:

Y, =Ny (2.100)

The normalization constant will be fixed by the condition

YR =t x =N X A Y (2.101)

x 1s now the “new” wavefunction of the two-component theory. Let the electron
move in the E-field (By = 0) created by the nucleus. Then we have according to
(2.84)

c

v-= E +mc? + e

P-o) vy (2.102)

The quantity, which is “small” in the non-relativistic limit is not £ but

T =E —mc? (2.103)
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Therefore, we substitute appropriately in (2.102) and expand in powers of v/c:

1 T+ep) ™
W——%(lﬁ- 2mcz> P-o) ¥4
L (1 _Tted + (’)(v4/c4)> (p-o)N x (2.104)
2mc 2mc?

Substituting this in the normalization condition (2.101),

X'x=Nx"x 1+ -—=@-0)+00w/c" (2.105)
4m?2c?

and using the vector identity (2.90) to evaluate the scalar product,
(p-oy=p*+i(pxp)o=p (2.106)
finally yields for the normalization constant N

p2

S T Ow*/c*) (2.107)

p2 —1/2
— 4.4 —

With this, we have the following intermediate result for 1/:

p2

Substituting this in (2.104) we get for y_

1 T +e¢ p?
T~ (1= . 1-_P
v 2mc ( 2mc? )(p o) ( gm2c2 ) X

and finally

1
Yom

2 T + e
2mc

P
(p'a)_(P'G)W——Z([PG))X (2.109)

2mc

Compared to the result in Sect. 2.3, the last two terms in the above equation are
extra. We will substitute this expression for ¥_ in (2.82) which is still exact and
which is rewritten as

(T +ep)Yr=c@p-o)y- (2.110)

By doing this, we have transformed a four-component theory into a two-component
one. With (2.108) and (2.109), we then obtain an eigenvalue equation for y:
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p’ 1 p’
ren (1= g ) g |0 (1- gns)

T +eg
—(p-o) 5 (P'U):|X (2.111)
2mc
We will expand T + e¢ also in powers of v/c:
T + ep = /2 p? + m2c* — mc?
2 N\ 172
o2 p
= mc |:<1+m262> —1:|
2 4
_ 2 p 1 p 6,6
= mc |:1 + i T Zmicd 14+ OW/c )i|
2 4
p p
N — —— 2.112
2m  8m3c? ( )
This simplifies our eigenvalue equation for x:
P’ T +e¢
(T +ep)x ~ |2+——(p-0) —5 (p-0) | X 2.113)
2m 4m=c

When proceeding further, we have to take into account the fact that ¢, which is a
function of r, and p do not commute with each other. In contrast, T is treated as the
energy eigenvalue and therefore as a c-number (see (2.115)). Then we have

T + e¢ _THep ,
422(p0)—4m22p 1422

(P-o) (Vo -o)p-o)

pth
~ 8m3c2 + = S a2 2[(V¢ p)+i(Vp xp)-ol

The last step is obtained by again using the vector identity (2.90). We define an
operator, which, we from now on, will interpret as spin—orbit interaction, which is
given by (s = %L o)

Hso = (V¢ xp)-s] (2.114)

222

Then, we have the following eigenvalue equation for y:

ull
~
~

(2.115)

where

il (Vo -p)+ Hso (2.116)
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The individual terms have the following meaning:

2% Non-relativistic kinetic energy of the electron
— iz First relativistic correction to kinetic energy
—ed Potential energy of the electron in the Coulomb field of the
nucleus, e.g. 4w epp(r) = % Z* = Effective nuclear
charge
ihe

(V¢ - p) Darwin term, relativistic correction to the potential energy
of the electron (which has no classical analogue)
Hgo Spin—orbit interaction
Hy is different from the “phenomenological” result Hgp (2.98) exactly by a
factor of 1/2:

4m?2c?

1.
Hso = 5 Hso 2.117)

For a spherically symmetric potential ¢(r), i.e. Vo(r) = f%, Hg o can be rewritten
as

H ¢ _(14%) .y (2.118)
=———7\|-— -S .
50 2m2c? \ r dr
or using the simple expression
4 g9 ¢(r) =
it can be written as
1 Z*e?
Hso=A2(0-s) ; A=——-—-—" (2.119)

8meom?c? 13

Hyo decreases rapidly with increasing nuclear distance 7.
We discuss a few consequences of spin—orbit coupling:

1. Hgo is the reason why even in the absence of an external magnetic field (Bg =
0) 1 and s do not commute with Hp (see Sect. 2.3). One can easily show that
(Problem 2.8)

M-s, 1]l =iAdxs)y=—1[l-s, s]_ (2.120)
On the other hand,
M-s,jl-=0 ; j=1+s (2.121)

and further we have
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M-s,j’l-=M-s,Pl_=[-s, s]-=0 (2.122)

It means that the energy eigenstates can be classified by j, m;, [ and s (good
quantum numbers) but not by m; and m;. Hgp couples (hybridizes) the states
with different m; and m;.

2. Hgo partially lifts the degeneracy of the L S-multiplets (here the doublet, since
our treatment is valid only for one electron: j = [ &£ 1/2). Because of

j=l+s=20-5)=j P ¢’
Hgo produces a fine structure of the energy terms:

EN =EY+a B G+D—1(+1)—s(s+ 1) (2.123)

Here 7 is the principal quantum number and E,(l(l)) is the energy in the absence of
the spin—orbit coupling. The spin—orbit coupling constant is given according to
(2.119) by

e

It = — o
§ 2m?2c?

1 d
s 290 sy (2.124)
rdr

Because of the spin—orbit coupling, the terms j = /£1/2 have different energies
for I # 0. However, the 2j + 1-fold degeneracy due to m still remains.

2.5 Wigner-Eckart Theorem

Using Dirac equation, we were able to explain the existence of electron spin and the
appearance of the spin—orbit coupling. We are now interested in the behaviour of the
electron in the presence of the nuclear field and an external magnetic field. That is,
we want to find out which of the energy levels are available, in the presence of these
two fields, to the electron. This is certainly a non-trivial problem. For this purpose,
we first discuss the so-called Wigner—Eckart theorem, which, at first glance, appears
to be highly specialized but turns out to be very useful, particularly, in the context
of the magnetic problems with which we are here concerned. In order to formulate
and later apply the theorem, we first present a few necessary pre-considerations.

2.5.1 Rotation

Let ¥ and ¥ be two coordinate systems which have a common origin and are rotated
with respect to each other. Let their axes be defined through the unit vectors

e, ¢ ; =123
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The €; can be written as a linear combination of e;:
3
éiZZRji €; (2125)
j=1

The coefficients R;; which are given by
Rj,' =(ej~é,-) (2126)

are uniquely fixed by the angle and the axis of rotation. As a result of rotation, a
vector r in X transforms itself as follows:

r=(xy, X2, x3) > F= (¥, X2, X3) (2.127)
In the co-rotated coordinate system 3, we naturally have
I = (x1, x2, X3) (2.128)

That means

and therefore,

=Y Ryjx; (2.129)

R;; are the elements of the 3 x 3 rotation matrix with the well-known properties:

1. Ry =R},
2. R=R""' (R:transposed matrix)
3.detR=1

Example: Rotation through an angle ¢ about the z-axis:

cos¢ —sing 0
R.(¢)=| singp cos¢p O (2.130)
0 0 1

That means

X| = X1 C0s¢ — xp8in¢
Xy = X1 Sin¢ + x; cos ¢ (2.131)
X3 = X3
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2.5.2 Rotation Operator

We now want to consider, quantum mechanically, the rotation of a physical system.
Let [¥) and |7/) denote the state of the system before and after the rotation. They
are related by

W) =RY) (2.132)

where R is the rotation operator. The states ) and |1/) obey the condition that the
results of a measurement in the state |) follow from the rotation of the results of
the same measurement done in the state [{). As an example, let us consider the
measurement of position. Suppose in the state |1), the result of measurement being
r; has the probability density |1/ (r;)|?> and the result of the same measurement in the
state [1/) being r has the probability density | (r)|?. If (2.132) is valid, it is required
that

r=Rr] ; [YOF=ya)? (2.133)

In order to satisfy this, it is sufficient to have
Y@ =Ry =yR 'r) (2.134)

Since normalization should not be affected by rotation, the rotation operator must
necessarily be unitary:

RPR=RR' =1 & R =R"! (2.135)

With this, the behaviour of the states under rotation is clear. Now the question is,
How do the observables behave? Rotation of an observable means nothing but the
rotation of the measuring instruments. Logically, the measurement of A in the state
[) must mean the same as the measurement of A in the state |). That is,

(UlAlY) = (WIAIY) = (YIRT A R|Y) (2.136)
which means
A=R'"AR
(2.137)
A=RAR™!

We conclude that the observables under rotation have the same transformation prop-
erties as the states.

There are two types of operators which are of special interest, namely, the scalar
operator S which remains uninfluenced by rotation, i.e.
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S=S=RSR' & [R,S]_=0 (2.138)
and the vector operator V = (Vy, V,, V3) with the components
Vi=V.eg (2.139)
which transforms under rotation as follows:

‘ZZV'éi:ZRjiV'ejZZRji Vj (2140)
J J

Comparing this with (2.129) we see that the components of a vector operator behave
under rotation R as the components of a vector under R!.

2.5.3 Angular Momentum
‘We now consider the special rotation (2.130):

R.($) ¥(x, y, 2) =¥ (R (@) 1)
= Y(xcos¢ + ysing, —xsing 4+ ycos¢, z) (2.141)

If ¢ is an infinitesimally small angle, ¢ — ¢ = 0T, we can replace cos ¢ by 1 and
sin ¢ by ¢ = ¢ and perform a Taylor expansion:

R.(&e)Y(x, y, )=V +ey, —ex+y, 2)

=Y(x, y, Z)+€<%y—%x>+...
0x ay

i
= <1 7 Elz) vix, y, 2)
This leads to the following important relation:

R.(s)=1— % el (2.142)

where [, is the z-component of the orbital angular momentum operator
I=rxp (2.143)

A more general form of the relation (2.142) is, when n denotes the unit vector in the
direction of the axis of rotation,

Ry(e)=1-— % e(m-1 (2.144)
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A complete generalization of these results to an arbitrary system defines the total
angular momentum j.

Ry(e)=1-— 7l_i e(m-j) (2.145)

The above definition of j is meaningful because, it is supported by the fact that the
well-known commutation relations for j can be derived from it. That can be shown
as follows:

Let us consider the infinitesimal rotation of the vector V about the axis n

V=V+dV

From Fig. 2.1, we can see that dV can be written as

dV=enxV
Therefore, we have
V=V+enxV (2.146)
Now let
3
K= Z K; e (2.147)
i=1

be an arbitrary vector operator. Using (2.137) and (2.145), we find that the compo-
nents K; transform as

Ki = Ru(®) Ki Ry'(©) ~ Ki+ = ¢ [K; . -l (2.148)

Fig. 2.1 Rotation of a vector
V by a small angle & about
the axis n
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where we could neglect the terms of the order of £2. On the other hand, using (2.146)
we also have

Ki=K-&=K-(e;+cnxe)
=K, +eK-(nxe;) (2.149)

Comparing with (2.148), we get the important relation
[(m-j), (¢, - K)]-=ih(mxe) K (2.150)

Substituting K = j we get, as stated above, the fundamental commutation relations
for the angular momentum j.

From (2.145) it follows that the angular momentum of a system is defined by its
transformation behaviour under an infinitesimal rotation of the coordinate system.
This is, of course, also valid for finite rotations. In order to show that, we exploit the
relation

Ru(¢p + d¢) = Ru(d) Ru(9)
= (1 = %dqb(n -j)) Rn(¢)

which can also be written as a differential equation

d i .
%Rn(ﬁb) = =7 (-J) Ra()

which can be easily integrated to give

Ru() = exp (—;—,Lm ) ¢> (2.151)

2.5.4 Rotation Matrices

Let |p; j m) be the eigenstates of the angular momentum operators j> and j.. p
is a set of some quantum numbers that are necessary to specify the states but are
not concerned with the angular momentum. The following relations are well known
from elementary quantum mechanics:

Jps jm)y=0jG+ 1D p; jm) 2.152)
Jz|ps jm) =hm|p; jm) (2.153)
Jx = Jx Tijy (2.154)

Jelps jm) =h/j(G+ 1) —mm£1) |p; jm+1) (2.155)
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We denote by H/) the space spanned by the 2j + 1 states | p; j m) corresponding
to a given j. Then, in the space H"/), we have

D lps jmips jml =1 (2.156)

From the special form of the rotation operators, it is obvious that the space H/
is invariant under rotations. An application of the operator R,(¢) affects only the
magnetic quantum number m. The following equation:

Rips jm)=Y Ips jm')p; jm|RIp; jm)

=> Ip: jm) R}, (2.157)

defines the (2 + 1)-dimensional rotation matrix
RY), = (ps jm| R |p: jm) (2.158)

HY) is called an irreducible space. What it means is that, all the vectors R |v/),
which result from the application of the rotation operator R on an arbitrarily chosen
vector |) in this space, are sufficient to span this space. Even if there exists only
one vector |¢), such that {R |¢)} spans the space only partially, then the space is
reducible under rotations. In H such a |¢) does not exist.

As examples, we consider three special rotation matrices:

Let ¢ again be an infinitesimal rotation angle.

@ R(e)=1—f¢J
Using (2.153), it directly follows that

(R = S (1 —ie m) (2.159)

(b) Ru(e) =1 — 4 & ji:

Since j, = % (j+ + j—) and using (2.155), it follows that

i e r—
(RN = S — 3\/10 + 1) —mOm + 1) 81

=~ S VIGF D= mGn =1 b (2.160)

© Ry(e)=1—f ¢,
With j, = %(j+ — j—) and again using (2.155), it follows that
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(&®W>=mw—§wU+u—mm+n%WH

m'm

+ ViU HD = mm = 1) S @.161)

2.5.5 Tensor Operators

A tensor is defined by its transformation properties under a coordinate transforma-
tion. A tensor of rank k in an n-dimensional space consists of a group of n* numbers
which transform linearly under rotation, according to specific laws:

k=20 : Scalar x = x
k=1 : Vector of n-components x; with ¥; = >, Ri; x;
k=2 : n*-components F;; with F;; = > i Rit Rjm Fim

The transition from a tensor to a tensor operator is exactly analogous to the one from
vector to vector operator.

Tensor operator: A group of operators (components) which transform linearly
within among themselves under a rotation.

For our purpose, in the following, only the irreducible tensor operators are inter-
esting. These are the tensor operators which operate in an irreducible space. One can
now show that an irreducible tensor operator of rank k consists of a set of 2k + 1)
operators (standard components)

T®, q=—k —k+1, -, +k

which under rotation transform as
+k
RTP R = > RO TV (2.162)
q'=—k

We notice that they follow the same transformation laws as the states |j, m) in
H (2.158). All this appears to be a very special case, but actually, it is of wide
applicability, i.e. there exist many physically relevant operators which belong to
this class.

The relation (2.162) is valid if and only if it is valid for every infinitesimal
rotation. If we substitute R for such a rotation and use the rotation matrices that
were evaluated as examples (2.159), (2.160), and (2.161), then we recognize that
the above definition is strictly equivalent to the following commutation relations
(Problem 2.9):
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e T) = ha T
(e, TV]. =h VEEFD—qq £ D 1,5,

Therefore, one can treat these “handy” commutation relations also as definitions.
Examples:

1. TO: Scalar operators are irreducible tensor operators of rank zero. They com-
mute with the angular momentum ;.

2. TW: Every vector operator K is an irreducible tensor operator of rank one with
the standard components

7,V =K, (2.163)
1 :
T = 5 (K, +i K,) (2.164)

With the help of the general relation (2.150), one can easily prove and verify
the commutation relations (Problem 2.10). The angular momentum j itself is a
special example:

1
Jo=1J: 5 Jja=7%F Eji (2.165)

3. T?: One can formally treat the spherical harmonics Y;,,(6, ¢) to be operators.
Then they fulfil the commutation relations for the irreducible tensor operators

of rank [.
[jes Yim]_ =[x Yin]_
=1 Y — Y 2
= (£ Yim) + Yim s — Yim 1=
= h\/l(l + 1) —mm=E£1)Y i (2.166)
Analogously we find
[zs Yiml_ = hm Y, (2.167)

Therefore, TV = Y,,, is an irreducible tensor operator of rank /.

2.5.6 Wigner-Eckart Theorem

Tensors have their own algebra with a number of theorems. One of the most useful
among them is, surely, the Wigner—Eckart theorem which we present here with-
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out proof. It is concerned with the matrix elements of the standard components of
irreducible tensor operators in the space H'/:

(pi jmTONp s j myy =T% (p jip O kmyqljm;) (2.168)

TN (p ji p' j)is called the reduced matrix element of the tensor T®). It is indepen-
dent of the quantum numbers m ., m; and q. (j' k m j.q|j m;) is a Clebsch-Gordon
coefficient known in connection with the addition of two angular momenta:

lj1 j2, Jmj) = Z [j1 m1)|j2 m2){j1 jo mi ma|j mj) (2.169)

my,ms
Here we have
mi=mi+my ; |ji—pI<JjZih+hi (2.170)
That means the matrix elements (2.168) is different from zero only if
g=mj—mj ; |j—j|<k<j+] 2.171)

The actual meaning of the theorem lies in the factorization that is achieved by
(2.168). The Clebsch—Gordon coefficient is independent of 7" and Tr(z is indepen-
dent of m j, m;» and g. That means the matrix elements of the standard components
of tensor operators with the same rank are proportional to each other. In the fol-
lowing discussion, we will exploit this fact very often .

We will be specially interested in tensor operators of rank one, i.e. in vector
operators. Therefore, we want to discuss these operators in more detail. For the
angular momentum j, and for its standard components j,, in view of (2.165), the
Wigner—Eckart theorem becomes

(ps Jmjljglp"s jmj) = jrea(p ji P J)8pp 8j5 (J' Ty qljm;)  (2.172)

We can, as a result from the beginning, restrict ourselves to the matrix elements
which are diagonal in p and j. Then, for an arbitrary tensor operator of rank one,
we have

1 .
T,(ed)(p J)

- —(ps Jmjljglp; jmj) (2.173)
]red(p ]) I J

(ps JmATV|p; jmy) =

The forefactor is determined from the scalar product

0,1, —1
7O . j= Z TV ji (2.174)
q
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The scalar product 7" - j must be direction independent. Therefore, for the purpose
of the calculation, we can assume any arbitrary m ;:

(T ) = (p jmj T jlp jm;)

=D > Apim TV 1p ' mi) (p'j'my ) pim )
q pjmy

~Spp 8t

'V (p j)
= LT N pjmjljglpimy ) (pim |l pjm;)
]red(p .]) Z s ! s !

q.mj
LedP ), o
= .md—. (pJ mj|J2|P J mj)
Jrea(P J)

B2 jG+D

Here we have exploited (2.165): j> = Y g Ja- qu . With this, we get the following
important relation:

: . (T -j) . .

which holds of course only in the subspace of fixed p and j.

2.5.7 Examples of Application
1. TO =142s=j+s
This operator is important in connection with the Zeeman effect, which will

be discussed towards the end of the chapter. We are interested in the ¢ = 0
component:

TV =1, 425, = j. +s. (2.176)
In (2.175) we require the expression

(@M -y = (P +s-§)=(*+s"+s-1)
= <j2+s2+%(jz—lz—s2>>

1
= (j*+ 5(1'2 —I*+5%)

If we restrict ourselves to the space in which, simultaneously, j2, [* and s* are
diagonal, then, we have
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1
(r®.j =n {j(j + D+ 3 G4+ =104+ 1) +s(s + 1)]} (2.177)

At this point, we define the Lande-factor

G D I+ D s+ D)
gil,s) =1+ 0D (2.178)

With this, we finally get
(pjmjlll;+2s)lp jmy)=g;,s) imjdum, (2.179)
When g = 0, then, because of (2.171), naturally m; = m .

TO =5
Here also, we will be interested only in the ¢ = 0 component

" =5, (2.180)

We again require the scalar product
M s . LR Lo n 2
rj=sj=s+-0 -F=s)=50" -1+
Substituting this in (2.175) we get under the same conditions as in (1),

(pjmjls:lp jmj)=(g;j,s)—1)hm; 3mjmj, (2.181)

This result agrees of course with (2.179) in example (1).
In the space of the states |ls, j m;) with fixed/, s, j obviously

Sz :(gj(l’s)_l) Jz (2.182)

is an operator identity. That is the reason, why, in many models of mag-
netism, only “interacting spins” are considered (see the Heisenberg model
which appears later) even though, in general, the total angular momentum is
involved.

2.6 Electron in an External Magnetic Field

After the background prepared in the earlier sections, we already have at least a
rough picture of how the Hamiltonian should look for an electron moving in

(a) anuclear field E = —V¢,
(b) a homogeneous external magnetic field By = (0, 0, By).
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We will assume, for the moment, that the nuclear field is spherically symmetric
(the nucleus is treated as approximately a positive point charge). The deviations
from this simplifying assumption will be discussed in later sections. The Hamil-
tonian without the relativistic corrections, in this case, should have the following
form:

»?

H =2~ + V() + Hia + Hso +“—hB 1+ 2s) - By (2.183)

The individual terms have the following meaning:

(a) Hy = % + V(r): This describes the motion of a spinless particle of mass m and
charge —e in the field of the positively charged nucleus (V(r) = —e ¢(r)). This
is considered to be solved (hydrogen atom problem in basic quantum mechan-
ics). That means, we presume the energy levels E,(l(;) as known. Here n is the
principal quantum number and / the orbital angular momentum quantum num-
ber.

(b) Hyig = e;zg (x? 4 y?): This is the diamagnetic part, which has been derived in
Sect. 1.2. It results from the substitution p — p + eA which is necessary in
the presence of an electromagnetic field. This term is usually very small and is
meaningful only when the other terms do not play any role. Therefore, in this
section we will not take into account Hy;,. We will discuss diamagnetic effects
in considerable detail in Chap. 3.

(¢c) Hso = A (1-s): The spin—orbit coupling was already discussed in Sect. 2.4. It
produces a fine structure of the terms, i.e. the energy levels E ,(,(,)) are split into an
(1, s)-multiplet for j # 0:

1
Ey) = EY + 5 b UG+ 1D =10+ 1) —s(s + D} (2.184)

which, in our one-electron system, is naturally a doublet.
) 1
j=1+ 3 (2.185)

That means, the spin—orbit interaction lifts the j-degeneracy. The following
commutators, which have already been evaluated, are important:

[Hso . j?]_=0

[Hso . I°’]_=0
[Hso , sz]_ =0
[Hso, j:1_=0 (2.186)
[Hso , I[]-#0

[Hso , s;]_#0
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These commutation relations show that only j, m;, [ and s are “good” quantum
numbers and not m; and m;.

(d) H, = =52 (14-25)-Bg = — 52 (1. +2s.) Bo: This term will be called the Zeeman
term. With respect to the sign before the scalar product we refer to the remark at
the end of Sect. 2.1.0ne can easily show that j2 and s, do not commute.

[j2 , Sz], =—-2ih(sy—1ys:)#0 (2.187)
From this it follows that

[, H.] = ”‘_Ff Bo[j%, s.]_ #0 (2.188)

Therefore, when the external field is switched on, j is also not a good quantum
number. But it is still valid that

[j:» HJI_=0 (2.189)

and, therefore, m; still remains a good quantum number. As a result, the energy
eigenstates can still be classified, as before, by (n, m;, [, s) though not by
J» my, my. Physically, that means that the external field forces transitions between
states with different j but with the same m ;. The energy eigenstates will therefore
be corresponding linear combinations:

1 1
|w)=a+j=l+§mj>+a_j:l—zmj> (2.190)
We use the following shorthand notation:
. 1 ) 1

Then we have to solve the following Schrodinger equation:
H|Y)=ay H|+)+a- H|-) = E|Y) (2.192)

Since

(HH==-=1 5 (F=)=(+)=0

from (2.192) it follows that

Ea, =ay(+|H|+) +a_(+|H|-)
(2.193)
Eao =a(—|H|+)+a (—|H|-)
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With the notation
Ex = (x[H|£) ; n=(-|H+) (2.194)
the solvability condition for the system of homogeneous equations

(E-E)ay—n"a-=0
—nor +E—-—FE)a_=0

gives the required energy eigenvalues:

1
Eyolsm)) =5 [(E+ —E)+ NE, —E_ 2 +4 n2] (2.195)

We calculate the matrix elements £, E_ and n with the help of the Wigner—Eckart
theorem:

. 1 , 1
Ei=<J=l:|:§, mj|(H0+H50)|J=l:|:§, mj>—

UB . 1 ) 1
—730 ]=l:l:§, mjl(lz+2sz)|]=l:l:§, m;j (2.196)

The first summand is exactly £ ((/)j) 14 and is therefore known from (2.184). The sec-
nj=t=x;

ond summand was evaluated as an application example of Wigner—Eckart theorem.
The result is given in (2.179). So, we have

Ey = E;(Z;:li% —ppmj Bogiys (L, 9) (2.197)

The Lande-factor, defined in (2.178), becomes in this case

1
8j=1xl = 1+ A1 (2.198)
Further, we find with (2.184),
1
E,i‘,’}:,% = Ey) + 5 Al 1l (2.199)
1
i =Ey =5 20+ (2.200)

With this, we have determined the matrix elements £, and E_:
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1 21 +2

E+=Er(z(l))+§)“nl hzl—/.LB Bomjm (2201)
1 21

E_:Er(l(l))—z)unz 52 (l—i—l)—uB Bomj 21——}—1 (2202)

The “mixed” matrix element 1 can also be easily evaluated using Wigner—Eckart
theorem. From the definition (2.194) we have

; 1 . 1 MUB
77:(] ZZ_E, mjl(H0+H50)|] =l+5’ m]>_?BOX

1 1
X (j=l—§, mjl(lz+25z)|j=l+§a m;) (2.203)
The first summand vanishes because for (Hy + Hso), j is a good quantum number,
i.e. (Hy+ Hgp) is diagonal in the | j, m ;) space. In the second summand, if (I, +2s.)

is replaced by (j, + s.), then the matrix element also vanishes for the term with j,.
Therefore, what remains is

I . 1 ) 1
== Bolj =15 mjls.lj =1+ 5. mj) (2.204)

This is, in general, unequal to zero since s, induces transitions. According to the
definition of s, given in (2.34) it holds

st=—1 (2.205)

This can be exploited as follows:

o . . . . .
— = (mylsZlimy) =Y (i mylsel i mp) (i myls:|j m)

4 P
J'my
Since the commutator [s;, j.]- = 0, both the factors contribute only if m; = m .
So what remains is
h2
T = 2 mylseli mi) mjlsc]j m) (2.206)

J
Forj =1+ % and j/ =1+ %, we have, in particular,

2 2

1 1 1 1
- = ‘<l+§, mjls:ll + 3) +'<l—§, mjlsell + 5. mj) (2.207)

The second summand is identical with 1 (2.204) except for the factors. Therefore,
we get
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K2 K2 2

2 _

: 1 : 1
_‘<]:l+§mj|sz|]:l+§mj)

The remaining matrix element has been evaluated as an application example for
Wigner—Eckart theorem. From (2.181) and (2.198) we get for n

2
P =2 B (Lo T (2.209)
=R 20 \ 37 Gy '

Substituting (2.209) along with (2.201) and (2.202) in (2.195), we obtain, for the
given (n, [), a somewhat complicated expression for the 2(2/ + 1) possible levels,
which are available for an electron in a magnetic field:

o_1.
E1,2(lsmj)= Enl _Zh Al — B BQle

1 1\?
+ 5\/% R (l + 5) —2m; AuhPugBo + uy B (2.210)

We will now discuss certain limiting cases:

1. Weak fields: By < Ay
In this case, one can neglect the terms containing B and therefore also |n]>.
That means (2.195), E. are already the solutions. In this approximation, j>
commutes with H and, therefore, j remains a good quantum number.

Enjjm, = Ey) — gj(1,s) m; g By 2211

This result is known as anomalous Zeeman effect which is characterized by the
linear dependence of the energy levels on the field.

2. Strong fields: g By > An
Now, to a first approximation, we can neglect the spin—orbit coupling so that m;
and my are still good quantum numbers.

mj = myy s Enimgn, = Ey) — (my +2my) jug By (2212)

This result is known as the normal Zeeman effect which also has linear field
dependence.

3. Intermediate fields: g By & Ay
Now we must apply the full expressions for E (I, m;). Then the field depen-
dence is not linear anymore. A special case is worth mentioning, namely

1
|mj|=l+§ s =0 (2.213)

In this case, (2.211) is valid independent of the strength of the magnetic field.
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2.7 Nuclear Quadrupole Field

So far we have treated the influence of the nucleus on the electron motion in the
simplest form, namely, we considered the nucleus to be a positive point charge. The
potential energy of the electron in the field of the nucleus is then given by

1 Z*e?

drey r

V(r) = —ep(r) = — (2.214)

Strictly speaking, that is too simple because, we are neglecting the higher multi-
pole moments of the nucleus. We will now treat this more rigorously. However, we
will continue to assume that the electron remains outside the region where nuclear
charge and nuclear currents are appreciable. This assumption is naturally a little
problematic for s-electrons which have a finite probability of existence within the
nucleus. We denote by R(R, ®, ®), the position vector within the nucleus and by
r(r, 6, @), the position vector outside the nucleus (Fig. 2.2). Then the general solu-
tion for the nuclear potential ¢(r) is given by

4meg ¢(r)=/ iR LR (2.215)

(nucl) |I' - R|

We have assumed here that the nuclear charge is confined to a finite volume. From
electrodynamics, we know the corresponding multipole expansion:

[ee) 4 1 +1
ATe0 ¢ = Y 5o T O O Yin(6.9) (2216)

=0 m=—I

Fig. 2.2 Schematic plot of

7
the nuclear charge density X

///
//J.
seen by the atomic electron

o p (R)
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The nuclear coordinates are present exclusively in the spherical multipole moments:
Oim = /d3R Y} (®, ®) p(R) R’ (2.217)

Since we can assume that » >> R, we can restrict ourselves to the first summands of
the expansion. Using

1
Y00(®, ) = Y5(O, @) = T (2.218)

and
/ d*R p(R) = Ze (2.219)
we get for the monopole moment (I = 0)
©) Ze
dey ¢V (r) = — (2.220)
r

This is nothing but the potential of a point charge at the origin. The simplest way to
evaluate the dipole moment (I = 1) is by using the addition theorem for the spherical
harmonics, which is given by

=1 3
Pi(cosy) :> — Ccosy (2.221)

+1
20+ 1
DY (O, @) Y0, ¢) = g

m=—I

y is the angle between the space directions (®, @) and (6, ¢) and therefore is given
by

-R
cosy = - (2.222)
rR
Using the definition of the dipole moment P
P= / d’R p(R) R (2.223)
the (I = 1) summand of the multipole expansion (2.216) can be written as
0 r-P
dreg ¢ (r) = —- (2.224)
r

One knows that the electric dipole moment of a nucleus is in general zero. Therefore,
we must consider the multipole expansion one step further, i.e. to the quadrupole
moment (I = 2):
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TT

47 1
dreg P (r) = 53 (Q20Y20 + 021Y21 + Q2 1 Y21 +

+ O0nYn+ 0:0Y55) (2.225)

With the spherical harmonics

1 /51
Y20(0, @) = 3 \/; = (3Z* - RY»

15 Z .
Y241(0, @) = F/ Fr-) (X £iY) (2.226)

Y20(® o1>)—1 15 I(X:I:'Y)z
W= N g

we get the following expressions for the components of the electric quadrupole
moment (R = (X, Y, Z)):

1 5
Q02 = 3 */E/‘PR p(R) (3Z* — R?)

Ore1 =F ,/g / d*R p(R) Z(X £iY) (2.227)

Orir = ‘/i/m p(R) (X £iY)
4 NV 2w

We can now summarize the quadrupole part of the potential in the familiar form

1 XiX;

2 — E L

4ﬂ80¢ (r)—z Hqu 5
L]

(2.228)
qij = /d3R p(R) BX;X; — 8;;R?)

With this, we have actually completed the discussion. The nuclear quadrupole field
appears in the Hamiltonian in the form Hy = —e ¢(2)(r). It is, of course, obvious
that it will not be very simple to evaluate the eigenvalues, eigenstates and matrix
elements for such an operator.

We will therefore, with the help of the Wigner—Eckart theorem, formulate an
equivalent Hamiltonian in terms of the angular momentum operators I and j.

I: Operator for the total nuclear spin
J: Operator for the total angular momentum of the electron

The procedure adopted here is based on the following idea: Since Qo, ~ Y5,

Q> is an irreducible tensor operator of rank two with the standard components Q,,
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(see Example (3) with (2.162)). We now construct a special tensor operator of rank
two out of a combination of nuclear spin operators. In the space, in which /2 and
I, are diagonal, their matrix elements are, according to the Wigner—Eckart theorem,
proportional to the matrix elements of the quadrupole operator.

How do we find the above-mentioned combinations? According to (2.162), they
must obey the following relations:

[1:. T?] =6 —qlg = D) hT3, (2.229)

[I.. T?] =hqT? (2.230)
The structure of Qo (2.227) suggests the following ansatz:
7 =17 312 (2.231)
We can immediately see that

(. 1] =0 (2.232)

and therefore (2.230) is satisfied. Using
I. =1, +Lily (2.233)
we also have

T = = (-1 + 1.1 —412) (2.234)

N =

so that we get

[0 1] =300t + 10 = Vo R TS
The last step is required by (2.229). Therefore, we have to choose
T = :i:%\/g (I1:+ 1:1.) (2.235)
We then evaluate
(1. 18] =—oniz=ve—2n1g
and define

1
T = _E\/E (1. (2.236)
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By verifying the commutation relations (2.229) and (2.230), we finally show that,
TO(Z), Tfl) and sz) are actually the standard components of an irreducible tensor of
rank two (see Problem 2.11). One should notice that these operators have a structure
similar to that of Q,,, (2.227).

We now exploit the Wigner—Eckart theorem whose main statement is about the
proportionality of the matrix elements of different tensor operators of the same rank.
Let |7, M) be the eigenstates of the nuclear operators / 2 and I.. Then, we have

(IM|QF 1IM'y = ey (IM|TP|IM') (2.237)

Here the proportionality constant « is independent of M, M’ and m! One normally
defines the quadrupole moment of the nucleus by

+e Q= (IITP|I) (2.238)

As far as we are concerned, here, Q is an experimentally determined parameter. o
is fixed by this parameter:

+e Q= oy (IT|(I* = 3I)|I1) = oy B> {I(I + 1) — 31%} (2.239)
For I = 1/2, we have Q = 0. For I # 1/2, one can solve this equation for o:

—eQ

ol =T (2.240)

o) =

In the space, in which 7 is a good quantum number, one can treat (2.237) as an
operator identity:

With this, we have fixed the nuclear part of the quadrupole term in the Hamiltonian:

drreq $2(r) = ?” = Z Qo Yo 6. )
m=-—2
2 T4 1 :
Z [—”— Yau (. ¢>} o (12)]

_ ———
nucl. contribution

ele. contribution

(2.242)

Since the electronic part is proportional to Y5,,(6, ¢), it can also be considered as an
irreducible tensor operator of rank two, and we can repeat the same procedure for
the electronic part as we have done for the nuclear part. The only difference is that,
now, we have to replace / and M by j and m;. With
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1
22 . (2 _ +2
Q) = —E\/E 2

1 . .
1) = £ V6 G + jdo) (2.243)
' =7 =3

we obtain the following quadrupole term:

+2 )
4o P = o Y 1P (1) (2.244)

m=-2

Here «, is proportional to the reduced matrix element of the electronic tensor 7.
Finally, by substituting and rearranging the expressions for 2 and T», we
obtain the quadrupole contribution to the Hamiltonian as

Ho = —e ¢(r)
— ae e2Q . 2 2. _ 5 ) 2
" dmweg hAIQ2I - 1) {6G-D* 4+ 307G -D — 21 - j°}

(2.245)

The quadrupole field is, in general, small compared to the other fields which act on
the electron.

From the derivation it is clear, that, if the nuclear quadrupole interacts not with a
single electron but with an arbitrarily complicated charge, a completely analogous
expression will be obtained. In that case only the forefactor which, in any case is
unknown, will be different.

2.8 Hyperfine Field

We have to take into account a second influence of the nucleus on the movement
of the electron, which originates because of the motion of the nuclear charges, i.e.
because of the nuclear current density j(R). This creates a vector potential Ay (),
which, according to electrodynamics, is given by

Mo 3, JR)
Ay(r) = — d’R 2.246
N( ) 47 /nucl |I‘ - R| ( )
Since r >> R we can approximate
L I, rR (2.247)
r—R| r r3 '
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The first summand does not contribute in the case of a localized current density j(R)
(Problem 2.13). The first non-vanishing term then has the form

Ay~ Po MV XE_pog (L (2.248)
4r 3 4 r

Here my is the nuclear moment (see (1.20)):
1 3 .
my = > d’R (R x j(R)) (2.249)

The vector potential originating from the nuclear moment has naturally the same
action as the one originating from an external magnetic field. That means, it appears
in the kinetic energy of the electron

2

p 1 2
L — A
2m - 2m (P +eAn)
p* e
= —+ —p-Ay+ O(Ai,) (Coulomb gauge!)
2m  m

and in the Zeeman energy through
4B
2 T S-(VxAy) (2.250)
This gives two extra terms in the Hamiltonian
Hyp = Hy) + Hy (2.251)

The individual terms have to be now evaluated. H;})F acts on the orbital motion of
the electron,

e no e 1
HS;ZZP.ANZEZﬁp.(mer)
1
= 5—; % S my - (X p) (2.252)

and gives the so-called orbital hyperfine interaction:

a M 1 po
Hijp =258 = 22 my - (2.253)

This part, obviously, vanishes when the electron is in a pure s-state.
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Now, we will consider the second part of the hyperfine interaction. For that let us
first evaluate (A: Laplace operator)

1
VXANZZ—OVXVX<—H‘IN)
7T

,
1 1
=7 (v () - agm ]
47 r r
1 1
= Mo |:V (mN v —) —mNA—:|
4 r r
We can neglect the last term because
1
A— = —4m §(r)
r
and we always have r > R. Then what remains is

1
V x Ay = —i‘—; v <r—3r : mN> (2.254)

We calculate the x-component:

d<r~mN>:(mN)x r-my _x

el _ 3
dx r3 r3 r4 r

The other components can be evaluated analogously so that we get

po 3r(my -r) —my r?

VxAy =2
XN4JT rd

(2.255)

This is of course not a surprising result. It is nothing but the dipole field created by
the nuclear moment my. The magnetic spin moment of the electron

“B
S=_2_
m hs

interacts with this field and gives the dipolar hyperfine interaction

Hyp, =22 225

2.256
h 4m ( )

KB Mo _(3r(mN-r) mN)

The expressions for H ;,1 ; and Hg;, were derived under the assumption that the elec-
tron is always outside the nucleus (» > R). This assumption is, of course, not
realistic for s-electrons, since it is well known that there is a finite probability for
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the s-electrons to exist inside the nucleus. This plays no role in the case of Hg}
because the matrix elements any way vanish for / = 0. For Hy;,, however, it means
a restriction. That is why we would like to investigate this term once more in some
more detail, so that the corresponding term in the Hamiltonian appears, at least,
plausible.

Let ¥ (r) be the wavefunction of the electron (without the spin part). We leave
out the unimportant pre-factors and evaluate the expectation value of s- (V x Ay) in
the state ¥ (r). Let the nucleus be inside a fictitious, small sphere of radius R. Then
we can split the expectation value, which we want to evaluate, into two parts:

f d*r Yrm)[s - (V x Ay)]y(r)
= f d*r s - (V x Ay (r) +
r<R
+ / d’r Yrr)[s - (V x Ap)]y(r) (2.257)
r>R

The second term gives the dipolar hyperfine interaction derived above. The new
thing is therefore only the first term. Using

V-(ANXS):S'(VXAN)—AN~(VXS)=S~(VXAN)

and assuming that the modulus square of the wavefunction |1/ (r)|> changes only a
little within the volume of the nucleus, we can write

[ @t @ x anmm
r<R
~ [ ave@xonmP)
r<R
= [ ar v xowme
Sr
s / df x Ay [y (R)P
Sk
Sk means the surface of the sphere of radius R. Let the sphere of radius R, on the one
hand, be so small that one can assume the electron wavefunction | (R)|> & |1 (0)|?

and, on the other hand, be so large that we can use the expression (2.248) for A 5 (R).
Then, if the direction of the nuclear moment my defines the z-axis, we further have
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/ Fr s - (V x AnIY(®)
r<R

R no my x R
R

Mo 2 1 2

=— (YOI —s- dcos® do(my - R — R(R - my))
4 R?

) |1ﬂ(0)|zs-//dfbdcos®mN*
4

{(0, 0, 1) — cos O(sin O cos P, sin O sin P, cos ®)}

2 2
3 Mo (my -s) [Y(0)]

*

In operator form, this leads to the following contribution to the hyperfine interaction:

4
Hcom‘ - 5 Mo % (S . mN) 5(1’) (2258)

This is called the contact hyperfine interaction which comes into play, obviously,

only for s-electrons. The interaction of the electron spin s with the magnetic field
created by the nuclear currents is then given by

H1(1237 = Hyip + Heons (2.259)

Expressing the nuclear moment my in terms of the nuclear spin I

my = gy “7” I (2.260)

where 1 is the nuclear magneton and gy is the nuclear g-factor, the total contribu-
tion of the nucleus to the Hamiltonian of the electron can be written as

Ho M 1 3s-r)I-r) s-1I
Hyr = 7 h—ng MN |:’§(I'l)+ <r—5_r_3)
8w
+3 (s- I)a(r)] (2.261)

This is known as the hyperfine interaction. The interaction consists of the contribu-
tion due to the orbital angular momentum 1 as well as the spin s of the electron with
the nuclear spin I. HyF is responsible for the hyperfine structure of the electron
terms. Since uy ~ 103 ug (uy = %; m, is the mass of the proton), Hyr is
hardly important for static magnetism, even though, it is important for frequency
shifts in resonance experiments.
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2.9 Magnetic Hamiltonian of the Atomic Electron

For a better overview, we want to summarize, in the form of a list, all the influences
that we have discussed till now, which “probe” an electron.

(a) Spinless particle:
In a spherically symmetric central field and in a homogeneous magnetic field
By = (0, 0, By), the Hamiltonian operator consists of three parts:

H, = Hy + Hyia + Horp (2.262)

H, consists of the kinetic energy of the electron and its potential energy in the
central field:

p2

Hy=—+4+V() (2.263)
2m
The diamagnetic part
232
Hiia = 520 (22 4+ 32) (2.264)
8m

and the interaction of the field with the orbital moment of the electron

Hypy = —’%B (- By) (2.265)

appear because of the substitution p — p + €A, if the vector potential is chosen
such that

1
A= 3 By (—y, x, 0) (2.266)

and the Coulomb gauge V - A = 0 is satisfied. Because of the
(b) spin of the electron
there appear two additional terms

H, = Hsp + H, (2.267)
namely, the spin—orbit interaction

e <1d¢

Hyo = ——— (-4
50 2m2c2 \ r dr

) dA-s)=x(1-s) (2.268)
which causes a fine structure of the terms, and the Zeeman term

H = -2 ’“‘—; s- By (2.269)
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which results from the interaction of the spin moment with the field, and induces
transitions between states with different j but the same m ;. Note that we have
agreed to assume the parallel orientation of the spin relative to the field as the
energetically favoured orientation (see the remarks at the end of Sect. 2.1)
A full relativistic calculation adds mainly two more terms as

(c) relativistic corrections:

H. = Ho e + Hp (2.270)

H, ,.; represents a relativistic correction to the kinetic energy

P4

Hord = ~gmica

(2.271)

whereas the so-called Darwin term does not permit a simple-minded explanation
and is given by

eh?

4m2c?

Hp (Vo - V) (2.272)

In case the assumption of a spherically symmetric, electrostatic nuclear poten-
tial, as it appears in (2.263), is not acceptable, then four more terms have to be
taken in to account, which are classified as

(d) nuclear effects:

Hy = HQ + Horp + Hdip + Heont (2.273)

H originates because of the nuclear quadrupole field:

o

Hp =

= e (60 D7 431G D —21%)7) (2.274)

I is the nuclear spin and « is a constant. The existence of the nuclear spin still
leads to an orbital hyperfine interaction

up py -1

H,p = — 2.275
orh = R0 8N 5 53 3 ( )
and to the dipolar hyperfine interaction
pp py |36s-)d-r) s-1
Hy:p = ey = - 7 __ __ 2.276
dip = 10 8N 5 73 [ 3 3 ( )

For s-electrons, which have a finite probability of existing inside the nucleus,
finally, we have to take into account one more interaction, namely, the contact
hyperfine interaction:

dup uy
3h2

Heont = 1o gn (s-1)d(r) (2.277)
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2.10 Many-Electron Systems

Till today, an exact theory for atoms with Z > 1 electrons has not been possible.
Therefore, one has to depend on more or less drastic approximations whose only
justification is derived from a comparison with experiments. Completely filled elec-
tron shells pose no difficulties, since they lead to spherically symmetric potentials,
which do not shift the individual energy terms against each other. Since only the
energy differences are measurable, a rigid shift of the complete energy spectrum by
a spherically symmetric potential is not interesting.

We consider an atom with Z electrons out of which p are in a partially filled
shell. What are the problems in treating such a system?

1. There is no Dirac’s theory for many-electron systems. Therefore, one has prob-
lems in treating the spin—orbit interaction correctly.

2. The Coulomb interaction among the electrons has to be taken into account.

For the moment, we restrict ourselves to a more or less qualitative discussion of
the relevant interacting systems.

2.10.1 Coulomb Interaction

This consists of two parts, namely the interaction Hy of the electrons with the pos-
itively charged nucleus and the interaction H, of electrons among themselves.

Hc = Hy + H, (2.278)

If we neglect higher order corrections (nuclear quadrupole field and nuclear cur-
rents), then we have

—Ze2 I 1
Hy = - (2.279)
47'[80 P ri
21 & 1
L= 4e 5 I — (2.280)
T80 2, Sy T Tl

H, makes the problem in general unsolvable. The theory must therefore accept
approximations. Often one takes recourse to the so-called central field approxima-
tion, where the p-electrons move independent of each other in a central potential
(Hartree-potential).

Hep = —e ¢ep(r) = —e ¢y (r) (2.281)
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Fig. 2.3 Schematic of the I
ground state term scheme of .
carbon (15%2522p") /// D
(ls2 2s2) Zp2 ////2// -
Central AN

field approximation S
~ o 3P

Perturbational
correction

This is a sum of the usual nuclear potential Hy and an average repulsive poten-

tial. The skill in the choice of the repulsive potential determines the quality of the

approximation. Predominantly, the presence of the other electrons has the effect of

screening the Coulomb field of the nucleus from the electron under consideration.
In the next stage of the approximation, one writes instead of (2.278),

He = Hep + H, (2.282)
where
H, = (Hy + H,) — Hyy (2.283)

and obtains the spectrum of H¢ perturbatively from H.,. In general, the eigenvalues
of H.s are highly degenerate and the degeneracy is either fully or partially lifted
by H,. One diagonalizes H, in the eigenspace spanned by the eigenstates |Ey o)
belonging to the degenerate ground state energy E,. The condition on the secular
determinant

det ((Eo g|Hi|Eoq) — E 84p) = 0 (2.284)

yields an improved ground state and the first few excited states. On the whole, H¢
determines the rough structure of the terms. Such a calculation, e.g. done for the
ground state of carbon (1s? 2s% 2p?) gives the schematic result of (Fig. 2.3).

The 4s-electrons occupy the closed shell. Therefore, it is necessary only to take
care of the two p-electrons. We will present a more complete picture later.

2.10.2 Spin-Orbit Coupling

There appear two types of spin—orbit couplings, namely between the

1. spin and orbit of the same electron ~ (I; - s;), and between the
2. spin and orbit of different electrons ~ ((I; - s;).
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One can easily see that the two couplings may be of different weightage. Seen
from the rest system of the electron, in the case of “normal” spin—orbit coupling,
the positively charged nucleus moves around the electron and builds a strong ring
current, which creates a magnetic field, to which the magnetic spin moment couples.
This interaction will have the same sign at all times and, therefore, will be of con-
siderable magnitude. On the contrary, the interaction between two electrons moving
around in different orbits, may, during one period, change sign many times. As a
result, the contribution of (2) in comparison to (1) will be small.

That is why, one neglects (2) and compensates the error to a certain degree by
replacing the potential ¢ by an effective potential which results in a modification of
the forefactor for the spin—orbit coupling (1).

Hso =1 (1-8) (2.285)
e (14
b= 2m2c? (r dr) (2.286)

This approximation, at least for not so light atoms, has proved to be useful.

2.10.3 Further Couplings

We have discussed in Sect. 2.8, the coupling between the electron spin and the
nuclear spin. Exactly the same arguments are valid for the coupling between the
spin of the ith and the jth electron.

(5 x)(s; o Ty) _sivs; 8w
3 j . j i) - L4+ — (s -8;)8(ri;)
Iy rij \3—,—2

] ) ] contact term
dipolar interction

rijj=1r; —I;

Since here also we must average over the orbits of different electrons, this term also
will be dominated by the other contributions in the Hamiltonian and, therefore, turns
out to be relatively uninteresting. The same is also valid for orbit—orbit coupling,
which, in the simplest form, can be assumed to be ~ (I; - 1;).

In the lowest approximation, nuclear effects can be included additively from the
ones derived in Sect. 2.7 and 2.8 for a single electron. Since uy ~ 1073z, they
are small and, therefore, will be taken into account only when “necessary”.

Furthermore, relativistic corrections to the kinetic energy (2.271) or the Darwin
term (2.272) are, for our purposes, unimportant.

So, finally, the Hamiltonian, for p-electrons in a partially filled shell reads as
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2 )
ﬁ —e (i) +A(r) ;- Si))

T
"
M-
—

= Hy+ Hso + H, (2.287)

The first three summations can be separated according to the individual electrons so
that, in the absence of the fourth summation, we simply would have to sum over the
results obtained in the last section. But, even then, the problem at hand here, is more
complicated. This is because, with

P
L = Z I; total angular momentum

i=1

14
S=>"s total spin (2.288)

we are no more interested in the quantum numbers / and s of the individual electrons
but in the quantum numbers L and S of the incompletely filled shell. One immedi-
ately realizes that, because of the spin—orbit interaction, L? and S? do not commute
with H©_ This is different from the case of a single electron (2.121). The reason for
this is, e.g. L is not simply equal to >/, 17. That means, Hso induces transitions
between the LS-multiplets. The question is, how strong are these “state mixtures”
(hybridizations), that is, how probable are such transitions. This in turn depends on
the relative strength of the individual terms in the Hamiltonian. One distinguishes
two limiting cases:

L:Zili’ SZZ[»S,'

H, > Hgp : LS — coupling
J=L+S
Ji=1li+s

Hsp > H, : jJj —coupling
J= Z,‘ji

According to estimates, the details of which we will not go into here, H, goes
as ~ Z!2, whereas Hso goes as Z2. The LS-coupling is, therefore, an excel-
lent approximation for light and medium heavy nuclei. In case of heavy nuclei,
Jjj-coupling dominates. From Pb onwards, H, and Hyso are of the same order of
magnitude. Let us now consider the
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(a) LS Coupling (Russell-Saunders Coupling)

in somewhat more detail. Because H, > Hjso, L and S are still good quantum num-
bers. The energy differences between the L S-multiplets are about one or two orders
of magnitude larger than the internal multiplet splittings. Therefore, one can, to a
first approximation, neglect the transitions into the higher multiplets. The possible
basis states can be labelled by the quantum numbers y, L, S, M, and M:

ly LSM Ms)

Here y is the set of quantum numbers that is additionally necessary to specify the
configuration. We will discuss the spin—orbit interaction in the space of a fixed LS
pair. In this case again, the Wigner—Eckart theorem plays a decisive role. Using the
above basis we can write

p
> (v LSML M| % - s)y LSM] M)

i=1

p 0,£1
=333 (yLSMyMsliyly LSMY M) »
i=1 q M]M{

* (yLSMZM’S’l)Zi(sqi)*|yLSMiM§) (2.289)
The sum over g runs over the three standard components ((2.163) and (2.164)) of

the vector operators 1 and s. For both the matrix elements in the above equation, we
make use of the Wigner—Eckart theorem. The matrix element

(y LSMy Mg|lyily LSM{M{) = (7 LMy |l |7 LM}) (2.290)
is certainly unequal to zero only for Mg = M because l; commutes with S = s
As a result, ¥ does not, in principle, contain My at all. Because of the Wigner—

Eckart theorem, we can use the proportionality of the matrix elements (2.290) to the
respective matrix element of the total angular momentum:

(PLMpllyily LM}) = (7, L)Y(7LML|L,|y LM]) (2.291)

The coefficient « does not depend on M} and M.
The same procedure can be applied for the second matrix element of (2.289).

(y LSMMg)(s4)ly LSMy M) = (7 SM|(s4)' |7 SME) (2.292)

Now y does not contain M. We can now use the Wigner—Eckart theorem to bring
the total spin S into play.

(7 SM{|A(syi) |7 SM§) = B(7. S) (P SM|S) 17 SM) (2.293)
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Substituting (2.291) and (2.293) in (2.289), we can pull the coefficients « and 8 out
of the summation into the front. That means finally

(yLSM Ms|Hsoly LSM; Mg) ~ (yLSM Ms|(L - S)ly LSM; M)~ (2.294)

From this we can, in the space of a given (LS)-multiplet, read off an operator iden-
tity:

Hso = A(y, LS)(L-S) (2.295)
This form of the spin—orbit coupling is valid only if the transitions to other (LS)-
multiplets can be neglected.

The consequences of the spin—orbit coupling in this case are completely analo-
gous to those of one-electron system:

J=L+S’=L-S= %(12 —L*—5% (2.296)

One can easily evaluate the following commutators:

[(L-S), J*]=0=[H?, J*)]=0 (2.297)

That means J, M;, L and S are good quantum numbers and M; and My are not
good quantum numbers. Therefore, Hgo is not diagonal in the |y LSM M) repre-
sentation but it is diagonal in |y LSJ M) representation. Hgo splits the degenerate
LS multiplet depending on the value of J,

IL-S|<J<L+S (2.299)

and causes a fine structure of the terms:
1
E;Ogsj = E;"gs + zth(y, LSH{UJWJ +1)—LL+1)—SS+1}  (2.300)

We can now complete the solution for the ground state of carbon sketched in Fig. 2.3
(Fig. 2.4). According to (2.301), in case L and § are not equal to zero, Hgo intro-
duces an additional splitting:

In (2.300), one recognizes the famous Lande’s interval rule, which makes a
statement about the energy difference between two neighbouring terms in an LS
multiplet:

AE=E\)s — ES)g = Ay, LS)J (2301
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Fig. 2.4 Extended term
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This relation can be used both as an experimental criterion for LS coupling as well
as for determining A.
Since

—J =M, <+J

every E;OZ gy is still (2J + 1)-fold directionally degenerate. This remaining degen-
eracy can be either fully or partially lifted by an external field.
The effect of an external magnetic field can be easily built into our Hamiltonian.

H=HO_ "“—; (L. +25.) By (2.302)

The same complications appear now as were discussed in Sect. 2.6 for a single-
electron system.

[H , J2]7 # 0 = J is no more a good quantum number
[H, J.]_ =0= M, remains a good quantum number

In the region of validity of the Russell-Saunders coupling, the magnetic field
induces transitions between the states with different J but with the same M. The
energy levels can be calculated according to the same scheme as was done in
Sect. 2.6 for the single-electron system. We only have to replace the small letters
by the corresponding capital letters. Naturally the limiting cases are also same.

1. Weak fields: wp By < A(y, LS)
J can still be treated as a good quantum number: The non-diagonal elements of
the Hamiltonian in J are negligible:

Eyrsim, = ES) g, + (L. S) My pup Bo (2.303)
JJ+D—=LIL+1D+SS+1)

L,S)=1 2.304

gi(L,S) + T T D) ( )

This situation is known as the anomalous Zeeman effect.



2.11 Problems 81

2. Strong fields: g By > A(y, LS)
Now M, and My are still good quantum numbers.

Eyrsim, = Ey s, + (My +2Ms) jup By (2.305)

This situation is known as the normal Zeeman effect.

3. Transition region: ugBy ~ A(y, LS)
In this case, the field dependence is complicated, which, in principle can be
evaluated as in Sect. 2.6. For S > 1/2, however, more non-diagonal elements
appear as compared to the doublet case of Sect. 2.6.

(b) jj-Coupling

Jj-coupling is realized in the “heavy” atoms which lie in the right bottom corner of
the periodic table:

H, < Hso (2.306)

To a first approximation, there is no coupling between different electron. Every elec-
tron is “a system by itself” with the total angular momentum

j,‘ = l,‘ +s; (2307)

Hj lifts the degeneracy of the single-particle states, every level with [ # 0 is split
into two levels with j = [ &+ 1/2 and the corresponding states are labelled by the
quantum numbers (y [ j m ).

Because of H,, strictly speaking, only J remains a good quantum number, j;
only approximately. The Hund’s rules discussed in Sect. 2.1 are valid only for LS
coupling and are not applicable for the jj-coupling.

(c) Intermediate Coupling

For the intermediate coupling,
H, ~ Hgp, (2.308)

which is realized in the middle of the periodic table, there exists practically no appli-
cable theory. This case poses mathematically the most complicated problem.

2.11 Problems

Problem 2.1 How many states belong to a given (L, S)-multiplet? Check your
answer with Eq. (2.14).

Problem 2.2 Show that the Pauli’s spin matrices oy, oy, o, have the following
properties:



2. [ax, O'y]+ = [O'y, O’Z]+ =[o,, 0x], =0

3. [O’x, O'y]_ =2io; ; [O'y, UZ]_ =2io, ; [o;, oc]l_=2ioy
4. oy0y0, =il

Problem 2.3 Show that the Dirac matrices

o~ 0o . @ ]120
“:<ao> ; ﬂ—(o —112>

satisfy the conditions (2.23), (2.24) and (2.25).

2 Atomic Magnetism

Problem 2.4 Show that the cartesian components of the Dirac’s spin operator

(2.59),

o} O

—~ h X,y,2 . . .

Sy v, — — Oy yv.7 Paull N spin
1.2 2 0 Ox,y.,z e

matrices,

satisfy the fundamental commutation relations of angular momentum.

Problem 2.5 For a free Dirac electron, calculate the commutators

) o]

where 3 is the Dirac’s spin operator and 1 is the orbital angular momentum operator.

Problem 2.6 Let a and b be two vector operators which commu
Pauli’s spin matrices. Prove the following relation:

(0-a)(o-b)y=a-bl,+io-(axb)

te with all the three

Problem 2.7 For a (relativistic) electron in an external electromagnetic field (vec-
tor potential A(r, 1), scalar potential ¢(r, t)) derive the equations of motion of the
observables position r and mechanical momentum p,, = p + eA (Heisenberg pic-
ture). Show that the time-dependent operators satisfy the classical Lorentz force law

d
—pn=—e(E+ixB
P e(E+ i xB)

(Ehrenfest theorem!).
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Problem 2.8 For the operator of the spin—orbit interaction
Hsg = ML -S)

calculate the following commutators:
. [Hsp, L]
. [Hsg, S]_
[Hss. L?]_
[Hss, S*]_
[Hsp, J*]_

N

J=L+S)

Problem 2.9 Let J = (J,, J,, J;) be an angular momentum operator and 7® be an
irreducible tensor operator with (2k + 1) standard components Tq(k), q=—k,—k+
I, ..., +k. Show that the following commutation relations must hold:

L[V, TP] = ngT®
2. [Je. TV] = hkk+1) = qlq £ DT,5,

(Je=J,£iJy)

Problem 2.10 Show that every vector operator K = (K, K, K) is an irreducible
tensor operator of rank one 7" with the standard components.

(D
7V =K,

0 1 ,
T, = :F_Z(Kx + le)

¥

Problem 2.11 Let I = (I, I,, I.) be the nuclear spin operator and 17 its square.
Show that the combinations

1,0 = I* =317
1
T2 = :I:E\/E(Izli +1.1,)

1
TY) = —Qﬁui)z

with I+ = I, £ il, are the standard components of an irreducible tensor of rank
two. In doing this verify the commutation relations:

[1+, 7] =hy/6 —q(q £ DT,

(1. 77 = haT?
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Problem 2.12 Let 7, be the standard components of the tensor T® of rank two
related to the nuclear spin I from Problem 2.11. The standard components tf) of the
tensor 7 are defined exactly analogously, where only in place of the nuclear spin
components, the components of the electron angular momentum J = (Jy, Jy, J;)
appear:

167 = J* =372
1
12 = :I:Ex/g(JZJi + JiT,)

1
1) = — 5«/6Jf)

Express the scalar product

+2
A=)
q==2

in terms of 7%, J? and (J - I).

Problem 2.13 Let the current density j be bounded in space and be free of sources
(div j = 0; magnetostatics). Let f(r) and g(r) be differentiable but otherwise arbi-
trary scalar fields.

1. Show that
D= / Sr(F®) - Vg + g VFE) =0
2. Show that
/ drijry=0

3. Let a be an arbitrary vector. Verify the following vector identity:

/d3r (@-r)jr) = % {a X /(r X j(r))dSr}



Chapter 3
Diamagnetism

3.1 Bohr-van Leeuwen Theorem

Usually diamagnetism is explained as an induction effect (see Sect. 1.4), as the
magnetism of moving charges treated within a classical, easily picturizable, vec-
tor atom model. The Larmor precession of the orbital angular momentum about
the direction of the magnetic field induces an extra moment, which according to
the Lenz’s law, is in the direction opposite to that of the applied field. In reality,
there are inconsistencies hidden in this derivation, i.e. certain “quantum mechanical
elements” are buried underneath the arguments. For there exists a theorem known
as the Bohr—van Leeuwen theorem, which can be proved rigorously. The theorem
states

Magnetism is a quantum mechanical effect. Strictly classically, there cannot be
either dia-, para- or collective magnetism.

Proof Let the solid consist of identical ions and possess translational symmetry.

Then, according to (1.58), the magnetization is given by

M = - (m) (3.1)

where m is the magnetic moment of the individual ion. N is the number of ions in
volume V. Then according to (1.34), we have

oW oH
9By 9By

(3.2)

Here H is the classical Hamiltonian function of a single ion. The classical average
is built in the following way:

1 Lt
(m) = ; dxl "'ng,Nt) dpl "'dPSNe me (33)

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 85
DOI 10.1007/978-3-540-85416-6_3, © Springer-Verlag Berlin Heidelberg 2009
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Z= mZ * is the classical partition function given by

A :/-~-/dx1 --dxzy, dpy - -dpsy,e P (3.4)

N, is the number of electrons per ion. Using (3.1) and (3.2), we get

1 0z 1

“pzom, T

_kBT) (kg = 1.380510°2J/K)  (3.5)

(m)

The Bohr—van Leeuwen theorem is proved, if we can show that even when an exter-
nal field is switched on, Z does not depend on this field.

In the presence of a magnetic field Bo = V x A, H has the general form

3N
L
H = m E (Pi +eA)* + Hy(xy, - --x3p,) (3.6)

i=1

where H; is the term representing the electron interactions. The partition function
(3.4) can then be written as

Z*:// dxl...deNee_ﬂH|(xl""x3Np)*
14

+00 +00 /3 3Ne )
* /_oo R [DO dpy-- 'd[)3Np€xI7 —% ;(pi + €A;)
3.7)

Decisive is the fact that the momentum integration runs from —oo to +00. We can
then substitute

u = p; +eA; (3.8)

without changing the limits of integration.

z* :// dxl...dx3N€e*/3H1(X1w~X3NE)*
Vv

+00 +00 B 3N )
* duy -+ -dusyexp | —=— ) u; (3.9)
/,oo /m " 2m ;

This means, obviously, that, Z is in fact, field independent.
Z # Z(Bo) (3.10)

As a result, according to (3.5), the average magnetic moment vanishes in all cases.
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(m) =0 (3.11)

Thus, rigorously, classically, there is no magnetism. We will therefore, right from
the beginning, argue quantum mechanically and refrain from using any semiclassi-
cal models.

Matter consists of charged particles in motion and so respond to an external
magnetic field By. We have to distinguish between two situations. (a) The system
already contains permanent magnetic moments. Then, they will order themselves
in a field. This gives rise to collective phenomena, namely para-, ferro-, antiferro-
and ferrimagnetism, which will be discussed later. (b) The field itself induces mag-
netic moments. This phenomenon, called diamagnetism is a characteristic of all
materials, being, however, observable only when (a) is not present. We will now
be concerned with this phenomenon. There are qualitative differences between the
diamagnetism of insulators (Larmor diamagnetism) and the diamagnetism of metals
(Landau diamagnetism). Therefore, we will discuss them separately.

3.2 Larmor Diamagnetism (Insulators)

Diamagnetism is a property of all systems, but it is observable only if the given
system does not exhibit, in addition to diamagnetism, any one of the para-, ferro-,
ferri- or antiferromagnetism. Let us, therefore, consider a solid which is made up of
ions with completely filled electron shells. Then, for the ground state, we have

J|0) =LJ0) =S|0) =0 (3.12)

The condition that diamagnetism is observable only if the electron shells are com-
pletely filled is classically not understandable. Here already, one recognizes the
advantage of the correct quantum mechanical description when compared to the
“picturizable” semiclassical description.

We now switch on an external magnetic field on a diamagnet. Let the magnetic
field be given by

By = uo H= (0, 0, By) (3.13)
We look for the response of the system to this field, which means, the field-induced
magnetic moment or in other words, the magnetization.

Let the solid we are considering be an insulator, i.e. all the electrons are strictly
localized. Then we can write

N
M(Bo) = < (0[m|0) (3.14)

N is the number of ions in volume V. Magnetic energies (& upg By) are in general so
small that the system remains in the ground state even when the field is switched on.
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That is why we can, while performing the average, restrict ourselves to the ground
state |0).

There are two terms in the Hamiltonian, which contain the magnetic field (see
Sect. 2.10).

H. = —“—hB (L. +25.) By (3.15)

A
Hyio = Z X4y (3.16)

N, is the number of electrons in the ion or the atom. In order to obtain m, we must
differentiate with respect to By. Because of the completely filled shells, in view of
(3.12),

(©

8B0 )y =0 (3.17)

So, what remains is

N aHdm
M(By) = —— (0|

I0> (3.18)

Because of the spherical symmetry of the individual ion (noble gas configuration),
we have

N, N, N, N,
e e e 1 e
; 1( |j| ) : 1( |j| > p | | 3] 1 | | ( )

This gives for the z-component of the magnetization (x- component and y-component
vanish!)

2 Ne

N
M(Bo) = == By Y _(r)) (3.20)
j=1

By differentiating once more with respect to By, we finally get for the diamagnetic
susceptibility

. oM N€2/L Ne
dia
- =) = § (0]r210) 321
X Mo (830)7' sV |r| ( )

The negative susceptibility is typical for diamagnets (see Sect. 1.4). A diamagnet
is always repulsed by a magnetic pole. The negative sign can be understood as the
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expression of the Lenz’s law. The external field induces a moment whose field is
directed opposite to that of the applied field. Let us estimate the order of magnitude
of %@, In literature, usually, the numbers are given for the molar susceptibility:

N, Cl’i’l3
dia dia A
Ko X N/V (mol) ( )

where Ny = 6.022 x 10%*/mol is the Avogadro number. For the estimation, we
introduce the average ion radius

N,
Z (017710) (3.23)

and express it in units of the Bohr radius:

4meq 2

ap=——>—=0529A (3.24)
me
Then we get for the molar susceptibility
di 5 2, 0y (e’
X = —0.995 x 107> N, (r"/ay) (—) (3.25)
mol

The average value (r?/a3) is of the order of 1. Therefore, x4/ is very small. That
is why, diamagnetism is observable only when it is not buried under either the para-
magnetism or collective magnetism.

Examples for diamagnets are

(a) Noble gases
(b) Simple ionic crystals (alkali halides)

In the latter case, to a first approximation, the contributions from both the ions
add up.

Table 3.1 Examples for the diamagnetic molar susceptibility x ¢ in 107%(cm?®/mol)

He: —1.9 Lit: —0.7

~:-94 Ne:—172 Nat :—6.1
Cl™:-242 Ar:—194 Kt :-146
=345 K :-28.0 Rb*™ : =220

- =50.6 Xe:—43.0 Cst:=35.1

From Table 3.1, we can note the following trends:
(a) In the table, in each column, the electron number increases from top to bottom
and so does | x| in conformity with (3.21).
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(b) In a given row, the electron number is the same but the nuclear charge num-
ber Z increases from left to right. That means an increasing attractive force on the
electron shell which results in decreasing the size of the ion from left to right. (r?) is
a measure of the ion size and therefore again the trend is in conformity with (3.21).

The evaluation of the average ionic radius (r?) is a non-trivial quantum mechani-
cal problem. For this purpose, one often uses the following semi-empirical method:
Let us consider an electron in a state with the principal quantum number n and
orbital quantum number /. Then, using the exactly known eigenfunctions of hydro-
gen atom [1], we get

2 a% n’ 2
(o) = YV Gn~+1-=311+1)) (3.26)

Due to the spherical symmetry of the electron shells, the magnetic quantum number
does not play any role. In the case of many electrons, one has to take into account
the screening of the nuclear charge. That is done to a first approximation by defining
an effective nuclear charge seen by the electron to be

72" =7 — oy (3.27)
where o,; is to be treated as a parameter which has to be determined by other

independent measurements. In addition, if we take into account the 2(2/ + 1)-fold
degeneracy of the levels we get

(3.28)

. Nepo QL+ 1) n?(Gn2+1-31(+1)
dia __ __ 2
X T T ey 9B Zz]: Z —on)

The summations run over all the occupied shells.

3.3 The Sommerfeld Model of a Metal

Metallic solids have two “sources of diamagnetism”, namely

1. the completely filled shells of the ion core (~ Larmor),
2. the freely moving conduction electrons (~ Landau).

The contribution of (1) was discussed in Sect. 3.2. We will refer to the contribu-
tion of (2) in Sect. 3.4.

Since the conduction electrons have a spin and therefore a permanent magnetic
moment, when a magnetic field is applied, there appear both para- and also diamag-
netic effects. The coupling of the field to the spin leads to paramagnetism and the
coupling of the field to the orbital motion leads to diamagnetism. The two couplings
cannot, however, be separated. There exist interference terms, which, depending on
the strength of the field, show either paramagnetic or diamagnetic behaviour. There-
fore, we find that the isothermal magnetic susceptibility x7 of conduction electrons
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is made up of three additive terms:

XT = XPauli + XLandau + Xosc (329)

The Pauli susceptibility xpaqui 1S clearly due to the electron spin and is positive.
XLandau 18 Negative (diamagnetism!) and is a consequence of the orbital motion of
the electrons. y,. is an oscillatory function of the applied field and leads to the de
Haas-von Alphen effect (see Sect. 3.5)

In order to calculate the susceptibility (3.29), we will describe the conduction
electrons within the framework of the so-called Sommerfeld model. As the model
has extensive applications even in later chapters, we will at first present a detailed
discussion of the most important aspects of this model.

3.3.1 Properties of the Model

The Sommerfeld model, to a good approximation, explains the properties of the
so-called “simple metals” such as Na, K, Mg, Cu, Ag, Au. The model is defined by
the following assumptions:

1. Ideal Fermi gas in volume V = L3
2. Periodic boundary conditions on the volume V
3. Lattice potential V (r) = const.

We will list out the most important properties of the model.

3.3.1.1 Eigenfunctions and Eigenenergies

Because of (1) and (3), the plane waves

1 ik-r
VYio(r) = —=€"" X0 (3.30)

NA

() ()

are, in the volume V, the eigenfunctions of the Hamiltonian

where

hZ
H=m=—§y2 (3.32)

The eigenenergies are then given by

212
o= 12

(3.33)
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For the wavefunction, the assumption of periodic boundary conditions means

Wkﬂ(xv Yy, Z) = Wka(x‘I'La Yy, Z) = Wkﬂ(xv )’+L, Z)
= wka(xv Vs Z+L) (334)

Because of (3.30), this is satisfied only for certain wave vectors

2
kyy.= n”’*zf’ Ny, Ny, h; €N (3.35)

The density of allowed k-vectors in k-space is not arbitrarily large any more. The
volume occupied by each allowed k-vector is

_ Qn)
Ty

Ak

(3.36)

Of course, there will be two spin-degenerate states for each of these allowed k-
vectors. As a result, the energy levels are discrete:

2h2

n? ’ 2 ’ 21
e(k) = I (ky +ky + k) =

2 2 2
— (ny +ny +ny) (3.37)

The sum in the bracket is a non-negative integer.

3.3.1.2 Ground State of the N,-Electron System

In the ground state (7" = 0) the electrons occupy all the states with energy

2 k2
e(k) <ep = ——F

(3.38)

er is called the Fermi energy, which is the energy of the highest occupied energy
level at T = 0. All the levels below and including this level are each occupied by two
electrons with oppositely oriented spins. All the levels above this are unoccupied.
In view of the isotropic energy dispersion, e(k) = &(k), the electrons in the ground
state occupy all the states within the Fermi sphere (Fig. 3.1). The radius of the Fermi
sphere defines the Fermi wavevector k. kr is fixed by the number of electrons N,:

k<kp
2 2V 4
Ne=231="— | &%k=5"4 (3.39)
k Ak k<kp 87’ 3

This gives us the important relations

372N, \ '/
kp =< ”V ) (3.40)
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o

L

k

x

Fig. 3.1 Fermi sphere in k-space

R (322NN’
eF=ﬁ< v ) (3.41)

One can easily calculate (Problem 3.2) the average energy per electron to be

k<kr 22,2
2 h°k 3
&E=— E — = —¢F (3.42)

Ngk 2m 5

A few typical values for simple metals are given in Table 3.2. The last column is the
so-called Fermi temperature:

EF
Tr = — 3.43
L. (3.43)

3.3.1.3 Density of States

Density of states is a fundamental quantity of solid state physics, which is defined
as

O(E)YdE = number of states in the energy interval [E, E + dE].
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Table 3.2 Typical data, calculated within the Sommerfeld model, for simple metals.

N,/ V[ecm™3] kplem™'] vplems™!] epleV] Tr[K]
Li 4.6 x 102 1.10 x 108 1.30 x 108 4.7 5.5 x 10*
Na 2.50 0.90 1.10 3.1 3.7
K 1.34 0.73 0.85 2.1 2.4
Rb 1.08 0.68 0.79 1.8 2.1
Cs 0.86 0.63 0.73 1.5 1.8
Cu 8.50 1.35 1.56 7.0 8.2
Ag 5.76 1.19 1.38 5.5 6.4
Au 5.90 1.20 1.39 5.5 6.4
That means

1 3
P(E)dE =2— d’k (3.44)

shell(E,E4+dE)

The integration is to be performed in k-space, over a shell which contains the k-
vectors, all of which belong to energies between E and E + dE. In terms of the
phase volume

H(E) = / &’k (3.45)
e(k)<E
we can also write
2V d
p(E)dE = m <d—E¢(E)) dE (3.46)

For the Sommerfeld model, ¢(E) can easily be calculated.

32
_ 4 (2’"E ) (3.47)

4
¢o(E) = — k* —
e(k)=E 3 h?

3

Differentiating this expression with respect to E,

déo 2m\*"?
0 o () VE
dE =" ( h2>

and substituting in (3.46), we get

dE? if E>0

0 otherwise (3.48)

po(E) = {

with
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gV (3N (349
- 272 \ K2 - 253F/2 :

The +/E-dependence of the density of states is typical for the Sommerfeld model
(Problem 3.4). Since

3N,
po(eF) = > (3.50)
EF
we can also write
1
d = po(er) (3.51)

Jer

3.3.1.4 Occupation Probability

In Statistical Mechanics, the grand canonical partition function is defined by
ST, V, ) =Tr <e—ﬂ<H—ﬂﬁ>) (3.52)

w is the chemical potential and N is the particle number operator. The simplest way
to evaluate the trace is in the energy representation.

BT,V )=y 3 e PETm (3.53)

N=0 n

N is now the particle number and EV) is the nth eigenenergy of the N-particle
system. For a non-interacting system, these quantities can be expressed in terms of
the single-particle energies ¢; and their occupation numbers 7;.

N=>"n : EM=) ne (3.54)

The index i runs over all the single-particle states. With the help of (3.54), we can
reformulate the partition function.

[e.¢]

BT. V=) ) exp (—ﬂ > nilei — u)) (3.55)

N=0 {n;}
> ni=N

The second summation runs over all the conceivable distributions of the N particles
into the available single-particle levels. With
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exp (—/3 > e — u)) = M;exp (—Bni(e; — )

and

n ny n3 ny
> ni=N

we can write & as

BT v.n =[] (Z exp (=P, (e, — u))) (3.56)

r

In our case, the particles are electrons, i.e. Fermions for which the allowed occupa-
tion numbers are either 0 or 1. So we get

E(T, V, ) =[] (1 + exp(—Ble, — ) (3.57)

It is well-known that, in Statistical Mechanics, the expectation value of an observ-
able is defined as

(A) = =Tr (A e PH-1) (3.58)

o —

The occupation probability of a particular level of a Fermi system is the same as the
expectation value of occupation number operator 7, :

M) = éT” (;;r e*ﬁ(HﬂtN))

Z Z n.exp —,Ban(sj—u,) (3.59)
J

N=0 n;}
Zn,»:N

o] —

Comparing this with (3.55) one gets the simple relation

19
V=—-"Ing 3.60
() ﬂaa,n (3.60)

For the explicit calculation, we use (3.57) and obtain

() = {1 + exp(B(e, — W)}~ (3.61)
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This is the well-known Fermi function f_(e,), which gives the probability for the

occupation (0 < (n,) < 1) of the level ¢, at temperature 7. 1 — f_(g,) is then the
probability that the state is unoccupied. At T = 0, f_(e,) is a step function

fA(E; T=0)=6(¢sp —E) (3.62)
which is in conformity with the fact that, at T = 0 all the states below the Fermi
energy er = (T = 0) are occupied and all the states above e are empty. For T >

0, the Fermi function smoothens out around the Fermi edge. For all temperatures it
holds

1
fAE=m =3 (3.63)

The smoothening out takes place symmetrically, i.e. the state with energy u + AE
has the same probability for occupation as the state with energy £ — AE has the
probability, for being empty (Fig. 3.2).

f-(u+AE)=1~- f(u— AE) (3.64)
With (3.63) and

df, E—pn 1
—_— _ —_ s
dE 4kpT

(3.65)

we can estimate the width of the smoothened Fermi layer to be about 4kzT. From
Table 3.2, one recognizes that even at room temperature, the layer constitutes, at the
most, 1% of the total distribution.

The high-energy tail of the distribution reproduces the classical
Maxwell-Boltzmann distribution:

J-(E)~ exp(—=B(E — ) if E—pn> kT (3.66)
f
1.0
—T=0
0.5 fommmmmmmmmpmmm
T>0
Fig. 3.2 Fermi distribution as

a function of reduced energy
E/p. p is the chemical B 4kT
potential B

E/pn

>
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3.3.1.5 Thermodynamics of the Sommerfeld Model

The product of the density of states and the Fermi function gives the density of the
occupied states (Fig. 3.3). Now, if an integral of this product over energy is taken,
we get the total electron number N,:

+00
N, =/ dE f_(E) po(E) (3.67)

The relation between the internal energy and the density of the occupied states lies
on hand:

~+00
U =/ dE E f_(E) po(E) (3.68)

o]

With this result, we have in principle, the complete thermodynamics of the Som-
merfeld model is fixed. For example, the specific heat is given by

oUu
cy = (ﬁ>v (3.69)

and the free energy (Problem B.10) by

F(T,V)=U() — T/OT dT’ w (3.70)
or the entropy by
_ (g_;)v _ U(T);U(O) n /OT qT’ U(T/)T/—2 U(0)
:%(U—F) (3.71)

— T=0

\ﬁ
s T>0

Fig. 3.3 Density of states pg e . pf_

and density of occupied states %l 0

po f- as functions of the -

reduced energy E/u in the
Sommerfeld model 1 E/n
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The integrals that are required to be evaluated in order to determine U or N, are of
the type

+00
1) = [ dE g £E) (3.72)
—0Q
where f_(FE) is the Fermi function. This integral is different from its 7 = 0 value
I(T=0)= / dE g(E) (3.73)
—o0

by an expression which practically is determined exclusively by the behaviour of
the function g(£) in the “Fermi layer”. As this is small, power series expansions
should be very promising.

3.3.2 Sommerfeld Expansion

We will now discuss as an insert, the Sommerfeld expansion, which is extremely
useful in calculating integrals like (3.72), which are typical for solid state physics.
Let the function g(E) satisfy three conditions:

1. g(E) is non-singular in the Fermi layer
2. g(E) > Qas E - —o©
3. For E — o0, g(E) diverges at the most like a power of E

Then we have (proof is given below)

~+00
1(T) = / dE ¢(E)f_(E)

o0

" o0
— 2n 2n—1)
= /_Oo dE g(E)+ Y an(ksT)™" g e (3.74)

n=1

The coefficients «,, are given by

a, =2 (1 - %) c(2n) (3.75)

where ¢ (n) is the Riemann’s ¢ -function given by

o 1
(m=> (3.76)
p=1 p
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A few special values of this function are

2 4 6

Q=" =10 O)=o
fP=g W= gg (O =g

The usefulness of the expansion is particularly clear, if the function g(E) has the
behaviour

8w
'un

§"(E),_, (3.77)

which is the case, for example, in the integrals for N, and U(T). Then, the series
converges very fast, because the ratio of the successive terms is of the order of

2
(%) « 1. In such a case, it is sufficient to restrict the sum to the first few terms:

8 w’ Tt
(T)= / dE g(E) + ?(kBT)zg/('u) + ﬁ(kBT)4g///(M)

6
Lo ((-"BT) ) (3.78)
"

Before deriving the Sommerfeld expansion, we want to discuss a few of its applica-
tions.

3.3.2.1 Chemical Potential p

We can find the temperature dependence of the chemical potential easily using
the Sommerfeld expansion in the expression for N, (3.67). The density of states
po(E) of the Sommerfeld model (3.48) satisfies all the conditions of the Sommerfeld
expansion. We substitute in (3.74) or (3.78) g(E) = po(E) and obtain

Iz 2
Vo= [ B pE)+ T Gl 0 (3.79)
—0Q0
Using (3.48) and (3.49) one gets immediately

3/2 2
i b4 53
N, ~N, (L T kyTY 2 Ny

(EF) + 6 ( B ) 4 8:;;/2 ;1,1/2

The particle number gets cancelled and so we have

3/2 2 2
W(ﬁ) {H”_("B_T)} (3.80)
EF 8 M
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The second summand in the bracket is typically <10~* and therefore we can expand
to get

272 (kpT\*
8i~1—§%(37> (3.81)
F

which finally leads to the well-known result of Statistical Mechanics:

7T2 kBT 2

Under normal conditions, in the case of a “degenerate” electron system, the temper-
ature dependence of the chemical potential is practically negligible.

3.3.2.2 Internal Energy U

The function E py(E) in (3.68) satisfies the preconditions for the Sommerfeld
expansion

n 2
Uy ~ f dE E po(E)+ (s TV [t pifi) + o)
0

2, w2 )
=K pop) + T (kgT)™ po()

_ g2 (M>5/2+57T2 ksT\* ( 1\
T sr & 8 \ er eF
In view of the estimated orders of magnitude, we can simplify
n 2 2
BY apop T (feT (3.83)
EF 12 EF

With U(0) = 2N,ép, it follows that

vy = v [1- <’ﬂ)2 s ('ﬂf
N 24 \ er 8

Finally, we get

2 2 4
U(T) = U(0) [1 L <'ﬂ) Lo ([’ﬂ] )} (3.84)
12 EF EF
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3.3.2.3 Specific Heat cy

U 572 (kg

The characteristic feature is the linear temperature dependence, which is uniquely
experimentally confirmed:

cv =y T withy = =b poler) (3.86)
EF

a—l T’ k: b—lnzkz (3.87)

T2 B 3 B '

3.3.2.4 Proof of the Sommerfeld Expansion

We want to calculate

+00
1(T) = / dE g(E) f(E) (3.88)
For that, we define
E dp(E
p(E) = / dn g(n) & g(E) = % (3.89)

Using this in (3.88) and integrating by parts
+00
I(T) = p(E)f-(E)I*% —/ dE p(E)f.(E) (3.90)

—00

The first term vanishes at the upper limit due to f_(E) and the precondition (3) and
at the lower limit due to p(E).

We now use the Taylor expansion of p(E) around E = pu, which is allowed
because of the precondition (1):

o (E— )"
P(E) = p(w) + Y ——— p"(w) (3.91)
- n!
The first summand gives the following contribution:

+o0
1o(T) = —p(u)f dE fL(E) = —p(n) [-(E)'% = +p(n) (3.92)
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In the sum in (3.91), only the terms with even powers of (E — ) contribute to the

integral I(T'), because

B

JAE) = = o (LB (E =)

is an even function of (E — ). Then we have the intermediate result

1

o gV (w) I, (T)

o0
I(T)=I(T)+ By
n=1
where we have abbreviated,

+o0 PE-1)
bty = [ dEE -
0 (eﬂ(E—/t) + 1)

X

+
= ,37(2”1)] ood)c L 2
—o0 (e*+1)

2n—1
_ gL f Tax 2
d)\. 0 e“ +1 =1

2n—1
— _213—(2n+1) ik—Zn /oo du u
dA 0 et + 1 =1

oo u2n71
Canpe [Tan
0 e +1

We now recognize the Riemann ¢ -function which is defined by

<1

1 o8] xn—l
(=2, P (=2 /0 o1

p=1

With this, the integral I,,(7") can be written as
Ly(T) =4n ="V (1 —2""2") T'(2n) £ (2n)

1
=2 <1 7= > @2n)! ¢(2n) g~

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

After substituting this relation in (3.94), the proof of Sommerfeld expansion is com-

plete:

. 1
T)=pw+2) (1 - W) ¢2n) (kpT)™" g~ V(w)

n=1
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3.4 Landau Diamagnetism (Metals)

After this excursion into the Sommerfeld model, we come back to our actual prob-
lem of the diamagnetism of solid metals. We will calculate the susceptibility of
the conduction electrons within the Sommerfeld model, using a procedure that was
suggested by Landau [2]. This was later generalized by Peierls [3] by taking into
account the periodic lattice potential. However, we will not discuss this part here, as
the Landau theory itself contains all the important features.

We first want to solve the Schrodinger equation for the free electrons in the
presence of a homogeneous static magnetic field. From the results obtained for
the eigenstates and eigenenergies, we will calculate the grand canonical partition
function E(T, By, ),

E(T, Bo, ) = Tr (7))
From the partition function, we find the grand canonical potential Q(7, By, u)

QT, By, ) = —kpT In E(T, By, 1) (3.98)

d2 = —SdT —m dBy — N du (3.99)

and from (T, By, i), we get the susceptibility

Mo 8ZQ>
=—\|— 3.100
XT v <8Bg . ( )

This is the programme for the next sections.

3.4.1 Free Electrons in Magnetic Field (Landau Levels)

In the presence of an external magnetic field specified by the vector potential A(r),
the Hamiltonian of a system of N, non-interacting electrons is given by

N.
2;* > (pi + eAr))’ (3.101)

i=1
The effective mass m™* should, in first approximation, take care of the lattice poten-
tial which will otherwise be neglected. However, it should be noted that m* appears
only in the orbital motion of the electrons and not in the spin interactions. When
considering the latter, we have to use only the bare mass m. Since the electrons are
not correlated with each other, we can limit our considerations to a single electron.

We choose the vector potential such that
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VxA=By=Be, (3.102)
V-A=0 (Coulomb — gauge) (3.103)

These conditions are fulfilled if we choose
A(r) = (0, By x, 0) (3.104)

Substituting (3.104) in (3.101) and using (3.103), the Hamiltonian Hy of a single
electron is

Hy =

! 2 I 9 242
zm*(P‘i‘eA) =%(P +2eA -p+e”A%)

1
= 5 (P + P2+ P} + 2 Box py + & By X°)

This can be further rewritten as

1
Ho = >— (P + . + (py + ¢ By x)’) (3.105)

For solving the Schrodinger equation

Hyv(x,y,2)=E¢¥(x,y,2) (3.106)

we choose the ansatz
V(x, y, z) = e*el®Y U(x) (3.107)

This gives the eigenvalue equation

w21 2 k2
-+ — (hk, B Ux)=[E - U 3.108
[ 2m* dx? * 2m* ik, +e By x) :| ) < 2m* ) ot :

We will now introduce the cyclotron frequency

B
of = 22 (hw* = 241% Bo) (3.109)
m

and change the variable from x to p given by

1 hk,
p=x+— — (3.110)
Wl m*
Then the eigenvalue equation to be solved becomes
I d2+1 0 p2 | U(p) = (E R kg U(p) (3.111)
i dp? T2 e | V)= ) O '



106 3 Diamagnetism

We recognize that, this is the eigenvalue equation for a harmonic oscillator with
a frequency w}. The solution is well known. The eigenfunctions are the Hermite
polynomials with the eigenvalues:

n? k?

2m*

n=1,2, - (3.112)

1
En(kz) =h C(): (l’l + z) +

These energies are called the Landau levels. They describe

(a) the quantized motion of the electron in the plane perpendicular to the field
(orbital quantization) and
(b) the unperturbed motion in the direction of the field.

In order to take into account the spin, we have to add one more term, namely the
Zeeman term:

Ef(k;) = Ey(k:) — 25 j5 Bo (3.113)
Zo 18 a sign factor:

lo = 807* - 50¢ (3.114)

up = % is the “bare” Bohr magneton. Equations (3.112) and (3.113) can be sum-
marized in the term scheme of Fig. 3.4:

Let the electron be enclosed in a rectangular box of the edge lengths L,, L,, L.
sothat V = L,L,L. and let us assume that the periodic boundary conditions are

fulfilled. Then the allowed wave vectors are given by

2 2
ky,=n,— ; k.=n.— ; n,, n, €N (3.115)
y y L, z L. ys Nz

An important point for the following discussion is the degeneracy of the Landau
levels. The energies E,(k;) are not dependent on k, and are therefore degenerate

ms=—1/2
S T ms=+1/2

Fig. 3.4 Term scheme for a
free electron in a
homogeneous magnetic field
(Landau levels). The /left part
disregards the electron spin,
the right part shows
additional Zeeman splitting
due to the electron spin




3.4 Landau Diamagnetism (Metals) 107

with respect to the possible values of k. The number of the possible k,-values is
exactly the degree of degeneracy g, of the Landau level. g, is obtained by dividing
the difference between the largest and the smallest values of the allowed k,-values
by the difference between adjacent k,-values:

il 3.116
&= on)L, (3.116)

k§e* and k;f“” are determined as follows: The particle finds itself in a box whose

side along the x-direction has a length L,. Therefore, we have —% <x < +%

and as a result, in view of (3.110),

~

ky

L, L,
— 4+ p> > I
) TFP= =P75

what gives k7' and k7" as

max eBO L-’f . min eBO Lx
ky =T<7+p) 5 ky =—<_—+,0>

Therefore, the degree of degeneracy reads

eL.L,
2 h

8y(Bo) = By (3.117)

Each of the Landau levels is g, (Bg)-fold degenerate, where the degree of degeneracy
is, interestingly, proportional to the magnetic field By. For a better interpretation, let
us, for the moment, consider a two-dimensional electron gas. At a very large field,
all the electrons occupy the lowest Landau level (n = 0). A further increase of the
field makes, because of w, the total energy W increase linearly with the field while
the magnetization remains constant. On the other hand, when the field is decreased,
starting from a critical field BY” which is decided by the condition

N, =2g,(B") (3.118)

electrons have to shift to the n = 1-Landau level. The factor two stands for the spin
degeneracy. Consequently, the energy of the system will first increase a little bit.
For By < %B(go), the n = 2-Landau level will be populated and so on (Fig. 3.5). The
critical field for which the nth Landau level is filled is given by

1
(n) )
By’ = B,

If the external field is between two critical fields, Bé"_l) > B, > Bé") then the
energy is given by
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Fig. 3.5 Schematic plot of

the energy of the w
two-dimensional electron gas Nep*pB,
as a function of the magnetic

field. B\ Critical field

above which only the n = 0

Landau level is occupied

1 14 1/3 12 1 By/B,®

E(By) = N,wyBo(2n + 1 — n(n + 1)By/BY")

(see Problem 3.6). This yields the field dependence, schematically plotted in Fig. 3.5.
Since m = _gTWU’ these oscillations of the energy must manifest themselves
as oscillations in the magnetization. This will be investigated in more detail in
Sect. 3.4.3.

How does the quantization (3.112) appear in k-space? Since the kinetic energy
of a non-interacting electron gas does not change in a magnetic field, the energy
remains purely kinetic even if a magnetic field is switched on and therefore, the

following correspondence must be valid:

2

(k; + k}) & ho? (n + l) (3.119)
X y c 2 .

2m*

The originally regularly spaced k-values, in the field, condense onto the surfaces
of cylinders whose axes coincide with the field direction (Figs. 3.6 and 3.7). The
radius of the cylinder increases proportional to /By, since the cross-sectional area
of the cylinder is given according to (3.119) by

2m*E 1\ eB
_ 2 2\ _ n 2\ _ 0
S(E)—JT(k —kz)—n'(—h2 —kz> =2 (n+§> e (3.120)

The number of states will naturally not change by the application of the magnetic
field.

(By=0) (By>0)
ky
. . ky
Fig. 3.6 k-states of a kx Kx
two-dimensional electron gas c s st
with and without magnetic . e .
field. Spin splitting is .

neglected
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Fig. 3.7 Landau cylinders
within the Fermi sphere for,

respectively, strong (a) and “

weak (b) magnetic fields.
Spin splitting is not shown \

"

(a) (b)

3.4.2 Grand Canonical Potential of the Conduction Electrons

We now know the allowed energy eigenvalues and the corresponding degeneracies
so that we can calculate the grand canonical potential of the conduction electrons:

Q(T, By, u) = —kpT In E(T', By, i) (3.121)
where p is the chemical potential and E is the grand canonical partition function. In

the case of an ideal Fermi gas (e.g. non-interacting electrons), we have already seen
(3.57) that

E(T, Bo, ) = [ [ (1 + exp(=Bei — ) (3.122)

The index i runs over all states, that means, an energy &; is counted as many times
as its degree of degeneracy.

So, the starting point is the following expression for the grand canonical potential
of the non-interacting electrons:

QT, By, 1) = —kgT Z In (1 4 e~PE—m) (3.123)

Here, ¢; are the Landau levels Ej (k;) (3.113). Because of the terms K2 kz2 /2m*,
at least in the thermodynamic limit, these levels lie arbitrarily close to each other.
Therefore, we replace the summation by an integration. We denote by

¢ (E) = the number of o-states with E) < E

0o (E)d E = the number of o -states in the energy interval [E, E + dE]
po(E) is the spin-polarized density of states with

E)= d E)
pa( —Ed)a(

Therewith, we can write instead of (3.123):

o0
Q(T, By, u) = —kgT Zf In(1+eP5M) p,(E)dE (3.124)
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The lower limit is given by ¢,(E) = 0 and need not be specified here. Integrating
by parts we have

/ In (14 e E) p (EWE = gy (E) In (1 4 e PE0) [

oo —B(E—p)
—Be BE-1

The first term vanishes because ¢,(E) at the lower limit and the logarithm at the

upper limit are equal to zero. In the integrand of the second term, we recognize the
Fermi function:

AT Bow) ==Y [ GBI (ENE (3.125)

The main problem now is to find out ¢, (E). For a given n how many eigenvalues are
there such that E7 (k;) < E ? Using (3.112), we can write this inequality as follows

2 2m* heo* 1
I =< i E — hw; n+§ — ZoBBo
That means, there exists a maximum and a minimum k,. The difference between the
two, divided by the spacing 277 /L, gives the number of the “appropriate” eigenval-
ues:
kmax — gmin _ V2m* L,
2n/L, ~ h

We still have to take into account the degree of degeneracy g,(By) and sum over the
“appropriate” n:

¢ Bo ) VE- Rl 1D~z s By (3.126)
n=0

¢o(E) =

Nuax 18 determined from the condition that the quantity under the square root
must remain positive. The “usual” density of states p,(E) (see Sect. 3.3.1) is then
obtained as

d¢o(E)
dE

oo (E) = (3.127)

We will, however, use ¢,(E) further. For a shorthand notation, we introduce the
following reduced quantities:

E " -~ ho*
= 5 0 = , = < = h * 3128
¢ hw* H hw? p kgT pho ( )
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J-(e) = {1 + exp(B(e — )} (3.129)
Defining
8 _ (upm By

and using (3.126) in (3.125), we get for the grand canonical potential

QT Bo. j1) = —> Zfood“()ni\/ ! " 3131
, Bo, n) = zaa ef_(e eE—n 2 zgzm .

n=0

The integral can be exactly evaluated. It can be integrated by parts, where the inte-
grated part vanishes because at the upper limit ¢ = 0o, the Fermi function is zero
and at the lower limit, the sum is zero (¢, (E) = 0). With

m*
n=e=2 - (3.132)

it then follows that
too e 1\3/2
Q(T,Bo,u)za;f_w dnf’ <n+zg %);Q)—n—z) (3.133)

f/ has the character of a §-function at & = ji (=~ Fermi edge) which certainly lies
above the lower limit of the integration. Therefore, we can use —oo as the lower
limit of integration.

For the sum in the integrand we can write

Mmax 3/2 00 Mmax
=) <n —n— l) - /O dx(n—x)?) 8(x — (n + %)) (3.134)

2
n=0 n=0

Nmax has to be chosen so that, n > n + % for n < n,,,,. Therefore, we have

+o0
() = /Ondx(n —x2 Y s —(n+ %)) (3.135)

n=—0o0

Through the special choice of the limits of integration, we can let the summation to
run from —oo to +o00. The sum on the right-hand side can be written as a Fourier
series (Problem 3.8):

+00

+o© +o00
Z S(x —(n + %)) — Z eZniP(X—%) — Z (_1)p82ﬂipx

n=—00 p=—00 p=—00
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Then we get
+o0 n ) +00
S = Y (=1 / dx(n —x)2e " = Y (=D)L, (3.136)
p=—00 0 =—00

For p = 0, it is easy to evaluate 1,(1):

Io(n) = = n°/? (3.137)

Ulll\)

For p # 0, however, the calculation is more involved. It is convenient to substitute
u = /n — x, and after integrating by parts twice, we get

3/2 1/2 2mi
n / 3n / 3e2mipn /ﬁduezmp“z

—_ 3.138
2wip + 8w2p?  8mip? ( )

Ipz0(n) = —

When we substitute this in 3(#), the first term vanishes in the sum over p. For the
second summand, we use

+00 (—l)p 7_[2
Y o= (3.139)
p=——o0 P 6
Then we get the intermediate result
T, By, ) = aZ/ (n +2o 2m> =(n) (3.140)
with
2 3 = s e -
I /2_ /2__ 2mi —2mipu
X(n) = 57 o g |:e”’”’/0 due= """ (3.141)

The first two summands are relatively harmless to evaluate. Using (3.132) for n, we
have to evaluate the integral

+00 B 2 m* 5/2
Qo =ozZ'/7OO def/(s){g (8—&7%)
! 1 m*\ /2
_R (8 — Zs %> } (3.142)

We use the series expansion
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m* 5/2_ 52y 5 m*1+5~3 m*2 1+
ET o om) TF 2% me 24 dm2 2

and

12 "
m 12 1 m* 1
" = l— =75 — — -
( o c Zm) ¢ { 2% s " }

Because of the sign factor z,, the linear terms in z, will disappear after the summa-
tion over o. The decisive factor is the fact that in the integrand of Qg, f’ (¢) has the
character of a §-function

fl(e) = —8(e — &) (3.143)

Further, in the case of normal metallic electron densities (u: a few eV) and normal
effective masses (hw? = 2% By: a few 1073 eV)

W
how?

ER L= > 1

Therefore, we can terminate the series expansion after a few terms:

m*2

4

Q= —aji 3 (-

L3
578

1 1
... _el2
ot >+88 (-0

The first three terms of the grand canonical potential are then given by

4 1 *\2
Qr~—alopgo g2 1-3 (™ (3.144)
5 8 m

This part of the grand canonical potential leads to Landau diamagnetism and Pauli
paramagnetism, whereas the remaining part, which is oscillating and has to be still
evaluated, is responsible for the de Haas-van Alphen effect.

The integral, that has to be still evaluated, has the form of an error integral

1 2 V2xipn

Ap(n) = /\/ﬁduez”ip"2 = — — dx e
0 22ip 7 Jo

erf (W) (3.145)

2\/_

which can be expanded into a fast converging series. This is because it appears in the
integrand for the grand canonical potential (3.140), wherein, again, the §-function
character of f’ sees to it that we can assume n ~ & >> 1. We can show that
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f()=1 fe(z) =1 2 /wdt - (3.1406)
erf(z)=1—erfczd)=1—-— e .
NEE

the asymptotic representation (see [4]: formulae 7.1.1, 7.1.2, 7.1.14)

e 1 3
=1- = — - 3.147
erf(z) Zﬁ( 222+424+ ) ( )

Using this, we get for the integral A,

1 e~ 2mipn 1 3
p(m) B2 Jip \/W( dripn  4Qmipn)? )

With
1 E
——e
Vi
we can finally estimate
e*in/4 0 12
A = — - ; >0 3.148
(1) 2\/E+ n=/p) 5 (p>0) ( )

For the oscillatory part of () (3.141), we then have the intermediate result

) ~ 35 2 4 3.149
osc(n)’\’_4ﬂ2 23/2172:; p5/2 COS( JTPU—JT/) ( )

That means, for the grand canonical potential, according to (3.140), if we remove
the substitution (3.132) and perform the spin summation:

osc\4 s M) = — COS T— | %
M T a

+00
* / de f-'(¢) cos(me — 7 /4) (3.150)

o0

The still remaining integral can be further worked out. However, we cannot now
replace f'(¢) by simply a 8-function, since the integrand strongly oscillates in the
interesting region. But, the integral can be exactly evaluated using the residue theo-
rem. That we will do as an auxiliary calculation.
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According to (3.93), it holds for the derivative of the Fermi function:

B

fl(e) =— _ 3.151
S 4cosh’ (1B(e — ) ( )
We substitute p = B(e — fi) and then we have to evaluate the real part of
oo o o +oo  exp (é 27rip,0)
/ dgf:(8)62nzps—tn/4 — _€2ntpu—ln/4 / dp 1 (3152)
oo 0 4cosh?(5 p)

Let the integral be denoted by J(p). We solve it with the help of the residue theorem,
where, since p > 0, we close the path of integration in the upper half-plane. Since
cosh(% p) = cos(i %p), the integrand has poles at

om=iCn+1)m (3.153)

Only the poles with n > 0 lie inside the region of integration. Further, we have

1 1
cosh (§p> =i sinh (E(p — ,o,,)) =1

_Eo o Yy
—E(p pn)(1+24(p on)” + )( D

It follows as Taylor expansion

S (1—i( — o)+ ) (3.154)
cosh® (1p) C(p—pa)? 12 -

Thus the integrand of J(p) has, at p,, a pole of second order with the residue

2mipp
Res,, = lim | (o~ p,?—
esp, = lim — — ) ——F—
T pson dp p=p 4 cosh? (%p)

. d 2wip 1 5
= — lim — _ 1— —(p—py,
pm;n |:exp< p) ( 12(,0 on) + )]

7{2
B 2mip e @t (3.155)

From the residue theorem, we eventually get
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&0 2
J(p)=+47" B~ p Y exp <—2%(2n +1) p)

n=0

— 47-[2 p-1 _ziz . _412
= p B exp 7 exp 7 np
n=0

2 51 2 -
coniton(5 ) ()

47

That means
272 p
J(p)=——F"—= (3.156)
H 2P
B sinh (21‘[ fs)
This we use in (3.152)
too 272p cos(Z —2mpfi
/ de 7'(s) cos (2rpe — %) _ _Zrp cos(y — 2npit) (3.157)

p

sinh(ZnZ%)

By substituting (3.157) in (3.150), the oscillatory part of the grand canonical poten-

tial is completely determined.

oo

2

p=I1

3a
232 B

(=br

P32

QDSC(Ta By, /JL) =

cos (pn’

m

)

m

cos (% - 2np/1)

sinh (2n2 g) G139

Going back to the original notation, finally, we get the grand canonical potential of

the conduction electrons as

QT, By, ) = Q2(T, By, 1) + S05c(T, Bo, 1) (3.159)
with
w2 (2
SLKT’BO9M)=:_'NV - _M+'
EF 5
L S E L (3.160)
4p Ko m '
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3 N « 3/2
Qosc(Ts BOv M) = E kBTW (,LLBBQ) / %
e

(3.161)

In deriving this, we have used

eh m

- 2m* - %MB

and

_ h2 5 Ne 2/3
Ep = 37 —
2m* \%

We have thus determined the grand canonical potential of the conduction electrons
completely as a function of 7" and By. From this, now, the magnetization and the
susceptibility can be derived.

3.4.3 Susceptibility of the Conduction Electrons

We obtain the magnetization M from the relation (3.99)

1 /0Q
M(T, By) = Y (ﬁ) (3.162)
0/ 1.1

Thereby, we have to express the chemical potential w by 7, By and the (fixed)
particle number. For this purpose, we exploit (3.99)

Q2
N =— (—) (3.163)
o T, By

The partial differentiation is easily performed on (3.159):
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* 2 2
N 32 (MBBO) m*
N‘e?{” e PUn) Yo
3 N % 3/2 > (—1)p m*
_ szTS;T (1% Bo) pzzjl i cos (pn;)*

1 T _ ) TTH
L (5o ps)

upBo i ”2’<_T>
B sinh (p #*Bgo

¥ p (3.164)

Rearranging leads to

w 3/2 m* 2
EF m
T _ T

=, (=P cos (pr™) sin<4 P B,

12 . T
o 4 sinh (pz*ggo)

3
+ Ej/z(T, Bo) ) (3.165)

The coefficients y; and y»

(W Bo)?

y1(Bo) = — 5 (3.166)
8 ul/2 ‘9F/

N 12
yo(T, Bo) =70 (kB—T) (“B—B°> (3.167)

EF EF

are both very small compared to 1, as can be seen from the following: For a degen-
erate electron gas we can assume

leV <grp <10eV (3.168)
Using furthermore,
_4 eV 4 eV
upg =0579 x 107" — ; kp=0.8062 x 107" — (3.169)
T K
we can estimate
n<l ; gl
That means that, u ~ &p. Therefore, in (3.165), we can, without much error,

replace p by er on the right-hand side. Then what remains is an expression of the
form
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B (= 2P withx < 1
EF

which we can further approximate by

EF 3

That leads to the following result for the field dependence of the chemical potential:

2 m*\?
W =¢€F |:1 - 5)/1(30) (3 (-) - 1) +
m

1y m*\ sin (— - Pt
+ T, BO)Z S cos (P ——
m ) sinh (p%—gf)

If we want to compare this expression with the well-known result of Statistical
Mechanics for the temperature dependence of w (3.82)

k
u(T)wF(l 12( b ))

we have to remember that, in the present calculation, the correction term cannot
appear, since we have, in several places, replaced the derivative f’ by the §-function.
The finite width of f’ around w, however, produces the temperature effect. For the
oscillating third summand in (3.170), however, this simplification has not been used.

The result (3.170) for © along with the estimates for y; and y, makes it clear
that, for our purpose, we can take, with sufficient accuracy,

(3.170)

LA g (3.171)

Using this, we will now calculate the magnetization resulting from the non-oscillating
part of the grand canonical potential (3.144). The oscillating part will be considered
especially in Section 3.5.

aQ N pi2 *\ 2
M(T. By = — - (5% =~ B (3(™) _1) B, (3.172)
V\oBo/)r -, 2V eF m

From this we directly get the susceptibility of the conduction electrons that we are

looking for:
IM, 3N 1 (m*\?
=——pnwo—(1-=z|— 3.173
Xo = MO(BB) =ayhg, 3\ ( )



120 3 Diamagnetism

Here we have used upg/uy = m*/m. We see that xo contains diamagnetic and
paramagnetic components:

X0 = XPauli + XLandau (3.174)
3N ,u%,
auli = =—pmo— >0 3.175
Xpauli = 5 H07 ( )
IN
andau = — 5T, <0 3.176
XLand v, ( )

The term xpqu; describes the so-called Pauli spin paramagnetism. It originates
because of the permanent magnetic spin moment —2u g /s of the conduction elec-
trons. We will discuss this contribution in more physical detail in Chap. 4.

X Landau 18 @ diamagnetic component. It is known as the Landau—Peierls diamag-
netism which results from the quantization of the orbital moments in the presence
of an external magnetic field. We want to add a few remarks on the result (3.174):

1. For really free electrons, naturally m* = m, so that, with (3.175) and (3.176)
we have

1
0 0
Xlomdan = -3 X (3.177)

For many metals, however, m™* is distinctly different from m, so that the dia-
magnetic component can outweigh the paramagnetic component (e.g. Bi). In
general, the diamagnetic and the paramagnetic components are of the same
order of magnitude.

2. The concept of effective isotropic mass m™* is quite problematic (relatively good
for the alkali metals). The effective mass is, in general, an (anisotropic) tensor:

1 1 9%,(K)
— ) == == i, .Y, 3.178
(M*>,~,~ P ko, Je fx, v 2} (3.178)

Therefore, in the expressions in this section, m™ is always a quantity, which is
some kind of an average performed over the “Fermi layer”.

3. The Coulomb interaction of the band electrons, their scattering by phonons and
imperfections and also other temperature effects have been neglected. There are
only few improvements that exist in literature in this direction. Often, one takes
recourse to using phenomenological damping terms.

4. Measurements always give X;orar, Which is a sum of Xzundaus XPaulis XLarmor
and x,sc, SO that separate measurements of Xy 4n4q4, are not so simple.
Calculations show that xunqay 1S Very small (Table 3.3).
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Table 3.3 Diamagnetic contributions to the susceptibility of the alkali metals. In the first column
are given the effective masses calculated by Ham [5]. The second column gives the Landau suscep-
tibility calculated for m* = m and the third column the value obtained by making the correction
using the first column

m*/m _Xécl?ndawlOG _XLandau~]06
Li 1.66 3.41 2.05
Na 1.00 4.99 4.99
K 1.09 7.62 6.99
Rb 1.21 8.71 7.20
Cs 1.76 10.21 5.80

5. The fact that y pg,;; as well as x1andau are, to a first approximation, independent
of temperature as well as the magnetic field is confirmed by experiment.

6. The derivation restricted itself to the s-electrons. In other situations, the orbital
motion can also lead to paramagnetic effects [6].

3.5 The de Haas—Van Alphen Effect

The oscillations of the magnetic susceptibility x as a function of the external mag-
netic field By (more precisely 1/By) is the de Haas—van Alphen effect. Similar
oscillations are also observed in many other physical quantities (in particular, the
transport quantities), e.g. in thermal and electrical conductivity, magnetostriction,
Hall effect. Here we discuss only the oscillations of the magnetic susceptibility.

3.5.1 Oscillations in the Magnetic Susceptibility

These oscillations naturally arise from the not yet evaluated oscillatory part of the
grand canonical potential:

8290rc
Xose = _@ ( 2 ) (3.179)
\%4 0B; Tu=er

The calculation is simple but laborious. With the notation

3kpT (B>
(T, By) = = —— (“B 0) (3.180)
2 EF EF
2kgT
B(T, By) = 2 (3.181)
13 Bo
(By) = -7 (3.182)
y(Bo) = .
“ T Wi Bo

N m*
D.(p) = V(—I)P p’ cos (pn;) Wy (3.183)
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we first write the magnetization as

1 [0
M (T, Bo)———< > =M + M, + M;
dBy Tou=er

The three summands are defined as follows:

cos(m/4 — py)

=—3 WZD 320p) ————— sinh(pp)

sin(r /4 — py)

My=ya) D.ipp) Sinh(pB)

p=1

_ > cos(w/4 — py)
M;=—-Ba ,,Z:; D_1,2(p) T sinh(pf) coth(ppB)

Differentiating once again gives the susceptibility:

_ 8Mosc — 4t x
Xosc = M0 83() , 1 2 3

30— cos(rr/4 — py)
=t | =g 3D L
4By g sinh(pp)
30y — sin(r /4 —
L3y S D (./ PYy)
2By pcs sinh(pB)
308 — cos(r /4 — py)
- — D_ip,——— = coth
2B, ; VT Gnnpp) | COPR)
_ ay > D sin(wr/4 — py)
X2 = Ho 2B, < —1/2 sinh(pB)
n oz_y2 i D cos(r/4 — py)
By & /27 sinh(pB)

By sin(r /4 — py)
+ — 2 DI/ZW coth(pB)

3 Diamagnetism

(3.184)

(3.185)

(3.186)

(3.187)

(3.188)

(3.189)

(3.190)
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B — cos(m/4 — py)
X3 = Mo | =% ; D—l/ZW coth(ppB)

2By sin( /4 — py)
Z D1 T(pﬂ) COth(pﬂ)
_ ﬁ i Dy, cos(w/4 — py)

2
St (p) (1 + cosh”(pB))

(3.191)

Inspite of the extremely simple model (Sommerfeld model), the response function
turns out to be a rather complicated expression. If we assume that all the summations
that appear in the expressions are of the same order of magnitude, then the pre-
factors provide the real meaning of the terms. In general, however, these pre-factors
have different orders of magnitude.

With the values given in (3.169) for iz and kp and the value for ¢, for normal
fields and not too high temperatures, we get

y>B>a (3.192)

Therefore, it is sufficient to consider only the term proportional to y?:

ay? & cos(r/4 — py)
e & 110X 37 Dy () S Z— PY) 3.193
X Ho By - 12(P) sinh(pB) ( )

We want to discuss this expression a little further.

1. Dy,2(p) contains cos(pm ’"7*). This term can be traced back to the electron spin.
The other parts are associated with the orbital motion. That means the orbital
and spin susceptibilities are not simply additive. Therefore, they cannot be han-
dled separately.

2. Because of sinh(p B), the series converges very fast. As a result, often it is
sufficient to consider only the p = 1 summand:

3 11 1/2 *
Xose X —pozNkpT — 2( or ) cos (nm—) X

VT 5 m
cos(n/4 —mwep/uyBo) (3.194)
sinh(2kp T/ Bo) .

Caution should be exercised in case m* < m, which means, uj > up. Then,
it might be necessary to take into account more summands.

3. The characteristic of the de Haas—Van Alphen effect is the y-oscillations with
the period Ay
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| e 1
pAy=2r=p—LA <—> (3.195)
Mg By
Thus, x oscillates as a function of 1/ B, with the period
2
e

A(1/By) = p~! (3.196)

A(1/By) does not depend on temperature. p = 1 is the ground oscillation.

4. The oscillations are naturally easier to observe if the period A is larger. This
is the case if the Fermi energy e is as small as possible, that is, if e =
27;* (37%n,)*? is as small as possible. That means the electron density n, =

N,/ V should be small.

5. The amplitude of the oscillations decreases for small fields as

exp (—p 72 ka )
upBo

The above-mentioned facts have been clearly confirmed by experiment.

3.5.2 Electron Orbits in Magnetic Field

We want to understand the physical origin of the oscillations and discuss the pos-
sibility of applications. In order to do this it is necessary to first understand a few
related things. First, we will consider the motion in k-space.

3.5.2.1 Motion in k-Space

The equation of motion of an electron state of wave number k under the influence
of a magnetic field fulfils, at least approximately, the classical equation:

ik = —e v x By (3.197)

Here v = h~'Vie(k) is the group velocity of the wave packet built from the
Bloch functions. Equation (3.197) says that, dKk is perpendicular to By, v and Vie(k)
(Fig. 3.8). Further, Vge(k) is perpendicular to the surface ¢ = const. Therefore, the
end of the k-vector moves along the curve given by the intersection of the plane
¢ = const. with a plane perpendicular to By. If the constant energy surface is a
simply connected plane, then the electron moves in the k-space along a closed curve.
The integrals of motion are thereby

(a) energy
(b) k, = component of k, parallel to the field
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Fig. 3.8 Illustration for the A B,

connection of real space and

k-space for the movement of

an electron in a homogeneous \ ‘1“7/‘

magnetic field =~ ve=fiv
k

In the reduced-zone scheme, the k-vector folds back as soon as it reaches the zone
boundary (open orbit). When the zone boundary is not reached, then it is called
closed orbit. In the periodic zone scheme, the “umklappen” of k is identical with
crossing the boundary of the Brillouin zone. In such a situation, both closed and
also open orbits may appear. The direction of a closed orbit depends on whether the
energy increases outward or inward.

The connection between v = i and k in (3.197) expresses a close relationship
between the k-space motion and the motion in the real space.

3.5.2.2 Motion in the Real Space

Let e, be the unit vector in the direction of the homogeneous field. Then,
r,=r—(r-e)e; (3.198)

is the projection of the position vector on the plane perpendicular to By. We will use
this fact in the following reformulation:
. e ) e . .
e, xk= _f_iez xproz—E (r (e; - Bp) — By (e, - 1))

eBy . . eBy .
=_To(r_ez(ez'r))=_70ri

On integrating we get

h
ri(t)—r.(0)= ToBy & (k(r) — k(0)) (3.199)
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The vector (k(z) — k(0)) lies in a plane which is perpendicular to By. The vector
product of the unit vector e, with a vector perpendicular to it gives a vector whose
length is unchanged but is rotated by 7 /2 about the direction of the field.

We see that, the motion in real space, projected onto the x—y plane, corresponds

exactly to the motion in the k-space, if this is rotated by /2 about the field direction

and scaled by a factor (— %)

It is not possible to make any statements regarding the z-direction. The orbits (in
position- as well as in k-space) are called cyclotron orbits. Only for free electrons
these orbits are circular.

In this connection we introduce the important concept of cyclotron mass.

3.5.2.3 Cyclotron Mass

We consider two orbits in k-space of constant energy, namely for £ and E + AE
where Ak is the perpendicular vector between these two surfaces (Fig. 3.9). We
should distinguish this from (AKk), which is the perpendicular distance in the xy
plane. Then the energy difference AE can be expressed in terms of (AK), :

AE = (Vke(K)) - (AK) | = (V&) - Ak, (3.200)

With this, we now calculate the time the electron needs to travel on the orbit from

k; to k,:
o ffz it /2 dk 1 /2 dk
22— 1 = = —_ = — _—
n 1kl e Ji [Vke(k) x Bl
hz 2 dk hz 1 k>
:—/—:——/ dk - Ak
e J1 (V&)1 By eBy AE J,
The integral represents the area AS;, from k; to ky between the two orbits in the

plane of the k-space which is perpendicular to By. In the limit AE — 0, it follows
that

Fig. 3.9 Two electron orbits
in k-space perpendicular to
the magnetic field By with
constant energies £ and

E + AE, respectively
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h? 98,
h—tHh=—— 3.201
2=l = ek ( )
In the cases of closed orbits, the period of revolution 7 is given by
R 3S(E.k;) 2
- (E.k) _ 2 (3.202)

T eBy, OE we

w, is called the cyclotron frequency. As a simple example, let us consider the case
of free electrons. In this case, we have

h2k?
k)= —
e(k) o

That is, the surfaces of constant energy are the surfaces of spheres. The orbits of
constant energy in the x—y plane are then circles of the radius ,/k? — k2. Then, we
immediately have

2
So(E k) = (k2 — k) = (—mE _ kf)

h2
and
Sy 2mm 2mm 2 (3.203)
—_— )= — = —— .
3E 2 T eBy  o©

In analogy with this special case, using (3.203), one defines

R 3S(E, k.)
me(E ks = o a—EZ (3.204)

as the cyclotron mass. Therefore, in general, we have

2 B
t= T & =0 (3.205)
eBy me

Normally, the cyclotron mass m, is different from the effective mass m*. Only for

an isotropic dispersion <£(k) = %), it holds m* = m,.

3.5.2.4 Landau Cylinder

We found that the electron motion in a magnetic field in the plane perpendicular to
the field is quantized. For the cross-sectional area of the nth Landau cylinder, we
have according to (3.113)
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o 2 2 2m* 2
Sy k) =m (kx + kv) =7 FEn (k) — kz
* B
- ((Zn +1)— zam—> £ (3.206)
m h

We can now calculate the annular area between two adjacent cylinders

AS % =87 (k) — S (k) (3.207)

as
, 2me m*
AS?° = —B, (1 — (26 — 247) —) (3.208)
h m

The annular area is thus independent of the Landau quantum number 7. It increases
linearly with the field.
If there were no field,

AST 2L"L" By = 2g,(Bo)
= —e =
A2 (LoLy)  amh OO T S8R0

states would have been in AS°?. The factor 2 takes care of the spin degeneracy.
Therefore, on a “Landau circle”, in the x—y plane, there are exactly the same number
of states as there are without field in the corresponding annular area. The annular
area increases with the field by the same amount as the degree of degeneracy g, of
the Landau levels. According to (3.5.2.1) and (3.5.2.2), the k-values on a Landau
cylinder do not remain constant but rotate with the frequency

W, =

eB() aS - eB() hz €B()
= =27 — = = o 3.209
T2 (SE) 2 2amt | mr ( )

Now it is clear, what happens inside the Fermi sea, when the magnetic field By is
switched on. The regularly ordered points in the k-space in the absence of the field
(one point per grid volume Ak = %) arrange themselves on cylinders and rotate

on these with the cyclotron frequency. The number of the states, however, does not
change.

3.5.3 Physical Origin of the Oscillations

For the cross-sectional area of the nth Landau cylinder, we can according to (3.206)
write

eB()

N (3.210)

ST = 21(n+ ¢s)
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¢ is an undetermined constant. In the next section, we will show that, S in this
form is valid not only for the Sommerfeld model but is valid in general.

The oscillations in the grand canonical potential and the susceptibility are related
to the successive emptying of the Landau cylinders. This will now be discussed in
a little more detail. If by changing of the field, every electron would stay put in
its Landau level, then, since hw! ~ By, the energy of the system would increase
proportional to By. By increasing field (at 7 = 0), what actually happens is the
following: Since the degree of degeneracy on the cylinder increases,

1. the electrons may shift from outer to inner cylinder
2. the electrons on a cylinder may drop from larger to smaller |k, | (Fig. 3.10).

Because of (1) and (2), the total energy at 7 = 0 will remain at its lowest possible
value. Therefore, on the whole, mainly, a rearrangement of the occupation of the
states inside the Fermi body takes place. When a Landau cylinder goes out of the
Fermi body, it will be emptied. Let Ay be the maximum cross-sectional area of the
Fermi body perpendicular to the field By. The nth cylinder empties itself at the field

strength Bé" , exactly when the frontal area of the Landau cylinder equals Ay:

s (Bg">) = Ao (3.211)

In view of (3.210), it means

1 e 1
— =2n(n+ o)~ — (3.212)
B h Ao
Then, the (n — 1)th cylinder empties itself when
o, (Bé"’“) = Ao (3.213)

Fig. 3.10 Landau cylinders
within the Fermi sphere
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That is, when

e 1
—  =2r(n—1 e 3.214
Bén_l) ﬂ(n +¢(7)h AO ( )

This gives a period, which is independent of the Landau quantum number:

A 1 _1 1 _e27r (3.215)
By)  BM™ BV B A '

It is determined directly from the cross-sectional area Ay of the Fermi sea. In the
case of the Sommerfeld model, which has been used so far, it is simple to obtain:

2m*mw Er e

2
AO:NkF:78F=nM_EE (3216)
From this we get the period
2 *
A(1/By) = 18 (3.217)
EF

which agrees exactly with the oscillations in x (3.196). This result is also valid even
if the Fermi sea is not a simple sphere. Measurement of the period of oscillations
in x automatically provides the extremal cross-sectional area perpendicular to the
field. By varying the field direction, one can obtain valuable information about the
shape of the Fermi surface. This is actually, the real practical significance of the de
Haas—Van Alphen effect.

Why the extremal (also the minimal) cross-sectional area of the Fermi body
determines the period can be qualitatively understood in the following way:

The derivation of the grand canonical potential in Sect. 3.4.2 clearly shows that,
the oscillations are essentially related to level density p,(E), that is, the number of
states in the energy interval between E and E + A E. In the various summations and
integrations, the derivative of the Fermi function f’ ~ 8(E — ef) plays a special
role, whose §-function character sees to it that the level density is important mainly
at E = ¢ep.

Since the density of states in the z-direction is constant, the contribution of a
Landau cylinder is proportional to the shaded area in the Fig. 3.11.

This area is quite obviously maximal when the cross section of the Landau cylin-
der equals the maximal cross-sectional area of the Fermi body (Fig. 3.12). This is
also true in the case of minimal cross-sectional areas as one can easily see from
Figs. 3.13 and 3.14.

The density of states is always then maximal, when S is equal to the extremal
cross-sectional area Ap. That explains why the oscillations and their period are
related to Ap. Many electronic properties depend on the density of states p,(E)
at the Fermi edge ¢r. All these properties show the above-discussed oscillatory
behaviour as a function of 1/By.
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Fig. 3.11 Graphic
representation of the states
with energies in between E
and E + AE which
simultaneously are to be
found on a Landau cylinder
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Fig. 3.12 The same as in
Fig. 3.11 but now for a
maximum of states on the
Landau cylinder with
energies in between E and
E+ AE

/ Landau cylinder

3.5.4 Onsager Argument

Landau cylinder

The Landau theory, discussed so far, is based on the Sommerfeld model for quasi-
free electrons, characterized by spherically shaped Fermi surfaces. The generaliza-
tion to arbitrarily shaped simply connected Fermi surfaces is done by Onsager [7].
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Fig. 3.13 The same as in
Fig. 3.11, but now for a
different shape of the

E = const. area

Fig. 3.14 The same as in
Fig. 3.12, but now for a
different shape of the

E = const. area

3 Diamagnetism

E+dE

Landau cylinder

Landau cylinder

In Sect. 3.5.2, we have seen that the electron motion in real space follows a
closed orbit in the plane perpendicular to the direction of the field. This motion can
be quantized according to the Bohr—Sommerfeld condition:

fpwir:f(hk—eA(r)ydr:(n%-qﬁ)h (3.218)
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This rule is valid for very large quantum numbers #, i.e. in the neighbourhood of the
classical limit. This limit is ensured here because, with

!
nhw:=2uy Bon < &f
(up 0579 x 1074 eV /T ; ep=1---10eV) (3.219)
in normal fields, about 10°~10* Landau levels are involved. ¢ is an undetermined

constant between 0 and 1, and n € N. We will calculate the two summands of the
integrand in (3.218) separately. From the Stoke’s theorem, it follows that

e?g A-dr:e/VXA-df:eB(y/df:eBoFL (3.220)
aF F

F, is the projection of the plane of motion of the electron onto the x—y plane.
With the appropriate choice of the reference point in position- and momentum-
space, according to (3.199), we have

h
r (t)=——e, xKk() (3.221)
@B()
Here, k(#) must lie in the x—y plane so that we can solve for k(z).
B B
k)= -2 (6, xe)= -0 (e xe.) (3.222)
h h
With this, we evaluate
?{hkdr: —eBoyg(r x e;)-dr = —eBye, - f(dr X T)
=+42e By F, (3.223)
The Bohr—Sommerfeld condition now reads
(l’l+¢)h=2€BoFL—€BQFL

from which finally we get

_ (n+¢)h

F
+ eBo

(3.224)

This is the area in real space, which has still to be scaled by (—%)

the area in the k-space:

2.
in order to get

o _ (1t oh B
" eB() hZ

= 2m(n + ¢>)% (3.225)
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This is exactly the expression (3.210), which we have derived for the frontal area of
the Landau cylinder within the Landau theory, which we have now derived without
assuming free electrons. So, the expression for the x -period, A(1/By) (3.217),

e 2w
A(1/By) = i_iA_o (3.226)

is in general valid.

Up to now we have not taken into account the influence of the phonons (T #
0), impurities, etc. The scattering processes related to them can make the electrons
move in orbits which are not closed. If t is the average collision time, then the
uncertainity in the energy is AE ~ h/t.

When AE is larger than the separation between the Landau levels, then the
oscillatory behaviour is washed out. In order that the de Haas—Van Alphen effect
is observable, we must demand that AE <« hw?. That means pure metals, low
temperatures and large fields.

3.6 Problems

Problem 3.1 For the Larmor diamagnetism of insulators determine the magnetic
moment induced by a homogeneous field By = Bypez and the corresponding diamag-
netic susceptibility x4“. To do this, use the classical picture that the electrons of the
concerned atom move classically in stable orbits. The orbital angular momentum 1
associated with the orbital motion executes a Larmor precession about the direction
of the field with a frequency w; = % (—e: electron charge, m: electron mass).
Compare the result with the quantum mechanically correct expression (3.21). Is
there a contradiction to Bohr—van Leeuwen theorem?

Problem 3.2 Verify that in the Sommerfeld model, the average energy of an electron
at T = 0 is given by

&= §8 F (ep: Fermi energy)

gilt.
Problem 3.3 For the Sommerfeld model of simple metals, calculate

1. the grand canonical partition function E,(7, V)
2. the average occupation number of the single-particle level e(k):

(ko) = (@), axo) (o =%, |: spin projection)

3. the entropy

a ~
S=o7 (kT In E,(T, V))
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Verify the third law!
Problem 3.4 Within the Sommerfeld model, calculate the density of states of a

1. one dimensional
2. two dimensional
3. d-dimensional

metal.

Problem 3.5 Consider the Sommerfeld model for extreme relativistic, non-interacting
Fermions in volume V. One-particle energies are

Ve2pr + m2ct — cp = chk = e(k)

1. Calculate the density of states po(E)!
2. What is the temperature dependence of the chemical potential p?
3. How does the heat capacity depend on temperature?

Compare with the results of the non-relativistic case.
Problem 3.6 Consider two-dimensional electron gas in the presence of a perpendic-

ular field By = Bpe,. According to Sect. 3.4.1, in the ground state, the N, electrons
occupy the Landau levels

1
E,,:hwj(n—i—E); n=20,1,2,...

The spin splitting is neglected here.

1. What is the smallest field By = B(()O) at which all the electrons are placed in the
n = 0level?

2. What is the field By = B(()"U) < B(()O) at which the N, electrons are uniformly
distributed in the Landau levels up to the quantum number r¢?

3. If the field By lies between the two critical fields B_"” and B{" ™"

(no—1) (no)
BOO ZBOEBQO

Calculate the total energy E(By) of the N.-electron system!
4. What do you get for the special case E B(()"")) ?

Problem 3.7 Consider a system of N spinless electrons which are interacting with
each other placed in a homogeneous field By = Bye,.

1. Calculate the canonical partition function Z; of a single electron.
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2. The temperature be so high that Boltzmann statistics can be applied to the
N-electron system to a good approximation. This means, in particular, for the
canonical partition function:

N
Zl

V=N

Calculate the average magnetic moment 1.
Problem 3.8 Show that

flx) = f 5|:x—<n+%>:|

n=—0oo

can be written as a Fourier series as follows:

+0oo
fay= ) (=nrerm

p=—00
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Chapter 4
Paramagnetism

The subject of “paramagnetism” deals with the reaction of permanent magnetic
moments to an external magnetic field. The permanent magnetic moments can be
formed by

(a) the moments of partially filled atomic electron shells as, e.g. in
3d: transition metals
4f: rare earths
5f: actinides
In such a case, the moments are localized at definite lattice points (insulators).
(b) The moments can also be due to itinerant conduction electrons in metallic solids,
in which case,

KB
m; = —2 7 S
Let us remind the reader to what we have agreed upon after Table 2.1. In the follow-
ing we will disregard the different sign of magnetic moment and spin.

In this chapter, we assume that there is no interaction worth mentioning among
the moments, so that, in the absence of an external field, the total magnetization
vanishes. In the presence of an external magnetic field By = poH, the moments try
to orient themselves parallel to the field in order to minimize the internal energy U
of the system. Against this works the temperature, which by creating the maximum
possible disorder, tries to maximize the entropy S. The requirement

F=U—TS = Minimum

where F is the free energy, finally determines the total magnetization. Therefore,
we expect the susceptibility of a paramagnet to be

x>0 5 x=xT)
In paramagnetism also, there are qualitative differences between insulators and met-

als. That is why, they will be considered separately.

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 137
DOI 10.1007/978-3-540-85416-6_4, © Springer-Verlag Berlin Heidelberg 2009
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4.1 Pauli Spin Paramagnetism

We begin with the paramagnetism of the conduction electrons. The susceptibility of
the conduction electrons was discussed in detail in Sects. 3.4 and 3.5 and is given
by

X = XiLandau + XPauli + Xosc 4.1)

XLandau 18 mMegative and so is a diamagnetic component, which arises due to the
orbital motion of the conduction electrons. y p,,;; is positive and so is a paramag-
netic component, which is ascribed to the spin of the electrons. . oscillates with
the field between positive and negative values and is connected with both the orbital
motion and the spin.

We are here interested in x p,,;; for which we have already found that (3.175)

3N 4
auli = = —MH0—— 4.2
XPaul 2VM08F 4.2)

This expression is normally derived in a considerably simpler way than was done
in Sect. 3.4, which is, on the other hand, physically more insightful. This simpler
method will, therefore, be followed now. As mentioned at the beginning of this chap-
ter, the susceptibility should be temperature dependent. However, we see from the
above expression that  p,,;; 1S independent of temperature. This has to be justified.
In order to do that, we calculate the maximal corrections which give the temperature
dependence. The starting point is the Sommerfeld model which was introduced in
Sect. 3.3.

4.1.1 “Primitive” Theory of the Pauli Spin Paramagnetism

We split the density of states p(E) of the conduction electrons into two parts

P(E) = py(E) + p (E) (4.3)

ps is the density of states for the electrons with spin parallel to the field
(m; = +%), and p, for the electrons with spin antiparallel (m, = —%). If the field
is switched off, then both the densities of states are equal

1
o4(E) = py(E) = EPO(E) 4.4)

That means the system contains equal number of 1-electrons as | -electrons. That is
why, the total magnetization is zero (Fig. 4.1).

When the field is switched on (By # 0), the band states are shifted from their
original position by the energy (Fig. 4.2)
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Fig. 4.1 Schematic plot of

the spin-polarized densities of —
states, py and p of the
Sommerfeld model as P T=0

functions of the energy, at

T = 0 and a vanishing %
E

external magnetic field By

€p
pT
\
AEO’ = —Z26 UB BO (45)
Zg =851 — b5y (4.6)

In the field, the f-electrons have lower energy than the | -electrons (see remark
after Table 2.1). The density of states py and p, are shifted rigidly with respect to
each other so that we have

1
po(E) = 5 po(E + 2o 145 Bo) (4.7)

For the moment, we leave out the orbital quantization (Landau levels, see Sect. 3.4.1)
from consideration. We will consider only the shift in energy, for which the electron
spin is responsible. Because of this shift, the |-electrons will flow out into the 4-
states so that a new common Fermi edge is formed. That results in, for By # 0,
N; > N, where N, is the number of electrons with spin projection o. Then, the
total moment is given by

NN
P, \\ .

-

Fig. 4.2 The same as in
Fig. 4.1 but now with a finite
external field (By # 0)
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My = wp(Ny — N)

(4.8)

which is no more equal to zero. Now, the job is to find the electron numbers Ny :

No

“+00
f dE f-(E) po(E)

o0

1 o0
_/ dE f_(E) po(E + zo 13 Bo)

2 Zo B Bo
1 o0
= E/ dn f-(n — 2o Bo) po(n)
0

(4.9)

In the region, where the Fermi function ( f_) distinctly deviates from either one or
zero, (g By is, in general, very small compared to 1. Therefore, a Taylor expansion

of the Fermi function can be terminated after the linear term:

| af
NGNE/ dn {f—(ﬁ)—za ug By a—}po(ﬁ)
0 n

With this, we get for the magnetization

2 o]
U W af-
M="2 N, -nN)=-ELB dn ==
vV (N4 1) v 0/0 n o oo(n)

The susceptibility then has the form

M 1 , [
auli = - = —— dE ! E E
XPaul m(aBO)T Vuoug/o SL(E) po(E)

To a good first approximation, according to (3.65), we can write
JL(E) ~ —3(E — ¢F)
At T = 0, this relation is exact. Then we have for xp,.ii,

1 ) 3N, py
P = — £ = = — —_—
XPauli v Mo Up 100( F) Y Mo eF

(4.10)

@11

4.12)

(4.13)

(4.14)

This is exactly the expression that we have derived in another way as Eq. (3.175) in

Sect. 3.4.3. In the last step, we have used py(ef) = %Ng/ap (3.50).

Because of the Pauli’s principle, only a very small fraction of the electrons, which
are in the thin Fermi layer can respond to the field By. This explains the order of
magnitude (~ 107°) and the almost temperature independence of the Pauli suscep-

tibility.
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4.1.2 Temperature Corrections

The Pauli susceptibility derived above is independent of temperature. This is essen-
tially due to the fact that in (4.13), we have replaced the derivative of the Fermi
function by a §-function. Now, with the help of the Sommerfeld expansion, we will
improve this result. The starting point is Eq. (4.12), which we first integrate by parts,
and note that the integrated part vanishes. Then what remains is

1 oo
Xpaui(T) = popg v /) dEf_(E)py(E) (4.15)
¢

The integrand satisfies the preconditions for the Sommerfeld expansion (3.74).
Therefore, we can use the result of this expansion:

2 1 " / n2 2
XPauli = Lo L v / dE py(E) + 3 (kgT)™ po(1)
0
2 1 7T2 2
A o g v o) + 3 (kgT )" py()
1 /
A o 1y 7 [Poer) + (= ep) pier) + -+
7.[2 2
+ 3 (kgT)~ py(er) (4.16)

The term (4 — ¢p) which stems from a Taylor expansion of po(u) around u = ¢,
must be carefully determined, because it is of the same order of magnitude as the
third summand. In the third term, we can replace pj () by pj(er) because of the
already very small pre-factor. We now exploit the fact that the electron number N,
is, of course, temperature independent.

!

N (T =0)= N.(T #0) 4.17)
At T = 0 we have
NA(T =0) = /SF dE po(E) (4.18)

andat T # 0,
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+00
VAT 20 = [ aE e f(E)

—00

Iz 2
= / dE po(E) + ?(kBT)zp/(M) +--
=/ dE po(E) + (1 —€F) po(eF) + -+
ﬂz 2 7
-~-+F(kBT) p(ep)+--- (4.19)

In view of (4.17) and (4.18) we get from (4.19)

2 4
p— e~ =Ty L5

6 Po(eF) (20
Substituting this in (4.16), we get
. [1 n ”_Z(kBT)z {p(/)/(SF) B <06(8F)>2H o)
a 6 po(er) po(eF)

The above relation holds rather generally. Using the density of states of the Som-
merfeld model (3.48) it simplifies to

7'[2 kBT 2
Xpauti = X pui [‘ 1 (;) (4.22)

Thus, the temperature corrections in the susceptibility in normal metals are very
small and normally can be neglected.

4.1.3 Exchange Corrections

In this section, we want to begin to take into account, at least in a simple approxi-
mation, the Coulomb interaction among the conduction electrons, which we have so
far neglected. In the process, we will know about the so-called exchange interaction,
which will play a central role in the collective magnetism to be discussed later. The
discussion will be limited to the 7' = 0 case and as we have seen in the last section,
the temperature corrections are not expected to be important.

The solution of the problem consists of three steps:

1. The total energy E (at T = 0, it is the same as the free energy) is calculated as
a function of the electron numbers Ny and N .

2. E is varied with respect to N4, . The minimum fixes the “true” N4 and N, .

3. Eis expressed in terms of the “true” Ny and N and using this the susceptibility
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2% 82E
x=-5 (_2> (4.23)
aBO T=0

is calculated.

We demonstrate the procedure first using the Sommerfeld model.

4.1.3.1 Sommerfeld Model

On the application of an external field By, the density of states becomes spin depen-
dent (4.7). To calculate the internal energy, we must add both the spin parts:

1 +o0
EO — 3 Z/ dE Ef_(E) po(E + 715 By) (4.24)
o —00
Making simple rearrangements and exploiting (4.9) for the electron number, we get

1 o0
EO = — o5 ByN, -/ d () — zo 5B 425
;z usBoNo + 5 | nnpo(n);f (n—zo1By)  (4.25)

At T = 0, the Fermi function is a step function, therefore
E© BoN, ! " d 4.26
=Y eonshy g+5203/0 1 100(0) (4.26)

Substituting (3.48) for py, we finally get

d?2 a\5/2
EO — _ ; 2o1pBoNo + 5 5 > (%) 4.27)

a

&% is determined exactly as e was done in (3.41), when one fills a sphere in k-space
with N, electrons:

12 N,
=5 (kg)® 5 k= (6n27> (4.28)

The constant d is defined in (3.49):

1 312 (62 \?
La(en) = 2 (E2) g
5 10m \ 'V
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With this, the total energy is given by

32 [6n2\?
E© — o <7> (Nf/3 + Nfﬂ) — s Bo(Ny — Ny) (4.29)

In this, N4 and N, are still unknown. The influence of the field is certainly very
small. Therefore, we write

N
N, = > + zox (4.30)

Without the field, naturally, we have N, = %Ne. With the field, however, x will be
unequal to zero, even though, it will be very small compared to N,. So, we can use
a series expansion

In (4.29), we require

1\ 20 x2
N3~ (=N, 2 ([1+ ==+ 431
Z,: 3 (2 ) ( + 5t ) (4.31)

e

Without the field, we have

32 (6n2\* (NN 3
o 2 3 (TN (NN 3
10m %4 2 5
and with the field
O_ o, 4 X
Ex =E0 +§8pﬁ—2u330x (432)

In equilibrium, x will take such a value that E® is minimal. From the condition

, OEO®
0=
ox |._
X=X
we get
3 B
xo= >N, K820 (4.33)




4.1

Pauli Spin Paramagnetism

Substituting this in (4.32) gives

145
3 (usBo)
0 0 0)
EO=E? =E; — =N, . (4.34)
From this we can now calculate the susceptibility:
Lo 2E©
XPauli = _7 <

) 3 N, u}
=S o —

2

9By /0 EF

4.35
5 (4.35)
which is again our old result (3.175) for the Pauli susceptibility. We will now follow
the same procedure, in order to obtain information about the interacting electron
system. For this we use the so-called Jellium model.

4.1.3.2 Jellium Model

This model of a metallic solid is defined by the following assumptions:

1. There are N, electrons in volume V = L3 which interact among themselves via
the Coulomb interaction

1 i#] &2

H. = — 4.36
2;47[80“‘[—1‘]" ( )

2. There are singly charged positive ions

(4.37)
3. The charge of the ions is “uniformly smeared out” to give
(1) charge neutrality

(2) lattice potential V(r) = const.

4. Periodic boundary conditions on the volume V.

This model is not exactly solvable. The following treatment has the character
of a first-order perturbation theory for the ground state. The starting point is the
following Hamiltonian:

H=H.+H, +H.

(4.38)

H, is the electronic part, which will be discussed below in more detail . H,. describes
the uniformly smeared out charge of the ions. “Uniformly smeared out” means that
the ion density n(r) is independent of the position:



146 4 Paramagnetism
N;
n(r) — v (4.39)

Then, it is easy to evaluate H. :

H, = 1 // &r d3r /n(r)n(r) palr—r
247180 r—r|

_>lez //d3d3/—arr|
24me r—1|

e~I*=r'l is a factor that ensures convergence. We finally get (the integral is solved
as Problem 4.3),

1 2 Nl.2471
24mey V a?

H, = (4.40)

Because of the assumption (4), we need the thermodynamic limit (N; — oo, V —
o0, N;/V = const.). In such a case the Coulomb integrals diverge. That is the
reason for introducing the convergence factor.

The procedure is, first, all the integrals are evaluated for « > 0 and finite N; and
finite V. Then the thermodynamic limit is taken. Only at the end the limit ¢ — 0
is applied. In the limit « — 0, H as given by (4.40), diverges, but it will be
compensated by other terms which are still to be calculated.

The term H, in (4.38) describes the interaction of the electrons with the uniform
positive background.

_ n) el
Her = 471802/ r—rje
—0l|l‘ rj|
47‘[80 v Z/ Ir — ;]

Here r; is treated as a classical variable. The integral can be easily evaluated to give
(Problem 4.3)

o N i 4r & 4n N;N, @41
T dmey V = a2 Admega? V ’
Since N; = N,, we have altogether
1 ¢ N?
H=H,— -5 ~& (4.42)

202 V
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The second summand still diverges in the limit « — 0, but, finally, we will see that
it will be exactly compensated by a part of H,.
We will now discuss the really interesting term H,,

Ne 2
— -
H, = Z ot H, (4.43)
j=1

which consists of the kinetic energy of the electrons plus the Coulomb interaction
among them. We want to perform the first-order perturbation calculation, which
means, calculating the expectation value of H, in the ground state of the non-
interacting, indistinguishable electrons. As a consequence of the Pauli’s principle,
we have to deal with the totally antisymmetrized product of N, single-particle states.
Let |1/fé{f)) be the orthonormal single-particle state, where «, is a set of quantum
numbers and p is a particle number. Then, we can write the ground state as (see
Appendix A)

Y0) = W, -+ Ya )T = —= Z( D Py [} 444

\/_

The summation is over all the permutations of the particle indices given as super-
scripts. p is the number of transpositions in the permutation P.

Because of the assumption (3) of the Jellium model, the single-particle states for
this model are simply the plane waves multiplied by s = 1/2 spinors. We write this
symbolically as follows:

YY) = [K:, o) = [K)|o") = [k*) (4.45)
Since the Coulomb interaction H, is a two-particle interaction, the matrix element

E., constructed with N, -particle states, can be expressed exclusively in terms of
two-particle states:

1 ¢
E.= - O (kk! kk'y™ 4.46
2o kEk/ I A(z)|| ) (4.46)

T is the position operator in the Hilbert’s space of the ith particle. In (4.46), the
summation is over all the occupied states, indicated by the prime on the sum. The
antisymmetrized two-particle state is given by

1
ke, k'Y = — (k1) Ikb) — lka) k7)) (4.47)

V2

where now the lower indices 1, 2 number the particles. The matrix element consists
of four summands out of which two each give the same contribution:
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Ec = Edir + Eex (448)

We will discuss the two terms in the above equation separately. The first summand
is called the direct coulomb interaction.

Direct Coulomb Interaction

This term is characterized by the fact that the particle indices in the bra- and the ket-
states of the matrix element (4.46) are the same:

1 €2

Ejir = -— ki ]{k5| k1) 1k 4.49
a 24%; Gl ks e — qz)||1>| 2) (4.49)

The operator ([F" — T@|)~! acts only on the space part and not on the spin part.
The spin parts are orthonormal.

E;ir = //d3r d’ry x
1
Dy~ ()] n(2)
x (K |(k Iml)_ﬁ2)|lr1)|rz)(r1|k ) (r2|K)

Here, we have inserted a complete set of position eigenstates. This makes the appli-
cation of the operator ([T —T?|)~! trivial:

871802 Z //d3r1 dry *

’ kK

Edir -

* ﬁ(k|r1)(k/|r2)(r1|k)(r2|k’)
1
— d3 d3
87T80 Vz; ; // " r2|l'1—l'2|

Here we have used the plane-wave representation:

(e = —= ¢
N7

Just as in obtaining (4.40), the double integral must be solved with a convergence
factor. Then, we finally have

Ejiy = 5 —=—~ (4.50)
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Since N; = N,, the “direct” interaction exactly compensates the still remaining
divergent part (¢« — 0) (4.42) of the positive background due to the ions.
The second summand in (4.48) is called the exchange interaction.

Exchange Interaction

The notation is due to the fact that the particle indices in the bra- and ket-states of
the matrix element are interchanged:

1 €2

’ / 1 ’
Ex=—>77)_ Gkl o o) ) 4.51)

24meg T |

In classical physics, there is no concept of indistinguishable particles. Therefore,
there is no classical analogue to this matrix element. In view of the orthogonality of
the spin states, we must have ¢ = ¢’. Then

) k k' <k§.
E,, = &ridry *
“ 247‘[80 k; // 1972

*

1
(k(l)l(k'(z)lﬁ|r1)|l‘2><l'2|k(2))(I‘llk/(l))
— T

k,k'<k§.

— d d *l(k K')(r;—r2)
247T80V2 Z // " r2|"1—V2|
kK.o
k% is defined in (4.28). As is usually done, we convert the sum into an integral,
Vv
Z N 5 / &k (4.52)
— " (n)

and get as an intermediate result
—e? 3. 13
E, = d’rid’r *
“ 7 Bwe(2m)° / f 1 2;

e~ ik—K)-(r1—1)
* f / Phd ———mM8M (4.53)
k<kg J i<k Ir) — 12

In terms of the relative and centre of mass coordinates
1
r=r;—r ; R = z(r] + 1) (4.54)

Equation (4.53) becomes

—i(k—K)-r

E, = R — 4.55
8n80(27r)" / Z//kk’<k" (4:59)
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The k-integrations can be performed without any difficulty (Problem 4.4).

. 4 K ko kor — sink®
f e = / dk k sinkr = —4g ~EZSOSEFT T IMERT -y 56
k<kS r Jo

3

Then, we have for the exchange energy

Eex -

Z/cﬁr — (k% rcoskf r — sink}, )
32715 &0

or after the substitution x = rk:

2 [ee]
E, = — ad {/ dxi(x cosx — sinx) } Z (k%)4 4.57)
0

8meg x5
o

The integral inside the braces can be solved elementarily (Problem 4.4).

o 1 , 1
dx—(xcosx —sinx)” = (4.58)
0 .XS 4

With this, the exchange energy has the simple form

_ 4
Eep = — 327148 Z( %) (4.59)

We substitute (4.28) for k% and get

3e? , 1\ 43
E, = ~Torie <6n V) XU:NU (4.60)

We again make the ansatz,

N
No‘ = 7 +ng

and expand up to the quadratic term in x:

N3 8 ZoX 2 4x
N3 (Ne |4 8% 2
g <2> <+3Ne+91v2+ )

In the summation over o, the linear term in x vanishes so that

N\ 2 4x
SN A2 (7) (1 +5 N2) (4.61)

o
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We have, thus, determined the exchange energy as a function of x:

E..(x) 3¢ (3N s (4.62)
ex(X) = — e .
8mey 8V 9N,

This is also, at the same time, the total contribution of the Coulomb interaction to
the energy of the ground state of the Jellium model within the first-order perturba-
tion theory. The contribution of the kinetic energy has already been calculated in
connection with the Sommerfeld model (4.32). Adding them together, we get the
energy of the ground state as a function of x:

Eo(x) = EV + E,.(x)

_ E(()) 362 N 3Ne 173
- 8rey \ 87V

4 x2 2 3N, 13 x2
—ep— — 2upBox — — — 4.63
+ 38F N, HesBox 3mey (871V> N, ( )

According to this, the ground state energy without the field (x = 0) is given by

(0) 362 3Ne 13
Eoo = Eo(x = 0) = B — N (o (4.64)

Before proceeding further, we introduce some standard notation:

n,=N,/V average electron density

Ve = ni average volume per electron (4.65)
One defines a dimensionless parameter called the density parameter ry via
Ve = 47”(613"03 (4.66)
where
an = 4780 _ 520 A
me

is the Bohr radius. The smaller the 7, is, the larger is the electron density. Typi-
cal values of r,; for metals lie between 1 and 6. In a similar way, we introduce a
parameter for energy (Rydberg):

2

£ 13.605¢V (4.67)
47'[8() 2613

1ryd =
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1/3
o= (9—7[) =192
4

one gets the following expression for the Fermi energy of the Sommerfeld model:

‘With the abbreviation

e’ o o
er (87‘[80(13) r2 o2 ryd] (468)

N

According to (3.42), %5 F is the average kinetic energy per electron:

o 221
E," = = N, [ryd] (4.69)
One can further, easily show that
3e? 3N, 173 . e? 3a
8rey  \8TV © 8megag 27y

With this, one gets for the total ground state energy of the Jellium model without
field

2 2
Eoo/N, = (Sa B 3a > ( e ) _ <2.21 B 0.916) [ryd] 4.70)

5r2  2mrg 8mepag r2 T

This is, of course, the result in the first-order perturbation theory, only. Let us discuss
this expression a little further (Fig. 4.3).

03 - Eyo/N, [ryd]

ry,=4.83

02— EliN = -0.095 [ryd]
=-1.29 [eV]

0.1 +

Fig. 4.3 Ground state energy
of the Jellium model as a

function of the density -0.1 +
parameter ry
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The minimum in energy which is found at r; = 4.83 with E(')'g" = —0.095[ryd] =
—1.29 eV indicates an optimal density, which actually means an optimal inter-ionic
distance, and with that, one explains, e.g. the phenomenon of metallic bonding.

Since this is a result of a perturbation theory approximation, it is usually gener-
alized in the following manner:

Eyp 221 00916

N, r2 Ts

+ &corr [ryd] 4.71)

The first summand is the kinetic energy per electron and the second summand is the
exchange energy. As it is made clear in the derivation, it is a consequence of the
indistinguishability of the particles and so it is a consequence of the Pauli’s prin-
ciple. This takes care of the fact that electrons with parallel spins do not come too
close to each other and therefore automatically causes a reduction in the Coulomb
interaction energy of particles of like charge. It explains the negative sign. The last
summand is called the correlation energy. It is the deviation of the perturbation
theory result from the exact result and therefore is naturally unknown. The conven-
tional methods of perturbation theory fail to determine &.,,,. The modern methods
of many-body theory have led to the following expression [1]:

2
Eeorr = —5(1 = In2)Inry — 0.094 + O(r, In7) 4.72)
T

We will now return to our actual problem. In terms of the new variables that we have
introduced, the ground state energy of the Jellium model in the presence of the field
(4.63) is

&> do (7« x?
Eo(x) = E()() — ZMBBox + —1 ﬁ (473)

8megap 3mrg \ 1 .

The third and fourth summands are the modifications to the kinetic energy and
exchange energy, respectively, caused by the field. This expression is varied with
respect to x.

dEo(x) 200 By + e? da [(ma ] X
ax Hes Do dmegap 3mry \ ry N,

We get the extremum value at x = xo where

3y s Bo
Xo = Ng
4a e (ma _
87{80&3 Fs

With this, we get for the ground state of the Jellium model in the presence of an
external field as

4.74)
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Eo(x = x0) = Eo = Eoo — 214 Bo xo + 48 Bo Xo

3 (5 Bo)*
EO = E()O — ZNe PR -
8mepap ? ( - E)

3N, (B
= Loo0o — 7 — &
dep 1— ﬁ

(4.75)

In the last step, we used the expression for £ given in (4.68). Now it is simple to
calculate the exchange corrected susceptibility:

N /,L032E0_3 zNel 1
K =7y gz T2 MM Y e T

To

(4.76)

If we substitute the earlier result (4.35) for the non-interacting electron system, we
finally get

1

1 — o
T

Xex = XPauli (477)

The smaller the value of ry, the larger is the electron density and the more exact
are the results of the simple Sommerfeld model. At first glance, this appears to be
a surprising fact, but it is a consequence of the screening effects in an interacting
electron gas.

In view of the facts, o =~ 6.03 and 1 < ry; < 6, the influence of the exchange
interaction, which actually means the Coulomb interaction, can be quite consid-
erable for typical metals. One observes, however, that the drastic changes in x
caused by E,, are, to a large extent, again annulled by the correlation energy
E.orr = Ne€corr (Table 4.1).

The main effect of E,,,, is felt while taking into account the correlation between
the electrons of antiparallel spins, because E,, is calculated using the states of the
Sommerfeld model, which, due to the Pauli’s principle, includes only the correla-
tions between parallel spins. The calculation of E,., is extremely difficult. One
knows, however, a series expansion (4.72) in r;.

Table 4.1 Pauli susceptibility of conduction electrons described by the Jellium model. The fifth
column contains the results of Silverstein [2] which were obtained by approximately taking into
account the correlation energy. The sixth column of the table gives the experimental values of
Schumacher and Vehse [3]

10°x XPauli XPauti (™) Xex Xcorr Xexp
Li 10 17 150 27.8 26613
Na 15 15 43 19.6 25.8+2.6

k 23 25 195 31.7
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4.2 Paramagnetism of the Localized Electrons

We now discuss the paramagnetism of insulators. The electrons which are responsi-
ble for the paramagnetism are strictly localized on fixed lattice points and produce
a permanent magnetic moment there. Rare earths and their compounds are almost
ideal examples of this picture, and they are normally called the “4 f-systems”. The
electron configuration of the neutral rare earth atom corresponds to the stable noble
gas configuration of xenon, plus additional 4 f- and 6s-parts:

[Xel(4f)P(6s) (4.78)

In the periodic table, the rare earths start with the element La and from then on,
successively add electrons in the 4 f-shell. So, they differ from each other by the
number p of electrons in the 4 f-shell of the rare earth element. In the compounds, in
general, the rare earth atom gives away three electrons, namely the two 6s-electrons
and one of the 4 f-electrons:

RE — (RE)*" +{(6s)> + 4/} (4.79)

These three electrons, in the case of insulators, participate in the bonding and in
metals, they become the quasi-free conduction electrons.

The partially filled 4 f-shell is situated inside the xenon core and is strongly
screened by the completely filled (5s)*- and (5p)®-shells, which lie outside the
xenon core. For this reason, the 4 f-wavefunctions of the neighbouring rare earth
ions practically do not overlap. Therefore, the 4 f-shells and the magnetic moments
produced by them are strongly localized at the respective lattice points. Such a sys-
tem can be described by the following extremely simple model: We assume that
there are N identical, independent ions (atoms) in a volume V, and we are interested
only in the magnetic moment produced by these ions (atoms). In view of the strong
intra-atomic correlations, one can assume that the localized magnetic moment is
determined by the Hund’s rules of the atomic physics (see Sect. 2.1). Thus, the
calculation of the temperature and field dependence of the magnetization M and the
susceptibility is essentially an atomic problem (Fig. 4.4).

In addition to the 4 f-systems, this model is also relevant to certain 3d- and
5 f-systems. Another decisive presumption shall be the LS-coupling, which was

Fig. 4.4 Paramagnetic local
moment system in an external
magnetic field
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discussed in Sect. 2.10. The distances between different (L,S)-multiplets are so
large that the transitions among them are improbable and therefore we assume that
the quantum numbers L and S of the 4 f-shell belonging to the squares L? and S
of total orbital angular momentum and total spin, respectively, are good quantum
numbers. The magnetic moment localized at the lattice site R; is given by

m; = LA, +28) = —EE0; +8) (4.80)
According to the remark made in Sect. 2.1 (after Table 2.1), we disregard in the
following the minus sign in the definition (4.80) of the magnetic moment.
We start with the model Hamiltonian

H

N N
S (H) - m) =S asD

j=1

Héj ) determines the term scheme of the jth ion based on the Coulomb interac-
tion of the electrons with the nucleus and also among themselves and therefore,
in some sense, fixes the coarse structure of the terms. Since we want to restrict
ourselves to a single (LS)-multiplet, Hé" ) by itself is not important for us. H ;8 is
the spin—orbit coupling in the jth ion, which determines the fine structure of the
terms. The last summand in parenthesis in (4.81) represents the Zeeman energy.
The relative strength of the last two interactions is decisive in the calculation of the

magnetization.

(4.82)

The angular brackets (---) means a quantum statistical average, which actually
involves two averaging processes, namely
(a) the quantum mechanical expectation value of the operator in the given state of
the atom
and
(b) the thermal average over all the states of the atom.
In general, the average value of an observable A is given by

1
(A) = _Tr (Ae™PH) (4.83)

Here Z is the canonical partition function
Z=Tr(e?)=2} (4.84)

which has been factorized for our model (4.81) into a product of single-particle
partition functions
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Zy =Tr (e ™) (4.85)

because there does not exist any interaction among the moments.

Let there be a homogeneous magnetic field By applied in the z-direction. Then
naturally the x and y components of magnetization of the paramagnet vanish and
we have to calculate only M, = M:

1 0
M:nZ—lTr(me_ﬂH‘)szTna—Bolnzl (4.86)

That means, once we determine the single-particle partition function Z;, the prob-
lem is solved. The calculation of the trace cannot, however, be done for a general
situation; therefore, we will do it for particular situations and consider the limiting
cases. Three factors influence M:

1. Thermal energy kgT: This is of course obvious since it appears explicitly in the

formulae.
2. Spin—orbit interaction: According to (2.295), we have

Hso = A(y, LS) (L -S) (4.87)

Hso splits the (LS)-multiplet according to J (2.300)

1
ES)s, = ESs+ E7121\(;/, LSHYJJ +1)—L(L+1)—S(S+1)} (4.88)

The coupling constant A determines the separation between the individual
terms of a multiplet.
3. Magnetic field:

H. = —M—;(JZ + S.)Bo (4.89)

We have shown in Sect. 2.10 that H, does not commute with J 2

[H., J*]_#0
so that, after the magnetic field is switched on, J is no more a good quantum
number. That is, the magnetic field induces transitions among the individual

terms of the (LS)-multiplets.

We can determine the partition function Z; in only those cases, where there is
orders of magnitude difference among (1), (2) and (3).
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4.2.1 Weak Spin—Orbit Interaction
Weak spin—orbit interaction means

I* Ay, LS) < kgT (4.90)

in the just interesting region of temperature. We have to further differentiate the
situations with respect to the field. If the field energy also is very much larger than
the spin—orbit coupling,

4.2.1.1 hz A(}’, LS) < kBT, [LBB()
then we can assume two things:

1. The preconditions of the normal Zeeman effect are fulfilled (2.305)
2. All the terms of the (LS)-multiplet are occupied with almost equal probability.

In this case, M, and My are “still good” quantum numbers, i.e. the eigenstates
and eigenenergies can be classified according to these quantum numbers. In contrast,
J is not a good quantum number.

Eyrsmoum, = Eyps — (My +2Mg)g By (4.91)

El(/oz ¢ are the energies without the field and without the spin—orbit coupling, which

means, E ;OL) ¢ are the eigenenergies of Hy. In order to calculate the trace that appears
in the partition function Z;, we naturally choose the energy representation:

+L 4§
Zi=exp (=BESs) Yo Y epramoniauy (4.92)
Mp=—L Mg=g

The pre-factor will be very small for the higher (LS)-multiplets, and therefore, as
agreed upon earlier, we restrict ourselves only to the lowest of them. With the nota-
tion

b=Bupg By >0 (4.93)
we calculate
+L 2L —bQ2L+1)
1—e
bM, _ bL —byn _ bL
2 M=) = G
M;=—L n=0

eDLH1/D) _ p=b(L+1/2)

el/2b — o—1/2b (4.94)

The summation over the orbital magnetic quantum number therefore gives
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+L i L
sinh(Bup Bo(L + 3))
> exp (=B s BoMp) = ——— : (4.95)
Mi——L sinh(5Bup Bo)
Exactly analogously we also get
=3 sinh(B145 Bo(2S + 1))
B
Y exp(BupBoMs) = — (4.96)
s sinh(B 5 Bo)
=
so that the partition function reads
. 1 .
7y = o PEs sinh(BupBo(L + 7)) sinh(BupBo(2S + 1)) 4.97)

sinh(38ug Bo) sinh(B4pBo)

By differentiating the logarithm of the partition function with respect to the field,
we obtain the magnetization of a paramagnet (4.86):

d 1z 1 az®
g nZi=—n ot e 5
aBo Z1 8B() Z1 BBO

We will explicitly evaluate the first summand:

1 az"
z\ 9By
sinh(1b) !sinh(%b)ﬁuB(L + Dcosh(b(L + 1))

sinh(b(L + 7)) sinh®(1b)
3B cosh(5b)sinh(b(L + 1)) }

sinh®(1b)
= L L h(b(L ! ! h 1b
—ﬂug( +§>c0t ( ( +5>>—5ﬁu3cot <§>

We now introduce a function, the so-called Brillouin function, which is central to
the theory of magnetism:

2D+ 1 2D+ 1 1 X
Bp(x) = “5— coth  “So—x ) = 5 coth (5) (4.99)

(4.98)

Through this function, the magnetization given by (4.86) can be written in the fol-
lowing form:

M(T, By) = npup{LB(BupBoL) + 25 Bs(2B 115 BoS)} (4.100)
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Fig. 4.5 Brillouin function Bp
Bp(x) as a function of x for 1.0
various parameters D
D=1/2
D=1
05 + D=3/2
D=co

We will first discuss a few general properties of the Brillouin function (Fig. 4.5):

1. D= %: In this special case,
Bl/z(x) = tanh x (4.101)

2. D — oo: In this limit, the Brillouin function reduces to the Langevin function
L(x),

1
Bpoo(x) = L(x) = cothx — — (4.102)
X

which appears in the classical treatment of paramagnetism, where the space
quantization of the orbital angular momentum is ignored.
3. small x: From the expansion of coth x, one obtains,

D+1 D+12D*+2D+1 ,
x—

Boc) — 4103
o) ==35 3D ) (4.103)

which means, in particular,
Bp(0) =0 (4.104)

Because of this property, according to (4.100), the magnetization of a paramag-
net is zero, if either By = 0 or T = oo. Physically that means, a paramagnet
does not possess spontaneous magnetization.

4. Bp(—x) = —Bp(x): This means that, when the direction of the magnetic field is
reversed, the direction of the magnetization is also reversed, which is physically
obvious.

5. limy, o Bp(x) = 1: The magnetization shows saturation for By — oo or for
T — 0. Physically that means that all the moments are oriented parallel to the
field.

M — My =npug(L +2S) (4.105)
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The high-temperature behaviour of the magnetization (4.100) is interesting. With
the starting precondition, it means

A(y,LS) <K upBy < kgT
or
BupBy <1

In this case, the argument of the Brillouin function is small, and therefore we can
terminate the series expansion (4.103) after the linear term:

nus,
3kpgT

_ oM
X = Ho 9B, ),

shows a characteristic 1/T behaviour, which is called the Curie law.

M~ Bo{L(L + 1) + 4S(S + 1)} (4.106)

The susceptibility

=S 4.107
X()—? (4.107)

C is the so-called “Curie constant”, which is given by

ol

C1 =n
3kp

(L(L 4 1)+ 4S8(S + 1)). (4.108)

A purely classical calculation (see (4.102)) would have given a similar high-
temperature behaviour

Cu pop?
Xel T d=n 3k ( )
where © is the magnetic moment. In analogy, one therefore defines
Heff = WBPeff  Pesr = VLIL + 1) +4S(S+1) (4.110)

where p, s is called the effective number of magnetons.

Till now, we have assumed that, in addition to the thermal energy, the field energy
is also large compared to the spin—orbit interaction. Now we will consider the situ-
ation.
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4.2.1.2 2A(y, LS), pgBo < kT

Let the spin—orbit coupling be as before small but of the same order of magnitude
as the magnetic energy. Then, we are no more in the region of the “normal” Zeeman
effect. The spin—orbit coupling cannot be neglected any more.

In the partition function, H, and Hgo appear, respectively, in the form SH,
and BHso so that e## can be expanded up to the linear terms in BH, and B Hso.
Since Hy commutes with (H, + Hso), we can write exp(—B(Hy + H, + Hsp)) =
exp(—BHy)exp(—pB(Hso + H;) and expand the second exponential up to the linear
terms:

_ _ —BHy
o~ m TP AU+ SO = BH, — BHso)e M0} @11
h Tr{(1 — BH, — BHso)e Pt}

To calculate the trace, we choose the eigenstates of Hy, J 2 and J. The contribution
from e~#H0 then cancels out and therefore need not be considered any more. Only
one (LS)-multiplet will be considered, i.e. the operator e ## gives only one eigen-
value. We want to evaluate the individual terms in (4.111) separately. First, because
of the Wigner—Eckart theorem, we have

(YLS; IMyI(J, + SHly LS; IMy) ~ (yLS; IM;|J |y LS; IM ;)

~ M; 4.112)
That means
+J
Tr(J;+8)~Y .C; Y M;=0 (4.113)
J My=—
Therefore, it follows also
Tr(H;)=0 (4.114)

The fine structure of the terms caused by Hgp leads to

2
Tr(Hso) = %A Z Z(J(J +1D)—LIL+1)—SS+1)
J M,

h2
= 7A ;(2]4— DUJJ+1D)—-LIL+1)—S(S+1))

Without any loss of generality, we can assume that L > §; then J runs over the
values / =L —S, L—S+1, ---. L+ S. That means the trace is given by



4.2 Paramagnetism of the Localized Electrons 163

+S
Tr(Hso) ~ Z QL+2n+D((L+n)L+n+1)
n=—S

—L(L+1)— S+ 1)
Using the formula (Problem 4.5)

+S 1
Z n? = §S(S +DHR2S+1) (4.115)
n=-—S

it follows that
Tr(Hso) =10 (4.116)

This means that the spin—orbit interaction, which is responsible for the fine structure
splitting, does not, however, shift the centre of gravity of the multiplet!
In (4.111), we still need the term

2
Tr((J: + S)Hso) ~ %A Z[J(J +D—-LL+1D
J

+J
—S(S + DIC, Z M; =0 4.117)

Mj=—J

Here we have exploited (4.112) and the fact that the trace is built with the eigenstates
of Hgo. The trace of the unit matrix gives the dimension of the Hilbert space under
consideration:

L+S
Tr(h= Y @J+1)=QL+DQ2S+1) (4.118)
J=|L—5]

This is, of course, valid only because we are in the space of a particular (LS)-
multiplet in which, Hy has only one eigenvalue.
Then, according to (4.111) what remains for the magnetization is

up , Tr((J.+ SHH) —  pp Tr(J. + S.)°

M =—n ?ﬂ(zL Thes+) ' 'BBO(2L+ D@2S + 1)

(4.119)

The trace is independent of the basis. We choose as an appropriate set of states
lyLS, M Ms)

which represents a complete basis. These are, however, not the eigenstates of the
Hamiltonian:
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M=n 1y Bob 2 Z Z (M, +2M)? (4.120)
—SM;=

Q2L+ )28 + 1)

Using (4.115), the double sum can be easily evaluated:

+S +L

> (ML +2My)

Mg=—S M =—L

=(2S+1)ZMZ+4(2L+1)ZM§

M Ms

1
5(25+1)(2L+1)(L(L+1)—|—4S(S+1)) (4.121)
Substituting this in (4.120), we finally get for the magnetization

MB
kT

M=n

Bo (L(L + 1)+ 4S(S + 1)) (4.122)

For the susceptibility, for high temperatures, one gets exactly the same result as in
case (a) (4.106):

X =n 1o {(L(L + 1)+ 48(S + 1)} (4.123)

Hp
3kpgT

Therefore, up to the linear term in 8 = if the spin—orbit coupling is weak,

1
I(B_T’
there is no change in the regions of ugBy > h>A (normal Zeeman effect) and
wpBo ~ h?A. The change appears only for higher powers of 8.

4.2.2 Strong Spin-Orbit Coupling
We now demand that
R A(y, LS) > kgT, pupBo

This is the case, which is discussed normally as the Langevin paramagnetism, which
is realized for the 4 f-systems in normal fields. One does not have a uniform dis-
tribution over the fine structure terms of the (L.S)-multiplets any more but, only the
lowest term is actually occupied to a certain degree. Further, we are in the region of
anomalous Zeeman effect, the non-diagonal terms of S play only a marginal role
(see Sect. 2.6) and J is still a “good” quantum number.

For the energies in question, we have according to (2.303),

Eyrsim, = E;OL)SJ +g,(L,S)yM; up By (4.124)
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With this, we get for the partition function

+J
Z ze—ﬂE(yozsj Z e*ﬂg.lM./MBBo (4.125)
M;=—J

Because of the assumption made above, it is necessary to take into account only
one J, namely the one which is energetically most favourable according to the third
Hund’s rule. The partition function Z; is then calculated in the same manner as
demonstrated for (4.97):

sinh(Bg 1z Bo(J + 1))

7y = e PEis 20 (4.126)
sinh(3 g, 15 Bo)
This results in the magnetization
M = MyB;(Bgs J B Bo) (4.127)
My=nJ gy usg (4.128)

M, is the saturation magnetization.

The susceptibility is obtained, as usual, by differentiating with respect to the field
By. Again, what is interesting is the high-temperature behaviour, which, just as in
(4.107), gives the Curie law (BugBy < 1)

C
== 4.129
X=7 ( )
»?
C=npun —eff M%; (Curie constant) (4.130)

3kp

The interpretation of the effective magneton number is of course now different:

Pepr = &V J(J + 1) (4.131)

The Curie law is experimentally uniquely confirmed. It is interesting to compare the
order of magnitudes of the Pauli paramagnetism which was discussed in Sect. 4.1
and the Langevin paramagnetism. From (4.14), (4.129), and (4.130) we have

XPauli 2 1 kgT
XLangevin 2 g%J(J + 1) EF

(4.132)

Therefore, in general, Xrangevin > X Pauli-
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4.2.3 Van Vleck Paramagnetism

We want to close this chapter by discussing another special, however, somewhat
subtle issue of paramagnetism. This is about the van Vieck paramagnetism, which
leads, in the first approximation, to a temperature-independent susceptibility. This is
observed in systems, where the localized magnetic moment arises due to an electron
shell, which is one electron short of being half-filled. That means, the ground state
term

J=S]20—p|=0 (4.133)

is non-magnetic (p = 2(2/ + 1) means completely filled shell). This is the case,
e.g. for Eu** in Eu,0;, where, there are six 4 f-electrons. Van Vleck’s paramag-
netism can be understood, if the preconditions of the last section are, to some extent,
relaxed, i.e. when the fine structure splitting is not very large compared to kzT any
more. In this situation, one has to note that

(a) the higher terms of the multiplets cannot be neglected any more;
(b) the operator S, (in H,) induces transitions among the fine structure terms.

Since we can, as before, restrict ourselves to a single multiplet, the partition
function is given by

Z, = e_ﬁE(VOL)s Tr (e_ﬁ(HSU+Hz)) (4.134)
The fine structure splitting shall be, even though not large compared to k57T, but
still large compared to 15 By. We, therefore, expand the exponential in the trace up

to the linear term in By, that is, up to the linear term in H,. We denote by E ;(A) the
eigenvalues of Hgp,

2
E;(A) = % Ay, LSYJ(J +1) = L(L+1) =SS+ 1)) (4.135)

so that we get

_pEO e (—B)" n
Zy=ePhis Yy i Y (M |(Hso + HoY'|IMy)

n=0 ’ J,.M;
n—1
N (M |(HSy + Y Hip' ™ HoHip) T M)
r=0
X oy
— LY % .
n=0

+J7
> 1@+ DENA) +nE}(A) Y (IMyIH|TM,)
J M;=—J

*
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As shown in (4.113), the last term vanishes. Therefore, what remains for the parti-
tion function is

Zy ~ e PELs 3020 4 De PEW (4.136)
J

In order to calculate the magnetization,

M=n LTr (me_ﬂH‘)
Z

we now need another trace of the form

& n
Tr (Hze*ﬂ(HsoJer)) ~ Z (_'B') Z(]MH(HZH;IO

n=0 n: .My
n—1
+ HZZHé’(Sl*’HzHS’o)IJMﬁ (4.137)
r=0

The action of Hgp on the state |J M) is known. On the other hand, the action of H,
is not known because of the presence of S;.

D UM HH|TMy) =) ES(A) Y (IM|H|TM)) =0 (4.138)
J

J.M, M,y

With this, it follows that

S n
Tr (Hze_ﬁ(HSO’LHr)) ~ Z =P *

n—1
* Y (M| H|J M) (I My |H)TMy) Y E7 7 (A)ES(A)

My r=0
JM,

The first matrix element, since H, and J, commute, is unequal to zero only for
M; = M. The rest reduces to

) e PEy _ o=BE;

Tr (He PHsotH)) — JM,|H,|J'M
r (He ) =D I My|H|J M) -

7.0’
M,

(4.139)

The operator H, induces transitions between the terms with J and J' = J £ 1. With
the help of Wigner—Eckart theorem, one can see that no other quantum numbers
come into the picture. S, is an irreducible operator of rank one (k = 1). So its
matrix elements are unequal to zero, according to (2.172), only when
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\JJ—-J|<k<J+J
is satisfied. Therefore, only J = J’ and J' = J £ 1 come into question.

(a) J' = J: Because of the quotients, this must be understood as a limit

fim e pE 4.140
im &% gL .
J'—=J EJ/ — E] ﬂe ( )

The remaining matrix element has been calculated, with the help of Wigner—
Eckart theorem, in (2.179) :

(I M| H) M) |* = (g;1e5M))* B] (4.141)

Therefore, the total contribution of the summand with J = J in (4.138) is

—> e P B(g M) By
M,

The non-diagonal elements
(b) J' = J % 1: are more difficult to evaluate:

e BEm1 _ p—BE,

> (IMyH|T £ 1M) P —————

7T Ejs1 — Ey
—BEj

=Y I ¥ 1M7|Hz|jM])|2ﬁ

iM; J — EIFl
e PEI
= DMy Ho|T & 1) P —

- F
i VES| J

Substituting this in (4.139), we get

—BEy _ o=BEs

e
D D WIMIH M)P ——————
IM; J'=J%1 ! 7

(] + 1My |H | I M)

=-2 e PEs {
Z Ej—Ey

IM,
n [(JM;|H,|J — 1MJ>|2}
E; .1 —E,

(4.142)

The non-diagonal matrix elements of H, are not as easy to calculate as the diag-
onal matrix elements in (a). The procedure is the same as was used in Sect. 2.6.
We give here only the result [4]:
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b

h2

(2= (L =)L +S+1*-J%
47227 + DH2J - 1)

(I M| H|J — 1M = 2B [(TM,S.|J — 1M,)|?

= uypBi(J? — M)

(4.143)

If we substitute J = [+ %, S = %, L = 1and M; = m, we reproduce our earlier
result (2.209). The other non-diagonal matrix element is obtained from (4.142)
by replacing J by J + 1.

We now have everything in order to find the magnetization of the paramagnet.
The summations over M can be performed easily with the help of (4.115):

+J

> M= %J(J +1DQ2J+1) (4.144)
My=—
+J 1
> =M =_J@I+ DRI -1) (4.145)
My=—J 3
+J 1
YW+ -M) = 3@+ DU + DRI +3) (4.146)

My=—1J
Using the following shorthand notation,

L [P =L+ S+ 1) =T
VD= 1t { 627 + 1)E;1 — Ej)
T+ =L =L+ S+D>*—{J+1)P }
6(J +1DHQRJ 4+ 1)Ejp —Ey)

we now finally have the magnetization

SiE @) + De e [0 (1P + V()
0

M =nB
I QT 4 DeBE

(4.147)

This result was derived under the precondition
WAy, LS), kpT > ugBo
but not necessarily,

R2A > kT
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The susceptibility here is simply woM/By. The temperature-independent correc-
tion V(J) is actually responsible for Van Vleck paramagnetism. Let us, for simplic-
ity, assume that the multiplet splitting given by A is so large, that, only the lowest
term is appreciably occupied. Then, we can restrict ourselves to the first term in the
sum. This term, however, because of the non-diagonality of §,, already contains an
admixture of the higher J-levels which are hidden in V (J):

J(J+1)

2
3k,T 8oke) +V(J)} (4.148)

X””MO{

The first summand is exactly the result obtained in the last section (Curie law
(4.129)) wherein, we have, from the start, neglected the non-diagonal elements of
S.. J is the quantum number of the ground state.

According to the Lande’s interval rule (2.302), we have

Ejoi—E;=RAy, LS +1) ; E;_ —E;=RAy, LS)J (4.149)
That means that, the Van Vleck term V (J) is smaller by a factor

W Ay, LS)
kT

compared to the first term in the bracket of the above expression, which is, the
Langevin paramagnetism discussed in the preceding section. This factor is, in gen-
eral, very much smaller than 1 and therefore can be neglected. That is why, Van
Vleck paramagnetism is clearly observable, only, if the ground state has J = 0,
because, in that case, the first summand vanishes. This is always the case, if the
electron shell falls short by one electron from being half-filled. Figure 4.6 shows the
example of Eu*" in Eu,Os.

x (10_3 cm/mol)
9 |
Eu,04

74
Fig. 4.6 Susceptibility of the 5 T
Van Vleck paramagnet . . |
Eu, 03 as a function of I T [
temperature (after [5]) 100 200 300 T (K)
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At high temperatures, x is calculated using the complicated formula (4.147),
which takes into account, the excited states also. At low temperatures, only the
ground state has a role to play and the temperature-independent Van Vleck para-
magnetism becomes noticeable.

4.3 Problems

Problem 4.1 As a result of the periodic boundary conditions on the volume
V=L.L,L,

the wavenumbers k become discrete:

2 .
4x.y,z = L Nyy. With ny, . €Z
x,y.2

Deduce the orthogonality relation

1 f P @ O — 5
Vv

Problem 4.2 Consider a crystalline solid, i.e. the surface effects do not play a role.
Let a;, a, and a3 be the primitive translation vectors of the Bravais lattice from
which the lattice vectors

3

R" = Z n;a;

i=1

are constructed, where n = (nj, np, n3) holds and n; are integers. Due to the
assumed translational symmetry, we can imagine the solid to be a parallelpiped
spanned by the three vectors A; = N;a; with N; > 1 and even. That means for the
lattice vectors: n; =0,1,2,---, N; — 1.

1. The solutions (Bloch functions) for the non-interacting electrons should satisfy
the periodic boundary conditions of the crystal on the surface. What does it mean
for the allowed wavevectors k? Which wavevectors lie within the first Brillouin
zone?

2. Deduce the orthogonality relation

1 .
k—Kk')-R"
N 2O = e

n

3. Deduce the orthonormality relation
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1.BZ

ot Z ik-(R"~R™) _ o

Problem 4.3 Calculate the following frequently used integrals:

—ak r
I = /d*/d“ : a>0
r—1r/|
z(qr+qr)
L= /d*/da/_
r—1r/|

In both the cases let V be finite with V — oo.

L.

Problem 4.4 In the ground state, N, electrons occupy the states within a Fermi
sphere of radius kr (Sommerfeld model). For this, calculate the following integral:

i(k—k’)-r
1=/d3r/ d3k/ P
FS FS r

Here the position integral should be taken over the entire space and the wavevector
integral over the occupied states of the Fermi sphere (FS).

Problem 4.5 Let S be the spin of a partially filled electron shell so that it is either
an integer or half-integer. Then show that the following holds:

Z n* = —s<s+1><2s+1)

n=-S§

Problem 4.6 A classical thermodynamic system consists of N atoms in volume V.
Each of the atoms carries a magnetic moment u; (| #; |[= @ V i). The Hamiltonian
function is composed of two parts,

H(q,p) = Ho(q, p) + Hi(q, p)

out of which Hy(q, p) describes the system in the absence of a magnetic field, while
Hi(q, p) describes the influence of a homogeneous magnetic field B = Be,.

1. How does the field term H; read?
2. Calculate the canonical partition function.
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3. Determine the temperature and field dependences of the average total magnetic
moment:

4. Discuss the total magnetic moment in the limits SuB > 1 and BuB < 1.
(Classical Langevin paramagnetism).

Problem 4.7 Assume that a paramagnetic substance has the susceptibility x;y =
M
7 = xr(T).

1. Calculate magnetization dependence of the free energy.

2. Derive from that the corresponding dependencies of the internal energy and
entropy.

3. Show that the Curie law is in conflict with the third law of thermodynamics, i.e.
it cannot be valid for arbitrarily low temperatures.

Problem 4.8 Let a magnetic moment system be specified by the variables tempera-
ture 7', magnetic field H and magnetization M. (The pressure p and the volume V
be constant and irrelevant for the following).

1. Assume that the internal energy U = U(T, M) and the equation of state of the
form M = f(T, H) are known. Formulate the difference of the heat capacities
cCyg —Cpy.

2. What is the result specially for the ideal paramagnet?

M = g H ; B_U =0 C : Curie constant
T oM ),

3. Prove the following relations:

(a)
(&), =¥ (57)
om ), ~ "7 \ar ),
(b)
0\ _ (M
(), = (57),
(©)
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4. With a part of the above results, verify the relation

VT oH oM
¢y —Ccy = — — —
H—CMm Mo ot ), \ o1 ),

5. For calculating cy — c¢) use the equation of state
1 3
H = E(T_TC) M+bM

C, T¢ and b are positive quantities!

6. Show that for such an equation of state c), can not depend on M'!

7. From the equation of state given in 5., calculate the free energy F = F(T, M)
and the entropy S = S(T, M).

8. Show that the equation of state given in 5., in a certain temperature region, for
H — 0 1in addition to the obvious solution M = 0, also has a non-trivial solution
M = Mg # 0. Discuss the stability of the two solutions by comparing the free
energies!

9. Calculate the temperature dependence of the isothermal susceptibility xr and the
difference cy — cy of the heat capacities in the limit H — 0!

Problem 4.9 For the ideal paramagnet (M = %H, cy(T,M = 0) = yT) discuss
adiabatic demagnetization

1. The paramagnet is placed in a heat bath B(7;). What is the heat released when
the magnetic field is increased from zero to H # 0?

2. The system is decoupled from the heat bath and the field is switched off adiabat-
ically reversibly. Calculate the final temperature 7.
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Chapter S
Exchange Interaction

We could understand the concepts of diamagnetism and paramagnetism without
assuming any explicit interaction among the magnetic moments (or among the elec-
trons that build these moments). Even though the interactions may lead to drastic
corrections (see Sect. 4.1.3), the basic phenomena themselves are not affected by it.
It is completely different in the case of

Ferromagnetism
Ferrimagnetism
Antiferromagnetism

The signature of these forms of magnetism is the existence of spontaneous order-
ing of the magnetic moments in a solid at a temperature below a critical temperature
T*. The critical temperature is given different names as follows.

For both ferro- and ferrimagnetism, 7* = T, is called the Curie temperature and
for antiferromagnetism, 7* = Ty is called the Neel temperature.

Above T*, the spontaneous ordering vanishes and the material behaves like a
normal paramagnet. These magnetic phenomena cannot be explained without inter-
actions. That is why one speaks of cooperative or collective phenomena.

The interactions which are decisive for the collective magnetism are called
exchange interactions.

As we have already learnt in Sect. 4.1.3, the interaction is essentially the electro-
static Coulomb interaction. The matrix elements of this interaction, constructed with
completely antisymmetrized wavefunctions, contain terms which are classically not
understandable and correspond to an exchange of the indices of the identical parti-
cles (Fermions). Such exchange phenomena were discovered independently in 1926
by Dirac and Heisenberg to be decisive for the collective magnetism. This chapter
is focussed on these fundamental phenomena.

Till today, there exists no closed theory of magnetism which can describe the
totality of all the phenomena in a unified manner.

Model building is unavoidable and the models are, in general, relevant only for
particular special features of magnetism.

To get a better overview, we begin with a kind of classification.

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 175
DOI 10.1007/978-3-540-85416-6_5, © Springer-Verlag Berlin Heidelberg 2009
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At the outset, there is a necessary precondition for collective magnetism in solids
(liquid (anti) ferromagnets are not considered here)

There must exist permanent magnetic moments.

Just like in the cases of dia- and paramagnets, we distinguish between the mag-
netism of insulators and metals.

Insulators

The magnetism is produced by localized magnetic moments of a partially filled
electron shell, e.g 3d-, 4d-, 4f- and 5f-shells.

Examples:

Ferro: CrBrs, KoCuFy, EuO, EuS, CdCr,Ses, Rb,CrCly, etc.

Antiferro: EuTe, MnO, RbMnF5, RboMnCly, etc.

Ferri: EuSe, etc.
These substances are very well described by the Heisenberg model:

Hy=-Y%"1J;SiS;
ij

where J;; is the exchange integral. The Heisenberg model will be studied in detail
in Chap. 7.

The physical justification of the coupling constants J;; will be the central theme
of this chapter.

The Heisenberg Hamiltonian should be understood as an effective operator. The
spin—spin interaction S; - S; acting on the corresponding spin states, simulates the
contribution of the exchange matrix elements of the Coulomb interaction, which are
believed to be responsible for the spontaneous magnetization (Fig. 5.1).

Si Sj Sk /WV\X
R; R k

Fig. 5.1 Schematic plot of a linear Heisenberg chain of localized spins, coupled by exchange
interaction J;;. S;: spin operators, R;: lattice sites

Metals

Band Magnetism

Typical for this class is the fact that the same electrons are responsible for the electri-
cal conduction and also for the magnetism. Examples are Fe, Co, Ni and their alloys.
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Energy

/

g

A
\

Density of states

Fig. 5.2 Spin-polarized densities of states of a band-ferromagnet for a temperature below 7

Here the exchange interaction produces a spin-dependent band shift for 7 < T, so
that one particular spin orientation becomes preferred for the band electrons.

The simplest, even though, not exactly solvable model for this class is the Hub-
bard model

H, = ZTU Cja Cjo + % Uznia ni—o

ijo io

where cj(, is the creation operator for an electron of spin o at the lattice site R;,
¢jo the annihilation operator for an electron of spin o at the lattice site R; and
Nig = cja ¢io 18 the electron occupation number operator at the lattice site R;.

In this model, the Coulomb interaction is taken into account in a simplified,
intra-atomic version because a strong and strongly screened Coulomb interaction
is considered as being responsible for the spin-dependent splitting of the relevant
energy band (see Fig. 5.2). The influence of the lattice potential is present in the
so-called “hopping integrals” 7;;. The Hubbard model is investigated in detail in
Chap. 8.

Localized Magnetism

If magnetism and electrical conduction are carried by different groups of electrons,
then one speaks of “localized” or “local-moment” magnetism (Fig. 5.3). Example
for this type is the metallic 4f-system Gd. An appropriate model for this situation is
the s-f model, sometimes also called Kondo-lattice model
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Energy

S; R;

1 1

Fig. 5.3 Schematic plot of a local-moment system exchang-coupled to itinerant band electrons

H=H+H;—J) 0;-8

l

where o; is the spin operator for the conduction electron at the position R; and S; is
the localized spin. J is the corresponding coupling constant, which can be positive
as well as negative.

5.1 Phenomenological Theories

5.1.1 The Exchange Field

We want to understand the physical origin of the interaction, which forces a ferro-
magnet into an ordered state below T,. In the case of paramagnets, such an ordering
is caused by an external magnetic field. Therefore, it is reasonable to assume that,
inside a ferromagnet, an infernal magnetic field is produced, which, from now on,
we call the exchange field, which orients the existing permanent magnetic moments.
Before we inquire into the origin of this field, we want to make an estimate of its
magnitude.

The temperature 7., at which the phase transition ferromagnetism <> paramag-
netism takes place, is derived from the general thermodynamic condition on the free
energy:

F=U-TS < minimum (5.1
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Two influences are decisive

(a) exchange field B,, — order — U minimal
(b) temperature — disorder — S maximal

so that we can assume by plausibility:
T>Te & (a) < (b)

At T, the thermal energy kg T and the field energy w5 B., obviously balance each
other. Thus, T¢ is a measure of the strength of the ferromagnetic coupling, whose
order of magnitude can be found out with a simple consideration:

Eex ~ Up Bex ~ kB TC (52)
With
Vv Vv
wp =0.579%107* % . kT =0.862% 107 % (5.3)

one can estimate B,, with the help of the experimentally known values of T¢ (see
Table 5.1).

It should be noted that the largest fields created in the laboratory are 10 7T <
By < 20 T. Thus, the exchange fields are enormous. So, what is the origin of the
exchange field? Since the system contains permanent magnetic moments, the first
possibility is that it is a result of the classical dipole—dipole interaction. A simple
estimate makes it immediately clear that this classical interaction cannot be the
cause of ferromagnetism.

The dipole field at R; due to a moment m; localized at R; is given by

3(m; -r;)r;; —r’m;
&|: J iyt ijoJ : rij:Ri_Rj

5
4 ry

Then, the moment m; localized at R;, in the field of all the other moments, has the
energy

Table 5.1 Estimation of the exchange field B,, from the Curie temperature of some prominent
ferromagnets. The numbers for B,, follow from (5.2)

T.(K) kgT.(meV) Bex(T)
Fe 1043 89.907 1552.79
Co 1393 120.077 2073.86
Ni 631 54.392 939.42
Gd 290 24.998 431.74

EuO 69.33 5.976 103.22
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EEQ) =-m; -Bp(R))

o , rp(m; - my) = 3(m; - r;;)(m; - 1))
4 5
ij

5.4
4 7 r 54)

The lattice sum that is appearing in the above equation can be exactly performed for
simple lattices. We restrict ourselves here to a simple estimate

Po (Pesr 15)’
4 r3

@ 4 TPy 3
|ED)| ~ 2=05371x 107 L ev A (5.5)

where z is the number of the nearest neighbours, p.s is the effective number of
magnetons, r ~ 2A is the typical distance between nearest neighbours. With this,
we get

’Eﬁ? ~ 10%eV (21.16K, =1.73T) (5.6)

From this estimate, it is clear that dipole interaction cannot be the origin of fer-
romagnetism. It can only be a correction to the actual exchange interaction and
represents an anisotropic effect which has importance in itself for many practical
applications. However, it has nothing to do with the origin of ferromagnetism. The
concept of the “exchange field” obviously fails. Nevertheless, we will see in the
next section that it can help in a good qualitative description of ferromagnetism,
however, not in an explanation of it.

5.1.2 Weiss Ferromagnet

The first phenomenological theory of a ferromagnet, which is able to qualitatively
explain the phase transition “ferromagnetism < paramagnetism”, is due to P. Weiss
[1]. Without knowing about the exchange interaction in detail, or even wanting to
investigate it, its existence is simply postulated in the form of an exchange field B, .

5.1.2.1 Weiss Model
The postulates of the Weiss model are as follows:
1. There exists an exchange field B,, = poH.,, which is proportional to the
macroscopic magnetization M

B, = AuoM (3.7

2. The permanent magnetic moments of the ferromagnet respond to B, just as
the moments in a Langevin paramagnet (see Sect. 4.2.2) respond to an external
field.
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Point (2) means according to Eq. (4.127),

M(T) = MoB;j(BJgjuupBex) = MoB;(BJgsiprorM(T)) (5.8)

N
My = ngj,uB “saturation magnetization” (5.9

The assumption of the Brillouin function B; is of course “historically incorrect”
because P. Weiss had to use the classical (!) Langevin function L (4.102). Equa-
tion (5.9) is an implicite equation to determine M (7 ), which we will now investigate
in detail.

(a) M(T) = 0 is always a solution since B;(0) = 0. Do other solutions exist?

(b) Graphical solution: Since limy,_,. o, By — 1, a solution M # 0 exists only if
the initial slope of the MyB; curve is greater than 1 (Fig. 5.4). That provides a
criterion for spontaneous magnetization Mg(T):

d !
—(MoBy) >1 (5.10)
dM M—0

From this condition, we can derive a relation for 7¢c. M — 0 means according
to (4.103)

J+1

M(T) ~ M
(T) 0737

M
BJIgrppoiM = A C T (5.11)

where C is the Curie constant (4.130)

2 2
Pl
C=n o % D Perr =guV I+ D) (5.12)
B
A
Y
Y=M
N
‘ Y=MyB;
3 T const
M, (T) M

Fig. 5.4 Graphical determination of the spontaneous magnetization of a Weiss ferromagnet
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The criterion for ferromagnetism is the following. There exists a finite tempera-
ture with

AC
Tc

at which the magnetic phase transition takes place:

T <Te — % >1 — ferromagnetism
c

T>Tc — % <1 — paramagnetism (.14

>

T
T
The exchange parameter A is fixed by the experimentally measured quantity 7¢.
If there exists a solution Mg > 0, then — My is also a solution, so that one
has a total of three solutions, namely, M = 0, £Mj. With the help of a simple
thermodynamic argument, one can see that the magnetic solutions Mg must be
stable. The free energy F takes the extremal values at the points of solution (see
Problem 5.5). Further, the free energy as a function of M diverges at £ M, since
the magnetization cannot be greater than M, (or less than — M as the case may
be). Therefore, F has a maximum at M = 0 and has minima at + M. Therefore,
the latter ones are the stable solutions (Fig. 5.5).
(c) Low temperature behaviour: The magnetization curve Mg = Mg(T)for T < T¢
can be easily found graphically. We define

x = BJgsiupporMs(T)

Therewith we can represent the normalized spontaneous magnetization in two
different ways as a function of x:

T=const.

»

[
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[
-M, Mg My M,

Fig. 5.5 Schematic plot of the free energy of the Weiss ferromagnet as a function of the magneti-
zation M
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_ My(T)

y  My(T)  J+I1T
=T = =

X
M, 3J Tc

=B,(x) ; 12 (5.15)

The points of intersection of the curves Y;(x) and Y,(x) give the magnetization
curve (Fig. 5.6).

(d) High temperature behaviour: For T > T, there is no solution with Mg # 0. The
system shows paramagnetic behaviour. For T > T¢, M # 0 can be achieved
only through an external field:

1
M(T, By) = My B, (ﬁJgJMB,U«o()»M + M_BO)> (5.16)
0
At high temperature (Bup By < 1) we can expand B, (x) and get
C 1
M(T, By) ~ — | A M(T, Bo) + — By
T Ho

which gives

C
T -Tc

1
M(T, B()) ~ — By
Ho

From this follows the Curie—Weiss law for the susceptibility:

T) = oM = ¢ 5.17
x( )_M()(B_BO)T_T—TC (5.17)

The Curie—Weiss law for the high-temperature behaviour of the susceptibility is
experimentally uniquely established. It can be extrapolated in order to experi-
mentally determine the Curie temperature 7¢ (Fig. 5.7).

vA W MMM

,,,,,,,,,,,, = Y, (T/T,=0.8)

fffffffffff - Y,(T/T,=0.3)

v
y

X 03 038 T/T

Fig. 5.6 Graphical solution of the spontaneous magnetization in the Weiss model
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Fig. 5.7 Temperature A
behaviour of the inverse
susceptibility of a
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5.2 Direct Exchange Interaction

The Weiss model of ferromagnetism provides, qualitatively, rather good results
(magnetization curve, Curie—Weiss law). Looked into, in detail, naturally, it is too
simple. Not only that, it does not explain how the ferromagnetic coupling comes
into being, but simply postulates the coupling in the form of the exchange field,
which is proportional to M.

The exchange interaction, which is responsible for the spontaneous magnetiza-
tion, cannot be explained classically. It is of pure quantum mechanical origin, but
at the same time, it is purely electrostatic in nature. It is a direct consequence of
the Pauli’s principle. The Pauli principle demands that the matrix elements of the
electrostatic Coulomb interaction between charged particles in a solid should be
constructed with fully antisymmetrized wavefunctions. Among these matrix ele-
ments, there are certain of them, which correspond in a sense, to the exchange of
the particle indices. As we will see, these are responsible for the phenomenon of
collective magnetism. That is why we can say that

origin of ferromagnets: electric fields
action of ferromagnets: magnetic fields

In explaining ferromagnetism, one can, to a good approximation, neglect the
magnetic fields that are actually present in a solid (e.g. the dipole fields). We want
to probe the phenomenon with a few qualitative considerations.

5.2.1 Pauli’s Principle

We first consider a band magnet, i.e. a ferromagnetic metal. The Pauli’s principle
takes care that the electrons with spins parallel to each other, if they belong to the
same energy band, therewith having otherwise the same set of quantum numbers, do
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not come too close to each other. This leads to a reduction in the Coulomb repulsion
of particles of like charge, and consequently there is a gain in the potential energy
AE

pot -

AEpot ~ Epof(T\L) - Epot(TT) (518)

Then, the question is, if complete spin ordering is so energetically advantageous,
why is it that not all the metals are ferromagnetic? The answer lies in the kinetic
energy, for which in general, ferromagnetic ordering is not advantageous because of
an increase in single particle energies (Fig. 5.9 in comparison to Fig. 5.8). So there
is a counteracting competition between the potential and the kinetic aspects.

For some materials of appropriate band structure, the reduction in the potential
energy can be greater than the increase in the kinetic energy, so that an ordered
state is energetically favourable compared to the disordered state. An appropriate

A

< >

P,r Pl

Fig. 5.8 Density of states of a paramagnetic metal, the structure of which is inconvenient to ferro-
magnetism

< >

PT Pi

Fig. 5.9 Artificial spin polarization of metallic electrons to demonstrate the increase of single
particle energy
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Pl Py

Fig. 5.10 Convenient model density of states for the appearance of band ferromagnetism in accor-
dance with the Stoner criterion (5.20)

density of states would be such that the Fermi energy lies within a distinct peak
of the density of states (Fig. 5.10). That is because, then, relatively many electrons
can flip their spins without gaining too much single particle (kinetic) energy. That
is the qualitative explanation for ferromagnetism. That can be summarized by the
so-called Stoner criterion

Up(er) > 1 (5.19)

which we will later derive explicitly. This criterion says that if the intra-atomic
Coulomb interaction is large and strongly screened, then, the loss in the potential
energy is large being favourable for ferromagnetism, and at the same time, a sharp
density of states at the Fermi level is convenient because then, relatively large num-
ber of | -electrons can be “converted” into 1-electrons without increasing the kinetic
energy by too large an amount.

We want to demonstrate now with a simple example of a two-electron system,
how the Pauli’s principle can lead to magnetic effects, even though, the Hamiltonian
is spin independent, therefore being unable to describe a direct interaction between
the magnetic moments. The two electrons are identical Fermions. Therefore, the
total wavefunction must be antisymmetric against the interchange of particle labels.
Since the Hamiltonian

2 2
Pi

H =
2m

i=l1

+ V(r;, 1)) (5.20)
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is spin independent, the wavefunction |) must be a product of the space and the
spin parts:

1Y) = 1) |S:ms) (5.21)
Here the space part is |¢) and the spin partis |S;mgs). The spin part can be explicitly
given. In a two-electron system, we have two possibilities S = 0 and S = 1. Then

we can construct an antisymmetric singlet state

1

0;0) = - 5.22
105 0) ﬁ(l Y =13t) (5.22)
and a symmetric triplet state

D =111

11;0) = 551 1) +1 1) (5.23)

1;=1) =111)

The symmetry of the spin part fixes the symmetry of the corresponding space part
lg), since the total wavefunction |y) must be antisymmetric. There are altogether
four eigensolutions:

1) = 19)10;0)

[Yo(ms)) = |g) O 1;ms) 3 mg=0, £1 (5.24)
H operates only on the space part
H|q)® = Ex|q)® (5.25)
If
Ei#E- (5.26)

a case about which we will learn in the next section, then spin ordering becomes
automatically preferred which means there exists a spontaneous magnetic order.
This immediately indicates that we can replace a spin-independent Hamiltonian by
an effective Hamiltonian A, which, instead of operating exclusively on |g), operates
exclusively on both electron spins. If we choose H such that

H|0;0) = E4|0;0)
All:ms) = E_|L:ms) 527
is valid, then, obviously A and H are equivalent in their action. How should such
an operator look? Let s; be the spin of the ith electron (i = 1, 2). Then we have
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Il
St
[\S]
AW

s7 = hsi(s; + 1)
and for the total spin

S? = (s +8)? =8+ DR = sf —i—s% + 28-S,
3
= Ehz + 2(s; - $2) (5.28)

so that for the scalar product we get

1 3 —3ifs=0
—_— . = — —_— = 4
h2sl S2 2S(S+ 1) 2 {}Tif S—1 (5.29)
From this we see that the operator
~ 1 1
H=71(E;+3E) = (Ey — E-)75(s1-8) (5.30)

gives exactly the same eigenvalues as the actual Hamiltonian H when applied to the
states [¢1) and |y2(ms)):

H|yn) = E4|¥n)
H\Yra(ms)) = E_|ya(my)) (5.31)

H defined as above describes the molecular Heisenberg model

H=1Jy—J>sS S, (5.32)
1
Jip = ﬁ(m —-E)) (5.33)

If J1» > 0, then the spin coupling is obviously ferromagnetic, and if J;; < 0, then
it is antiferromagnetic.

5.2.2 The Heitler—London Method

In continuation of the discussion of the last section, we want to demonstrate with the
help of an example, that, in fact, it is possible to have E; # E_. For this purpose,
we investigate, following the Heitler—London method, as a simple example, the two-
electron system of H,-molecule, in order to get at least a qualitative understanding of
the intra-atomic exchange interaction. We note in passing that the same procedure
is also followed in order to understand the covalent bonding.

Let the two protons be fixed at R, and R, (which means that we assume m, =
myp, = 00) and let the two nuclei be in their ground state (Fig. 5.11).
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Fig. 5.11 Distances in the H, molecule

We split the Hamiltonian of the total system into an unperturbed part Hy and a
perturbation H;:

H = Hy+ H, (5.34)
1 e? 1 1
Hy = —(p? 2y — —t+ — 5.35
0 2m (pl * p2) 47‘[80 <I‘1a + rz},) ( )
m= S (Ly Lo (5.36)
' dmeg \Rapy 112 T F ’

Since H does not contain any spin parts, the eigenfunction to be determined can be
factorized:

l¥rs) = 19)10;0)

- 5.37
V1) = Ig) 11 ms) 437
The problem cannot be solved exactly. The unperturbed problem H; = 0 is realized
by making the separation between the nuclei to be infinite. Then, we have the exactly
solvable problem of two uncoupled hydrogen atoms. The solution is known from the
basic quantum mechanics course:

P ) 40— Eig)
2m ZJTE()rla a

2 2
(ﬂ - ) 165) = Eylgy)

2m 2 Eolrp

(5.38)

Then, the symmetrized space part of the “unperturbed” two-electron state must be
given by

lq)™ = —(|¢<“>|¢(2>>i|¢32)>|¢,2”>)z (1) * 1g2)) (5.39)

=

QI
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The last step is only a short-hand notation. We can now write
Ho |q)® = (Eq + Ep) 19)™ (5.40)

When the space part is combined with the spin states, the energy E, + E}, is four-
fold degenerate. The single particle wavefunctions centred at the nuclei a and b,
respectively, do not overlap because R,;, — oo:

(@1 ?) = / &’re;mpy(r) = 0 (5.41)
Therefore, |g; ») are orthogonal to each other:

(q1lg2) =0 (5.42)

This will not be true any more when we bring the nuclei near to each other so that
the separation between them is finite, that is, when we switch on the perturbation.
For H; # 0, the problem can be solved only approximately. We choose the variation
method to solve the problem for the ground state (E, = E, = Ej). Since not only
H,, but also the total Hamiltonian is symmetric against the interchange of particles,
the following variation ansatz appears reasonable:

lg) = c1lg1) + c2lq2) (5.43)

c1, ¢z shall be real numbers. Here |q; ») is defined as in (5.39), but they are not
orthogonal to each other any more , since, due to the finiteness of the separation
between the nuclei, the so-called overlap integral

L=(¢"?lp,?) = / d*re; (0 (r) (5.44)
is not equal to zero any more. The above ansatz neglects “polar” states of the form

1B 6P) 5 160) o)

which describe situations, where both the electrons reside on the same atom.
Because of the repulsive Coulomb interaction, the configurations such as these
should be energetically unfavourable, and therefore may not be so important. In the
case of bonding, they fix the “rest ionicity” of the covalent (homopolar) bonding.

For the variation ansatz, we further might demand the symmetry in the particle
indices, so that it would be necessary to set c; = =c;, and the coefficients were
fixed by the normalization condition. Here, however, we will treat the ¢; and ¢; as
variation parameters and through the condition

9v 1 (5.45)

aciz



5.2 Direct Exchange Interaction 191

where

H
B e (5.46)

(q1q)

14

We will fix the optimal ¢; and ¢;. The variation energy Ey determined in this way
in any case sets an upper limit to the actual ground state energy.

While calculating E'y, there appear certain characteristic integrals.

Coulomb integral:

V ={(qilHlq) = (q2|Hlq2) = / / d’rid’raH () gp(r))*  (5.47)
Exchange integral:

X =(qi|H|q2) = (q2|H|q1)
- / / & ra (6)B; (62) Hiba(T2)s (1) (5.48)

With these definitions, we now calculate the variational energy Ey . First the denom-
inator,

(qlg) = cHqilq1) + 3(qalga) + crea({gqilge) + (g21g1)
= cf + cg +2¢ic,L? (5.49)

and then in similar way the numerator

H,
{alHolg) =2E, (5.50)
(qlq)
(qIH|q) = (c} + )V +2c16X (5.51)
This finally yields
24 HV 4 2010:X
y = (Cl;“ 622) + 2010 (5.52)
(c] 4+ ¢3) + 2ci6,L?
The variation condition (5.45) leads to
(=X -VLH=0 (5.53)

The second factor is, in general, unequal to zero, so that using the normalization
condition c% + C% = 1 we get

Cl =C = (5.54)

Sl -
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With this, the variation ansatz (5.43) for |g) satisfies automatically all the symmetry
requirements. With these ¢; and c;, the ground state energy is given by

VX

=— 5.55
1+ L2 (5:55)

+

When X and L are unequal to zero, then the condition £, # E_, which is necessary
for the preferred spin ordering as discussed in the last section, is realized.

In that case, we can replace the “true” Hamiltonian H by an effective exchange
Hamiltonian H:

H=1Jy—JnS-S, (5.56)

1 2 VL? - X

Jip = ﬁ(E+ —E )= BT (5.57)

The sign of Jj, depends on the relative strengths of the integrals L, V and X. In

general, however, L < 1 and X < 0, so that J;; is negative, i.e. the singlet state is
energetically the lowest.

H is of the type, which we require for our magnetic problems. We thus have

found a quantum mechanical mechanism, which prefers a particular spin orientation.

Postulate: A can be generalized to N multi-electron-atoms.

This leads to the Heisenberg model

H=->"7;Si-S; (5.58)
ij
Discussion

1. The sign and the magnitude of the coupling constants J;, depend on the relative
magnitudes of the integrals V, L and X. The deciding parameter is therewith
the internuclear distance R,, which determines the degree of overlap of the
hydrogen wavefunctions |¢,) and |¢,). If we use the 1s wavefunctions of the
hydrogen atom to calculate the integrals, then we get the result shown in the
Fig. 5.12, which means that J;, is always negative or the “antiferromagnetic”
singlet state is stable.

2. The Heitler-London method does not converge! This is essentially because
of the non-orthogonality of the eigenstates |¢, ;) of hydrogen atoms centred
on different nuclei. The corresponding non-orthogonality integrals appear with
increasing power in the secular equation of the eigenenergies, as the number of
electrons participating in the “exchange” increases. This leads to a divergence,
which is called the non-orthogonality catastrophe.

3. Sometimes, one tries to get round the problem of (2), by using, instead of non-
orthogonal, orthogonal variation states. For the states |g; ), we only have to
require that they should be products of single particle states, which for R,, —
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Fig. 5.12 Eigenenergies and the effective exchange integrals of the H,-molecule calculated with
1s-eigenfunctions of the hydrogen atom

oo go over to the hydrogen atom wavefunctions |¢,) and |¢;):

lg1,2) = Ju"?) [v@D)

4)* = J5(q1) £ 142)) (5.59)

So far, we have used for |u) and |v) the hydrogen wavefunctions. Another pos-
sibility is to use the following ansatz:

lu) = otlpa) +a—ldp) 5 [v) = aildp) + o—|Pa) (5.60)
With
1 gl ~1/2
oy = 5(1 + (Balpp))” ' £ 5(1 — {DalPs)) (5.61)
these states indeed approach, respectively, |¢,) and |¢;) for R,, — 00 because

lim oy — 1 Iim - — 0 (5.62)

Ryp— 00 R,p— 00
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One can easily show that |u) and |v) are orthonormal:
(ulu) = (lv) =1 7 (ulv) =0 (5.63)

With a calculation, which is completely analogous to the one carried out above,
where only |¢,) is replaced by |u) and |¢;) is replaced by |v), we get

2 2 3 3 * *
L = 0; Jip = ﬁX = ﬁ //d rld ru (I'[)U (l'z)HM(I'z)U(I‘]) (564)
This integral, when calculated with 1s-wavefunctions of hydrogen is always
positive.
This consideration shows that the actual form of J;, should not be taken too
seriously. The coupling constants J;; of the Heisenberg model should be treated
as parameters. It is actually pointless to want to calculate the exchange param-
eters Ji, in a solid, based on a molecular model no matter how sophisticated the
model may be.
It is important and it can be proved exactly that J;, is determined by the overlap
integrals. If wavefunctions of the participating electrons do not overlap, then
there is no ferromagnetism.
The polar states of the type

1) 92 and 14")|95)

are not included in the variational ansatz. That means, it is implicitly assumed
that, always, one electron belongs to proton a and another to proton b. As a
consequence, the model is applicable only to insulators, and certainly not for
band magnets like Fe, Co and Ni.

The points (4) and (5) actually exclude each other. On the one hand, the model
is good, only when the concerned wavefunctions have practically no overlap,
and on the other hand, if there is no overlap, there is no exchange. In reality, the
coupling mechanism in magnetic insulators is therefore different, in general,
of the type, called the superexchange, which will be described in Sect. 5.3.2.
In this situation, there is, in general, a diamagnetic ion between two magnetic
ions, and it mediates the coupling (prototype: MnO (Fig. 5.13)). The separation
between the magnetic ions is so large that a “direct exchange” is not possible.
The coupling is transmitted through the diamagnetic ion. As we will see, this
again leads to a model Hamiltonian of the Heisenberg type, but of course, the
interpretation of the coupling constants J;, will then be completely different.
The ferromagnetic metals of the class Localized Magnetism mentioned at the
beginning of this chapter can also be understood only when an indirect exchange
(RKKY interaction) mediated by the conduction electrons is invoked. This will
be discussed in more detail in Sect. 5.3.1.
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Mn2+ 02— Mn2+

Fig. 5.13 Schematic plot which illustrates the superexchange between the Mn>* ions mediated by
the 0%~ ion

5.2.3 Dirac’s Vector Model

The “derivation” of the Heisenberg Hamiltonian using the Heitler—London method
has the advantage that it gives a certain insight into the physical basis for the
exchange interaction. The discussion in the last section, however, makes it also
clear that the exchange interaction does not have a such universal character as, for
example, the Coulomb’s law or the Newton’s axioms.

That of course does not at all mean that the whole concept of the Heisenberg
Hamiltonian is questionable. There are series of other deductions, which lead to the
same operator form. In this section, we want to discuss one such suggestion from
Dirac, where we will show that the normal Coulomb interaction, in the first-order
perturbation theory, leads to an effective Hamiltonian of the Heisenberg type. This
time, however, we need not restrict ourselves to a two-electron system.

We consider an ensemble of N indistinguishable Fermions, which, without the
presence of any interaction, occupy the single particle states

|al)7 |a27 >7 T |(XN>

The «;s stand for a set of quantum numbers. The states |«;) can be assumed, from the
beginning, to be orthogonal. Since they have to be occupied by N Fermions, they
should be necessarily pairwise different from each other. A possible unperturbed
state |y) for the whole ensemble is then,

1) =l ) - - () (5.65)

where the superscript enumerates the N Fermions (see Appendix A). The Hamilto-
nian,

H = Hy+ H; (5.66)

and also separately Hy and H; themselves, is symmetric against the particle inter-
changes. Therefore, the application of an arbitrary permutation P on the state |i/)
results in a new state P|1) which also belongs to the same energy as |). The new
state can be written as
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P ) = ley)ey”) - layy) (5.67)
Obviously, there are N'! such unperturbed states with the same energy E,

Hy |) = Eo |¥)
Hy P |y) =EoP [¥), ---

which span the so-called “eigenspace” H corresponding to Ey. Following the usual
perturbation theory for a system with degeneracy, we have to set up the perturbation
matrix in this eigenspace. The elements of the matrix are of the type

(WIP*HPP1y)

and the eigenvalues of this matrix represent the energy corrections in the first order.

We can formally distinguish between two types of permutations, namely, the
type P* which we have so far used and which acts on the superscript (particle),
and the type P,, which acts on the subscript, i.e. which changes the ordering of the
states. Naturally, P, is meaningfully defined, only when, as was assumed in (5.65),
the single particle states in the N-particle state are arranged in a particular order
according to some criterion.

It is obvious that every P% commutes with every Pg:

P* 77,3 = P,g P* (5.68)
It is equally obvious that, for |y) given by (5.65),
P Pulyp) =1-1¢) (5.69)

This operation changes only the sequence of the factors in |i/).
Since all the |«;) are orthogonal to each other, |1) and P|yr) are also orthogonal
to each other, provided P is not the identity operator. That means

(VIPy PPlir) = Sup (5.70)

when it is assumed that |i) is normalized.
Now, let C(P) be some scalar quantity, which depends on the particular distribu-
tion of the N particles into the N single particle states |¢; ). Then obviously

Py =" PPy PUIy) (5.71)
B

The sum runs over all the N'! permutations Py for a given P*. We now define special
coefficients

(H)(P) = (Y |H\Plyr) (5.72)
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for which, naturally, the above relation (5.71) is valid. We notice that |y) and P|y/)
are the eigenstates of Hj but not of H;. Therefore, in general, (H;)(P) # 0. The
perturbation H, is, however, symmetric against particle interchange, otherwise they
would not have been “indistinguishable”. As a result, for an arbitrary permutation,
we have

H\P =PH, (5.73)
Then we can write

(WIPYH\PPIy) = (Y| HPYPPyr) = (H)(P*PF)
= (H)P" )P, P“PPly)

Y
= > (H)P" )PP, PPly)
Y

This relation is valid for arbitrary states P*#|4r) of the eigenspace H,. Therefore,
we have, in this space, an operator identity

Hi =Y ¢, P, (5.74)
Y

when we interpret the scalar coefficient ¢, by
¢y, = (H)(P”) (5.75)

Therefore, the perturbation operator H; can be written in this space as a linear com-
bination of permutation operators P,, .

We now want to apply this general theory to a system of electrons. Let the per-
turbation operator H; be given by the Coulomb interaction. It is important here to
remember that the electron has a spin. The main consequence is not the possibility
of coupling of the magnetic moment due to the spin with an external magnetic field,
but the fact that according to the Pauli’s principle the spin doubles the number of
occupiable states. Electrons are specified by two types of variables, namely, the spin
variables oy, oy, o, and the position variables x, y, z. The two types of variables
correspond to two types of permutations, P, for the spin variables and P, for the
orbit variable. The operators P,, which were used in the general theory discussed
above, encompass, naturally, the totality of all the dynamic variables:

Py - (Px Pa)y

Electrons are Fermions and so they are described by antisymmetric N-particle states

)
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Py - Po)y )7 = £[y) (5.76)

The sign + or — depends on whether the permutation is even or odd. If we restrict
ourselves right from the beginning in Hj to the appropriate antisymmetrized states
[¥)), then we can treat

also as an operator identity. This has important consequences. Since the perturba-
tion H; consists only of the usual Coulomb interaction, the Hamiltonian does not
contain the spin explicitly. Therefore, we must above all investigate (P, ), . Because
of the above operator identity, however, we can also start with the simpler problem
of (P5),, which then uniquely fixes (Py), .

We first show that 7P, can be expressed in terms of the spin operators s

Ss=—-0 , o=(ox, 0y, 0;) (5.78)
The components of ¢ are the Pauli spin matrices:

01y . (0 =i | (10
O’X=<10) ; O’y—<i 0) ; O’Z—(O_1> (5.79)

One can easily verify the following relations (Problem 2.2):

of=1 1 i=xy,12 (5.80)
ojoj=ior ; (i, j, k)=, y, 2)and cyclic (5.81)
[O‘,’,O'j]+=O'l'O'j+O'jO',‘=28,'j'1 (582)

With these relations, we can further show that (Problem 5.6)
(0" 6?) =3-2("o?) (5.83)

where the superscripts are the particle indices. We now define the following opera-
tor:

1
Qr=301+0".0®) (5.84)
whose square is given by
1
0%, = 20+ 200 .6 + (0" 0P =1 (5.85)

In view of this relation, Q, satisfies an important property of a transposition oper-
ator. From the defining equation for Q,, one further sees that
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On 0)513 = 0,5,2;,1 On
which actually means
Qo 0 =05 00?0 =0y 0n=0; (5.86)
Thus, the operator Q1, interchanges the spins of the particles 1 and 2 and therefore,

it can be different from (P, );», the transposition operator, at the most by a scalar
factor:

(Po)iz=a O (5.87)
Here, because of the fact that (P,)], = @1, = 1, « can be only either +1 or —1. The

sign is decided as follows: With reference to the spin variables of the two-electron
system, there are three possible symmetric states

m’ =t)m§ =1) 5 m§ =)im§ ={)
m§’ =t)m ={) + m =4)m§ =1) (5.88)

and one antisymmetric state
m” =1)m’ =) — Im’ =4)Im§’ =1) (5.89)
Therefore, (P, )1» has the eigenvalues 1, 1, 1, —1. The scalar product o - o has

the eigenvalues 1, 1, 1, —3, in the same sequence and so Q, has the eigenvalues
1, 1, 1, —1 (Problem 5.6). Therefore we must have « = +1. Then we can write

1
(P = (1 + oM. o@) (5.90)

Then for the transposition operator for the position observables also we have

1
Pz = =5+ o.o®) (5.91)

The perturbation H;, which is the Coulomb interaction of the electrons, consists of
a sum of two-electron interactions. Among the matrix elements ¢, = (H;)(P?), in
the general expression for H; (5.74), only those will be unequal to zero, for which
P is either identity or it is a transposition operator for two electrons. Due to this
reason, H, has the following form:

Hy =" cij (Po)ij + Ee (5.92)

i<j
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where E. is a constant. In the first-order perturbation theory, the eigenvalues of the
operator

1 0
Hi=E. - 5 Zc,-,- A 4+0D .o (5.93)

i<j

in the eigenspace H represent the correction to energy, which we are looking for.

In this form, H; provides the justification for the Heisenberg Hamiltonian. For, if
we assume that, for all the pairs of electrons in the partially filled shells which are,
respectively, localized at R; and R}, the matrix elements c;; are equal in the first
approximation, then, we can treat all the electron spins in such a shell together as a
total spin S;, whose index i now refers to the lattice site R;. By still suppressing the
unimportant constants, we eventually get the exchange operator:

H=->"1;8"8; (5.94)
iJ

Just as in Sect. 5.2.2, here also, H is the result of perturbation theory in the first
order for the “normal” electron—electron Coulomb interaction. The coupling con-
stants J;; correspond to the classically incomprehensible exchange matrix elements
(Y|H; PU|y) of the Coulomb interaction, where |y) is a nonsymmetrized N-
particle state.

5.3 Indirect Exchange Interaction

The direct exchange mechanism, as presented in Section 5.2 and in particular in
Sect. 5.2.2, is frequently not acceptable as a coupling mechanism for magnetic
materials for the reason that the separation between the magnetic ions is too large.
Because of the large inter-ion separation, the overlap integrals are too small to medi-
ate a sufficiently strong coupling. There are, however, a number of indirect exchange
mechanisms which, within the framework of second-order perturbation theory, lead
to an effective Hamiltonian of the Heisenberg type. They are different from the
direct exchange because the direct exchange discussed in Sect. 5.2 is a result of
perturbation theory of first order.

The concept of indirect exchange is not uniquely defined. In this section, we will
discuss three different types of indirect coupling.

5.3.1 Rudermann—Kittel-Kasuya—Yosida (RKKY) Interaction

We begin with an indirect interaction between magnetic ions, which is mediated by
quasi-free, mobile electrons of the conduction band. It is a type of coupling, which
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is observed, in particular in metallic 4f-systems like Gd, and therefore, it belongs to
the class (Localized Magnetism) mentioned in the introduction of Chap. 5.

The idea goes back to M.A. Rudermann and C. Kittel [2], who discussed the
long-range coupling between nuclear spins, on the basis of the contact hyperfine
interaction between a nuclear spin and the spin of an s-conduction electron, which
we have learned about in Sect. 2.8. The nuclear spin polarizes the conduction elec-
tron spin in its neighbourhood. Because of the Pauli’s principle, the polarization
cloud is not exclusively localized near the nuclear spin, rather, it will be a sequence
of alternating “rarefactions” and “condensations”. As a result, the spin polarization
of the conduction electrons will have an oscillatory behaviour as a function of the
distance from the polarizing nucleus. This “information” is “felt” by a neighbouring
spin, from which, an effective coupling between the two nuclear spins results.

Completely analogous to this effective nuclear spin coupling, an exchange inter-
action between the localized electrons of partially filled electron shells of different
ions in a solid and the quasi-free conduction electrons should lead to an effective
coupling between the localized moments.

The idea of such a coupling mechanism in ferromagnetic metals goes to the
credit of T. Kasuya [3] and K. Yosida [4]. This idea was provoked by very inter-
esting experimental observations. When paramagnetic Mn>*-ions ((3d)’ = S =
5/2, L = 0) are doped into a non-magnetic Cu matrix, then, depending on the
concentration of Mn, completely different phenomena are observed:

1. Quenching of 3d-moments.

2. Kondo behaviour: The conduction electrons of Cu are perturbed by the mag-
netic Mn-moments and this leads to an anomalous behaviour of resistivity.

3. Spin glass behaviour: A statistical distribution of the Mn ions in the Cu matrix
leads to a coupling between the Mn ions which varies in sign and magnitude.
That can mean that, the Mn spin cannot satisfy all the exchange interactions
(frustration).

4. Ferromagnetic ordering of the 3d spins.

5. Antiferromagnetic ordering.

In order to understand such a rich variety of phenomena, the starting point is the
following model.

Two ions located at R; and R, which are not directly coupled, are embedded in a
“sea” of conduction electrons of a non-magnetic metal (Fig. 5.14). The conduction
electrons are described by the simple Sommerfeld model (Sect. 4.1.1)

Hy =" e}, cx (5.95)
k,o

Here cla(ckg) is the creation (annihilation) operator of an electron of wavevector k
and spino (0 =1, |) and energy (k). The localized spins shall not directly interact
with each other. Therefore, we can set the Hamiltonian that describes the interaction
of the localized spins equal to zero:
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Fig. 5.14 Two localized spins S; and S; at the lattice sites R; and R; in a “sea” of conduction
electrons

H;=0 (5.96)

The exchange interaction between the localized spin S; and the conduction electron
spin s is treated as the perturbation and is taken to be of Heisenberg type, as an
intra-atomic exchange: J is the corresponding coupling constant.

sf_—JZsl S: _—JZ{ ST < (sTST A+ s; S+)} (5.97)

H;y has the same structure as the hyperfine interaction H,,,; (see Sect. 2.8) between
a nuclear spin and the spin of an s-electron and therefore can be justified on the
same basis (see also Problem 5.8). The electron spin operators can be expressed in
terms of creation and annihilation operators:

c_ N f

s; = > (cl.T Cir — ¢y ciy) (5.98)
si=hely ey (5.99)
s;=hel, cip (5.100)

¢;, (cig) creates (annihilates) an electron of spin o at the position R;. Using the
fundamental commutation relations for Fermion operators ([A, B], = AB + BA
is the anticommutator, see Appendix A)

[cio . ¢jor], = [c,l, , c}a,L -0 (5.101)
(cio)> = (cj(,)2 — 0 (Pauli's principle) (5.102)

f =5
I:cio' i cja/:l+ - 81150'0" (5103)
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one can easily verify that the usual commutation relations for the spin operators are
fulfilled (Problem 5.1):

57057 =2085ns (5.104)

J

[sz si] =+ hst (5.105)

i Y

One should pay attention that [- - - ]_ is a commutator and [- - - ]+ is an anticommu-
tator.

It is still recommendable to transform the operators cja and c;, into the wavevec-
tor space:

1 .
Ciog = — Y R (5.106)
VN Xq: !
1 AR
oy = —=Y e MRl (5.107)

The perturbation operator then reads as

Jh —iqR; T )
- 3 LI LICHRNE I
k.q

i

+ STl e + S e on ¢] (5.108)

Without the perturbation, the conduction electrons exist in their unpolarized ground
state. In addition, since they do not interact with each other, the unperturbed electron
ground state can be written as the antisymmetrized product of single-electron states

K, m®y = |k§i))|m§f)> (5.109)

where the spin magnetic quantum number mﬁ? takes the values :I:%. kl(.i) is a
wavevector, where the superscript refers to the particle number. Further, since we
want to treat the conduction electrons as s-electrons, which excludes spin—orbit
interaction, we can separate the spin and the space parts. Let

10; f) = 10)[.f) (5.110)

be the “unperturbed” ground state of the total system, where, the spin state | f)
is specified by the relative orientation of the N spins. Since there does not exist
any direct interaction between the spins, | f) should be a linear combination of all
possible relative orientations. |0) symbolizes the unpolarized ground state of the
conduction electrons (“filled” Fermi sphere):
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1 1 1 2 2 N N
0) = > =0 PmP, kPm®, kY mY) (5.111)
P

‘P is the permutation operator which acts on the particle superscripts. p is the num-
ber of transpositions which build up the permutation P.
|0; f) is an eigenstate of Hy = H, + H and therefore it is an eigenstate of H;:

H, 10; f) = ES 10; f) (5.112)

We want to consider the effect of H,, using the perturbation theory. First, it is easy
to see that the energy correction in the first order

Ey = (0; f1Hy0; f) (5.113)

does not contribute. For example, we have
(05 F185(c] ¢y — ¢} e)I0; f) =0 (5.114)
because, without the perturbation, the electron system is not polarized. There are
exactly the same number of t-electrons as |-electrons. In addition, (f|S/|f) =
0. Since in each of the sub-systems, in the absence of the coupling, the spin is

conserved, we also have

(0; £18F ¢y e410; f) =0 (5.115)
(0; f18;7 ¢ cy]0: f) =0 (5.116)

Therefore, the s—f interaction is not noticeable in the first order:
1
E" =0 (5.117)
For the second-order correction, the following expression has to be calculated:

3 105 £ Hyg|A: f) 1P

EY = (5.118)
) ©)
whzo.n  Eo —Ex
Here
1 o) ,
4) = <7 2D PR m D K m P,k m ) (5.119)
P

is an excited state of the unperturbed electron system with energy Eg)).

The electron part of the perturbation operator consists exclusively of single elec-
tron operators. Due to the orthonormality of the single particle states, the matrix
element splits into expressions of the form
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(0|01A) — (K'm!| O [K'm)) (5.120)
S—— S——
from |0) from |A)

In particular, we have

(K [(clsqp ekt = Chygy cx)K'm))

2 /
= Okr — [k +q)) O(k| — kr)di k” Sktqr 5 (mils;my)

(5.121)

i.e. only those states |k”m]) contribute which represent particle-hole excitations of
the originally filled Fermi sphere. If we treat |m;) to be a two-component spinor,

(o) (¥)

then, o, = % s, is a 2 x 2 Pauli spin matrix (5.79). The step functions,

_Jlifx>0
BO) = {Oifx -0 (5.122)

come into play because, the state |k'm/) should be part of the ground state |0) and
the state |k”m”) should be part of the excited state |A). In order that the matrix

s
element needed for E(()z) is unequal to zero, we must have

K|=|k+ql<kr ; [K'|=|kl>kp
‘With the notation
Ok k1q = Otkr — [k +q|) O(K| — kFr) (5.123)
we obtain completely analogously,
AR "oon 1 / ”
(K'mg|ey,qp ey [Kmg) — O kiq Sk Ok k+q 7 (m|sy|mg)
o T "oon 1 / ”
(Kmgley,q, cxrlK'mg) — O kiq Sk k' Sk k+q 7 (mls_|mg)

The spin operators si are defined as usual, in terms of the Pauli spin matrices
h .
Oy, Oy, Oy (S, v,z = 30x, y, 2

h ) 01 h . 00
s+=§(ox+lay)=h(00> ; s_=§(ox—la_\,)=h(10> (5.124)
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The action of s and s_ on the spinors is easy to see

s+<(1)>=0 ; s+<(l))=h<(l)) (5.125)
1 0\ | 0\ _
s_<0>=h<1> : s_(1>—0 (5.126)

The energy differences in the denominator of the energy correction E(()z) (5.118) are
obviously

EY — EY = (s(k + ) — (k)

‘We now have the perturbation correction in the second order as

® —i
(()2) N2 Zs(k+l((1;(+qs(k) Z Z Ze B

l ] m/ // ){/
X U1 (285 Iz + 7 (5 m?) + S} s m3) 1 1)
X(f'1 (2850 Isclm() + ST {15 \m}) + ST (mls1ml) ) 1)

(5.127)

This expression can be somewhat simplified by exploiting the two completeness
relations

YIMsI=1 (5.128)

> iml)m| =1 (5.129)
Using them, we get as an intermediate result:

(2) Z Z Z @k’kme—iq(Ri—R/) .
Eo N2 e(k + q) — &(k)

k.q i,j

w [ f1om] [s;<4s;<sz>2 + 257 (s05-) + 257 (s.54))
+ ST Q2Sis_s) + S (s + 7 (s-s1)
ST S5 + S (515 + ST 0D | Im) 1) ]
(5.130)
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One can easily see that the following relations are valid:

2 hz 2 2
s: ZZ ; si=s2=0 (5.131)
sy s_=h2<(1)8> DS s+=h2<8?) (5.132)
R (0-1 (01
S+Sz=7<0 0 ) ; szs+=?(00) (5.133)
" /00 /(00
S_ sZ:?(lO) ; S, s_=?<_1 0) (5.134)

Then, while calculating the trace ),
remains of (5.130) is

m -+ - |m}), anumber of terms vanish. What

@k’k+qe*i(I'(Ri*R.f)
Iy e(k+ q) — e(k)

f|2S§Sj- + 887+ S7ST1f) (5.135)

(2)

The sum is exactly the double of the scalar product (S; - S;). Therefore

(2) _, ‘R,—R)) <f|Sl S]|f)
® 1 Ve 5.136
Ey 2N2 qu:,XJ: R ek +q) — (k) ( )

Therefore, the energy correction in the second order can obviously be considered as
the eigenvalue of an effective Hamiltonian, which is of Heisenberg type:

H;?KKY _ Z JifKKYSiSj (5.137)

We have therefore shown that the electron gas mediates an indirect coupling between

the localized moments.
The coupling constants

the separation |R; — R;|:

JREKY show an oscillatory behaviour as a function of

RKKY —a Ry
J5 = (5.138)
g ol g(k+q) e(k)
We want to evaluate this expression in the effective mass approximation:
n2k? Rk
e(k) = ; ep=—L (5.139)
2m* 2m*
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For this, we first convert the two summations into integrals:

! Z v: / &’k / d?
— ﬁ —_—
N T N q

Taking k' = k + q, we have to evaluate

*]2 VZ —iq-(R;—R;)
JReer 2 < (5.140)

= — &’k A S—
N2 (27T)6 k' <kp /k.>kF k2 —_ k/2

In the polar coordinates, treating R;; = R; — R; as the polar axis, the integration
over the angles is straight forward:

dxe

/-H ikRyx _ 2 Sin(kR,'j)
—1 kRij

Using this, we have the intermediate result

*J2 2 kp ) : k/Rj' in(kR;;
grwrr o T VE T g [ g g SRR S0ER) gy
i N2 4R )y " K—k

In the second integral, the lower limit can be set to zero because the double integral

kr kr
/ dk’k// dkk---=0
0 0

is antisymmetric with respect to the interchange k <> k’. Further, we have (Prob-
lem 5.7)

*° sin(kR;;) m ,

We still have to evaluate

k[: 1 kF
/ dk' k' sin(k'R;;) cos(k'R;;) = 5/ dk' k' sin(2k'R;;)
0 0

1 d [
- __ / dk’ cos(2k'R;;)
4 dRij 0

1 d 1 (sinkpR. )

= —————/(sin i

8 dR,'j R,‘j FR

_ 1](4 4R2 SiIl(ZkFR,'j) — 2kFRij COS(2kFR,‘j)
2 F (2Rijkp)*

We define F(x) (Fig. 5.15)
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Sinx — X COS X

F(x)= 2 (5.143)
X
by which we can express the RKKY-coupling constant:
J2 k6 hZ VZ
JifKKY = _F F(kaRij) (5144)

er  N2(Q2m)

The exchange constant gets an oscillatory behaviour through the function
F(x) as a function of the distance between the magnetic ions, i.e. depending on
the separation, the interaction is either ferromagnetic or antiferromagnetic. This
explains the different behaviour, listed at the beginning of this section, for the alloys
CuMn, CuFe, etc., where the concentration of Mn or Fe, respectively, decides the
average distance R;; between the magnetic ions.

Remarkable thing to notice is the relatively large range of the RKKY interaction
which, for large distances goes as

RKKY
Ji;

1
RKKY
L

In contrast, the direct exchange interaction decreases exponentially with the distance
and therefore is of short range.
The RKKY-interaction is a second-order effect

TREKY ~ 2 (5.146)

which very sensitively depends on the electron density n, = N,/V of the non-
magnetic matrix. Since

ke =@r*n)'? 5 ep = —@3nn,)?

2m*
we see that in the effective mass approximation, approximately

TREKY 3 (5.147)

Notice, however, that the electron density also determines via kg the period of
oscillation.

5.3.2 Superexchange

The RKKY mechanism is an example for an indirect exchange in a metallic Heisen-
berg magnet, which is realized in metallic compounds of rare earths such as Gd
(see class Localized Magnetism at the beginning of this chapter). Now we want to
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A
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Fig. 5.15 The function F(x) (5.143), which determines the oscillatory behaviour of the (indirect)
RKKY exchange integrals

introduce a mechanism which is relevant to magnetic insulators. An interaction of
the RKKY-type does not come into question, since JifK KY ~ p# and the density n,
of the conduction electrons in an insulator is zero. The name superexchange is given
because of the relatively large distance over which the exchange interaction operates
(Fig. 5.16). This interaction appears to be realized, in particular, in magnetic oxides
or difluorides of transition metals such as,

MnO, NiO, MnF,, FeF, CoF;, - --

The partially filled, and therefore magnetic d-shells of Mn>*, Ni’*, Fe** or Co**-
ions are separated from each other, in general, by more than 4 A, so that the direct
overlap of the d-wavefunctions is negligibly small. The actual exchange coupling
results via non-magnetic ions like either oxygen or fluorine ions that lie in between
the magnetic ions. This interaction, as a rule, is always antiferromagnetic for the
above substances. With the help of a simple cluster model, we would like to under-
stand how the diamagnetic ion can mediate a coupling between the magnetic ions.
The cluster consists of two magnetic ions such as, for example, M n?t with § =
5/2 located, respectively, at R and R, and a diamagnetic ion such as O~ located in
between them at Ry (Fig. 5.16). The p-wavefunction of the anion overlaps (“mixes”)

S,=52 0 S,=5/2

Fig. 5.16 Mn>* 0> -cluster model to explain the mechanism of superchange
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very strongly with the d-wavefunction of the cations. Because of this, electronic
transitions are possible, however, with the following restrictions:

1. The O~ does not like to accept an extra electron, whereas it rather readily gives
up an electron to the neighbouring ion.
The Mn2T ion, on the other hand, rather readily accepts an electron, but does
not like to give up an electron.

2. Hund’s rules (Sect. 2.1) must be satisfied. Since the 3d-shell of the Mn>* is
already half-filled, the electron that is “hopping” from 02~ to Mn>* must orient
its spin antiparallel to the spin of Mn>*-spin.

The above mentioned facts are used to construct the following semi-classical
model:

(a) The magnetic Mn>*-ions are treated as classical spins of constant length but of
variable orientation:

Si -8, =S%cos® (5.148)
(b) In view of (1) and (2), only the two p-electrons of the 02 -ion come into play for

the hopping process. Their spins are antiparallel to each other and are oriented
antiparallel to the Mn**-spins at R; and R,, respectively.

To (b), some more remarks have to be added. S, and S, are oriented with respect
to each other at an angle . We assume that the direction of S; defines the z-axis. In
view of (2), the p-electron at S; is in the spin state:

0
1
Now, how does the spin state of the electron look, when the electron “hops” to

R; and orients itself antiparallel to S;? Remember that S, is at an angle ¥ with
the z-axis fixed by S;. We find the spin state of the electron from the eigenvalue

equation:
w-a<2)=x(g> (5.149)

(o - e) is the projection of the electron spin operator o
o = (0y, 0y, 0;) (5.150)
onto the direction e of S;:

e = (sin¥ cos ¢, sin¥ sin¢, cos ) (5.151)
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Since ¢ can be chosen arbitrarily, we set ¢ = 0. With the Pauli’s spin matrices oy .
given by (5.79), it immediately follows that

(€)= (cosz? sin 9 ) (5.152)

sint — cos ¥
The eigenvalues A are given by the secular equation
det(c -e— A1) =0 = —cos® ¥ + A% — sin® ¥ (5.153)

As is to be expected, we get

A==l (5.154)
The electron spin at R, can also, naturally, take the values &+ /2 only. We need the
eigenstate for the eigenvalue A = —1. For this, in view of (5.149) and (5.152), we
have

(cost +1) x; +sinv xo =0

which means

X1 sin ¥ 4
— = = —tan —
X2 1+ cos? 2

so that the normalized state |x ) is given by

) = <_Sir(1)’:g2/2) (5.155)

We now come back to our cluster model. The following are the cluster configura-
tions allowed within our simple model:

1. Both the p-electrons reside at the diamagnetic anion:

1) = lp(ri = Ro)) (‘f) ® [¢(r2 — Ro)) (é) (5.156)

Let this state have the energy
E =¢ (5.157)
Note that our semiclassical model disregards the indistinguishability of the two

electrons.
2. One of the p-electrons is at the cation 1:

12) = |l¢(r; — Ry)) (?) ® |p(rs — Ry)) (é) (5.158)
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Let the energy of this state be

E,=¢4+U (5.159)

U is something like the energy of the Coulomb interaction of the p-electron
with the d-electrons of Mn?*.

3. The p-electron is at the cation 2. This in comparison to (2) is not a new situation.
Now, S, defines the z-direction.

3) = 190 — R) (?) ®19(r2 — Ry)) ( é) (5.160)

Let the energy of this state be
E;s=¢4+U (5.161)

4. The two p-electrons reside at the two M n?* jons, one at each of them:

= ot~ Ro) ({ ) @ o -k (R70)) sae

Let the energy of this state be
Es=e+U+V (5.163)

Within the framework of the cluster model, the states |1) to |[4) are considered to
constitute a complete set. The eigenstate of the Hamiltonian will be a linear combi-
nation of these states.

Let us consider the matrix elements of H in this basis:

Hy, = (1|H|2) = Hyy = Hiz = (1|H|3) = H3 =t (5.164)

t is the so-called transfer matrix element, which is certainly small because it involves
transitions, which are “virtual”, i.e. energetically costly:

Hoy = 2|H|4) = Hyp =1 (1 0) (_52)%32) = tsin®)2 (5.165)

sin ¥/2 is the probability that the 1-p-electron orients itself at R, antiparallel to S,.
We naturally also have

Hy = (3|H|4) = Hy3 = t sin®/2 (5.166)

We consider the simultaneous hopping of both p-electrons as unlikely, i.e. Hj4 =
H, ~ 0. Furthermore, the double hopping of a p-electron from the left Mn** to
the right Mn>* or vice versa may be negligible, i.e. Ho; = Hz; ~ 0. In view of the
above, the model Hamiltonian, in the basis |1), ---|4), has the following form:
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£ t t 0
|t e+U 0 tsin/2
H=1, 0 eq4u isinop (5.167)
Otsing/2tsin/2e+U+V
‘We obtain the eigenvalues E from the 4 x 4 secular determinant
det(H — E) =0 (5.168)
This condition, with the following notation,
L, B
x=FE—¢ 1 —cos®¥ = 2sin ) (5.169)
can be written after a lengthy but straight forward evaluation as
0=(x — U)[x> — x2QU + V) — x(12(3 — cos )
—UU 4 V) + 202U + V). (5.170)
One can immediately see that one of the four solutions is
xy=U (5.171)

To solve the remaining cubic equation, we use the fact that the transfer integral ¢
defined in (5.164) is a small quantity. So, we make a polynomial ansatz for x and
arrange according to the powers of ¢. For ¢+ = 0, we have the following equation:

X =xPQU V) +xUU +V)=0 (5.172)
whose solutions are, of course
W=0 ; N=v ; PV=v4v (5.173)
Since we can take
U, V>t (5.174)

and also since we are interested for ¢ # 0, only in the ground state, we can confine
ourselves to the solution which comes out of x%o). Therefore we make the ansatz

=) ot (5.175)
n=1

With this, we successively solve the cubic equation
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0=x>=x*QU 4+ V) —x(t*3 —cos®) — UU + V) + 2:(U + V) (5.176)

From the term linear in # we get
O=0tUU+V) & a1 =0 (5.177)

For the terms ~ #2, it holds

2
0= ?UU+V)+22(U+V) & ap = -7 (5.178)

We get a3 from the equation
O=a3; 2 UU+V) & az =0 (5.179)

The terms ~ ¢* satisfy the equation
0=—-a3* QU V)—art* (3 —cos®) +ayt* UWU + V)
Substituting for «, gives
0 4(2U+V)+2(3 )+ aaUWU + V)
=—— —(3 —cos o
U2 U !
2
= —m(U +2V +Ucos?)+aUWU + V)

From this we get

2 U+2v cos
= + 5.180
x UZ(U(U+V> U+V) (5.180)
The term ~ #> does not have any contribution:
0=+as? UU+V) & as=0 (5.181)

Then the solution for the ground state energy is given by

222U +2V)t* 2\* cos .
Ep=|e— "+ 272" 1o (= o« 5.182
0 [8 U+U3(U+V)}+ (U) vry PO G182

The rest O(t°) contains an additive term ~ cos” . We can express cos ¢ in terms
of the scalar product S; - S, of the two spins. Then we can write Ej as

2
Ey=E% 12 Y _SuS + 0@ (5.183)
0= %o U) SXU+V) '



216 5 Exchange Interaction
Here E(()O) is an unimportant constant

202 2U +2V)rt

U UNU+V) 159

O _
Ey =¢—

For insulators, the transfer integral ¢ is naturally small. Therefore, the energy cor-
rection to the ground state energy up to #° is quite a reasonable approximation. If
we accept this approximation, then the Hamiltonian of the cluster model can be
replaced by the following effective Heisenberg Hamiltonian:

2 I
Hsp =—J3 S-S, o I = 2 UXU+ V)

(5.185)

We recognize that the superexchange mechanism that we have discussed here leads
to an indirect antiferromagnetic coupling between the localized spins S; and S;:

JE <0 (5.186)

The important thing is that even though a direct exchange between the spins is ruled
out because of the large separation, the model operator obtained here is again of the
Heisenberg type.

We want to close this section with a few concluding remarks:

1. The rest O(t°) neglected in E, contains a cos® # term. This leads to a correction
which includes (S; - S,)? in the model Hamiltonian. Therefore, we should treat
the effective exchange operator as the lowest order term in an expansion in
powers of (S; - S»).

2. In the literature, there exist a number of modifications and extentions to the

superexchange mechanism that we have discussed here within the framework
of a semiclassical cluster model. Kanamori and Goodenough [5, 6], e.g. have
proposed the model Fig. 5.17:
One of the p-electrons of the anion A2~ shifts to the cation C** and orients itself,
according to the Hund’s rule with respect to the spin there. The remaining p-
electron makes the anion paramagnetic and, therefore, allows a direct exchange
with the other magnetic cation. This leads to an indirect coupling of the two
C-spins, which can be either ferro- or antiferromagnetic.

Fig. 5.17 Alternative cluster model according to J. Kanamori [5] and J.B. Goodenough [6] to
explain the superexchange mechanism
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5.3.3 Double Exchange

In this section, we discuss a third type of indirect exchange interaction, which leads
to a model Hamiltonian which also has the characterestic scalar product (S; - S;). It
contains, however, not only the bilinear term (S; - S;), but also higher powers of it.
The highest power is determined by the magnitude of the localized spin:

28

Hpe ~ ) Ju(S)Si - 8))" (5.187)
n=0

The “double exchange” is typical for systems, for which, the magnetic ion can exist
in two different valence states. Jonker and van Sauten [7, 8] have discovered com-
pounds of the form

(Lay_xM,)MnO3; ; M = Ba, Ca, Sr

which had unusual electric and magnetic properties. When the concentration x of the
divalent nonmagnetic (!) M>* becomes larger than a critical value x., the electrical
conductivity increases and the sample, which was originally nonmagnetic, suddenly
becomes ferromagnetic. Today these materials are under intensive investigation
as the so-called “CMR systems” because of their “colossal magneto-resistance”-
behaviour due to the simultaneous metal—insulator and ferromagnetic—paramagnetic
transition [9].
When in the compound

La*tMn*t0; (x =0)

a trivalent La>*-ion is substituted by a divalent alkaline earth M 2+ jon, then this ion
contributes only two electrons to the bonding. Therefore the required third electron
must be taken from a Mn3*t-ion. That means, in such a compound, the manganese
exists in a valence mixture of Mn>* and Mn**:

(Lai®, MZ) Mnit Mn" 05 (x #0)

The sudden appearance of ferromagnetism for x > x. was first ascribed by Zener
[10] to an electron hopping between Mn>* and Mn**. This electron motion, in a
way analogous to the RKKY interaction (Sect. 5.3.1), leads to an indirect coupling
of the Mn spins, which, as a rule, turns out to be ferromagnetic. We will discuss this
mechanism, again using a cluster model (Fig. 5.18)

The hopping of the “excess” electron with spin s does not take place directly
but via the diamagnetic 0?%~ ion, which lies in between the two magnetic Mn ions.
We denote the mobile electron by 1 4 and the two 0% -electrons by 2 4 and 3 |,
respectively. Then, we can think of two equivalent transfer processes, which con-
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Mn2+ 0% Mn2+

Fig. 5.18 Pictorial representation of a cluster to explain the double exchange mechanism

serve the negative charge of the oxygen atom. The two processes are symbolically
represented in the following.
The first proposal was by Zener [10]:

Mn*t 0™ Mt — Mt 0™ Mn*t
B e e e e e

- 24.3) 14 21 34,14 -

Since this involves two simultaneous electron jumps, it is called the double
exchange.
The second proposal was by Anderson and Hasegawa [11]:

Mn*t 0>  Mnr*t — Mr*t 0~ Mn?t
D N T S N
- 21,3) 11 24 30 11
— Mn** 0% Mn*t
N S e e e’
24 3,14 -
(5.188)

Both the processes finally achieve the same, namely, the transfer of the mobile elec-
tron from one Mn ion to the other. At the Mn site, the electron spin interacts with
the localized Mn spin via the “local exchange”, which was already discussed in
Sect. 5.3.1 and is given by (5.97):

Hy=—1) s S (5.189)

That means, the electron should not be arranged, as in the case of superexchange
(Sect. 5.3.2), according to the Hund’s rule in the d-shell, but, as in the case of RKKY
mechanism (Sect. 5.3.1), as a quasi-free electron interacting with a localized spin.
The difference in comparison to RKKY coupling is that, now, we cannot treat Hyy as
a perturbation. Since we are dealing with a bad conductor, the intra-atomic coupling
is very much stronger than the “hopping” matrix element. Perturbation theory with
respect to Hy is not applicable.

The electron spin s; and the localized Mn spin S; can couple to give S,y = S+ %
The corresponding energies can be easily calculated. From



5.3 Indirect Exchange Interaction 219

3
Sou = 12Sem(Sem + 1) = (s + 8 = 20> + S(S + DI + 25 )
it follows that

S -

2 i =S5 —
g_n {_w+wﬁf&M—S 1/2 (5.190)

2|1+ if Soy=S+1/2
The exchange interaction between the mobile electron and the magnetic ion there-
fore has the energies

1 1
g@:_zﬁjs : sﬁ=+§hﬁus+n (5.191)

Let the spin S; define the z-axis. Then, the energies &, and g belong to the following
spin states of the mobile electron at S;:

|a>=<(1)) ; |/3)=<(1)> (5.192)

One can easily see that |o) and |8) are not the eigenstates of the Hamiltonian. If the
angle between the spins S; and S; is ¥, then the corresponding states at the second
Mn ion are given by

sin ¥/2
8 = (_Sg;fg;) = sin(9/2) |a) — cos(9/2) |6)

o) = (“’S v/ 2) — cos(9/2) |a) + sin(9/2) | B)
(5.193)

Within the framework of our simple cluster model, we treat the following four states
as a complete basis:

1) = |la) Electron at atom 1 in state |«)
12) = |18) Electron at atom 1 in state |3)
13) = |2a') Electron at atom 2 in state |«')
|4) = [28") Electron at atom 2 in state |S')

Therewith it is implicitly assumed that the jump process of the excess electron takes
place without a spin flip. The existence of the O>~-ion is, within this model, no
more relevant. It only catalyses the jump process. The matrix elements of the model
Hamiltonian

H = Hy+ Hy, (5.194)

where Hj describes the kinetic energy of the mobile electron, can be easily given, if
as was done in Eq. (5.164), we introduce the transfer integral:
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(la, BIH|2d, By = (1a, BIHy |2, B') = t{a, Bla', B') (5.193)

Here we have used the fact that H,s acts only locally. On the other hand, the diagonal
elements of the full Hamiltonian are relatively simple ({i, «8|Hyli,a¢B) = 0, i =
1,2):

1 1
Hjj =&y = —Ehz JS=Hy; Ho=¢5 = —Ehz J(S+1)=Hy (5.19)

For the non-diagonal elements, we get

H]2—< |ﬂ>=0=H21=H34:H43
t

H13 = t{ala’) =tcos¥/2 = Hz
=t{a|B’) =tsin/2 = Hy (5.197)
= t{Bla’) = tsin¥/2 = H3,

H24 =t(B|B') = —tcos¥/2 = Hu

We thus have the following Hamiltonian matrix:

—in?J s 0 tcos¥/2  tsint/2
0 1R2J(S+1) tsin®/2 —tcos®/2
= 2
H= tcos®/2 tsin®/2 —im*J S 0 (5.198)
tsin®/2 —tcos®/2 0 IRPJES+D
Since the basis |i), i =1, ---, 4 does not consist of eigenstates, H is not diagonal

in this representation. The eigenvalues are again obtained from the secular determi-
nant:

det(H — E 1) =

(5.199)

Let us define

1 1\’
Ve = /(r cos 9/2 & Sh2J (S + 5)) + 12sin” 92 (5.200)
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Then, from the condition that the secular determinant vanishes, we get the following
four eigenenergies of our model Hamiltonian:

E_=r2y—y  E_ =127 -y
4 5 + 1 + 201
Ei_=iRPJ+y. ; Eiy=0T+y, (5:201)

Just as in the case of the superexchange in Sect. 5.3.2, we will try to express the
angle dependence (cos 9/2, sin 1#/2) in terms of the spin vectors S; and S;. That is
quite simple in a semiclassical vector model (Fig. 5.19):

SIS1 4S8l S
S 28

SiI=1IS:=S8 ; cosv/2= (5.202)

When the spin of the mobile electron is included, then the possible values are

1
SO = Stot :I: E (5.203)

Since the semiclassical model becomes correct in the limit S — oo, it is a good
approximation to set

So
V2~ — 5.204
cos v/ 7S ( )

A quantum mechanically correct treatment of the problem [11], whose details we
will not go into here, leads to the same Hamiltonian as in (5.198) when we simply
set

s 1
cos/2 = ——= (5.205)

Fig. 5.19 Composition of two semiclassical spins S; and S, into a total spin S;,,
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Other than this, everything else remains unchanged. Sy can take half-integer values
between 1/2 and 25 + 1/2. Using this expression, we will calculate further.

The prototype materials for “double exchange” as presented at the beginning of
this section are bad electric conductors, i.e. the “hopping” matrix element ¢ is a small
quantity. Therefore, we can assume h%J >> t, and then simplify the expression for

V4!
12

2 4 32 1 PR 1\?
ye =3t"Eh°J S+5 tcosz?/Z—i—Z(hJ) S+§

12
127 <S + 1) | JLCOSD/Z
2 WJ(S+ 1)

o

N|>—‘ ——

1 1 2t cos /2
~ —h2J<S+—) liL/l
2 2 RJ(S+ 1)
1 1
~ 57121 <S + E) + tcos /2 (5.206)

This gives for the energies

E__
E+_

%thS—i—tcos% E_+%—%h2JS—tcos%

5.207
RIS +1)—tcos? Epp ~ IRPJ(S+1)+1cos ( )

~
~
IS

To be concrete, we take
t>0 ; J>0 (5.208)

Then, E_ is the ground state energy (% < m), on which alone, we will concentrate
ourselves further on:

So + %
28+ 1

1
E_, =Ey~ _§h2JS —t (5.209)

The rest of the effort is directed at the derivation of an effective Hamiltonian, whose
ground state energy is the same as Ey:

Sozsm,Jrl = Eoz—thJS— t S
2 2 25+1 25+1
SOZStot_l = E0=—lh2JS—t Stor
2 2 25 +1

The two cases are different from each other only by an unimportant constant ﬁ

For this reason, we consider only the simpler second case. The constant (—%h2J S)
is also, naturally, not important, so, we are actually looking for an effective Hamil-
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tonian, whose eigenvalues coincide with

Sto
E=—t“ (5.210)
25+ 1

We first try to express S;,, in terms of S; and S;:
Stzoz = (Sl + 52)2 = hz Stot (Stor + 1)

1\ 1
:hz ((Smf"'i) _Z>

=87 +83+2(S;-Sy)
=25(S+ DR +2(S;-Sy)

With this, we get

11
Sir = =5 + 5\/1 +8S(S+ 1)+ (8/R>) S; - S, (5.211)

This finally leads to the double exchange Hamiltonian, we are looking for, when we
further ignore unimportant constants:

—1
H=——
228 + 1)

2) S, - .
V1+85(5S+ 1)+ (8/h S, (5.212)

In this form, H is not of Heisenberg type. If we expand the square root in a series,
then, in principle, all powers of (S; - S,) appear. Therefore, we can adapt the follow-
ing ansatz [12]:

Hg = —t Z J,(S) (S - Sy)" (5.213)
n=0

However, not all the powers of (S; - S;) are independent of each other. This we
demonstrate taking two examples:

@sS=1
In this case, there are two possibilities:

Sior =0, 1 (5.214)
That means

-3 for Sipr =0

5.215
+Z fOV Stot = 1 ( )

1 1
ﬁ(sl 'SZ) = EStoz(Szor + 1) - S(S + 1) = {
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With these values, we can uniquely determine the parameters o and B in the

ansatz
1 5 1
2ma-1p
w=o+ih

Then (5.216) becomes
=5 81-S) (5.217)

This is a relation, which we already used in Sect. 5.2.3. With the above relation,
the infinite series appearing in H terminates with the linear term itself, because,
all the higher powers can be expressed in terms of the linear term. This leads to
a new ansatz for our model Hamiltonian:

Hyp = —1 (Jo(1/2) + Ji(1/2) (S1 - $2)) (5.218)

This operator should, in view of (5.210), give the eigenvalues

_ )0 for S =0
E = t{ 1/2 for Sy = 1 (5.219)

This results in two equations that determine Jy and J;:
—t(Jo—3N1*) =0
—t (Jo + %J]hz) = —%l‘
from which it follows that

3 1
H1/2)=2 5 I/ =703 (5.220)

Thus, for S = 1/2, H has the usual Heisenberg structure:

3 1

Hp=——t—=t—=(;-S 5.221
12 g Sl (S1-S2) ( )
The procedure is completely analogous for

b)S=1
Now the possibilities are

Sl()l = 05 17 2 (5222)
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With this, we uniquely determine the coefficients «, 8 and y in the ansatz
1 B 4
5 S-S’ =a+ 5 S1-Sy) + 5 S1-Sy)? (5.223)

With the analogous relation to (5.216), we get now three possible values for
(S1-S2):

| —2 for Sioy =0
ﬁ(sl -S) =13 -1 for Sy =1 (5.224)
1 for Sipr =2

This leads to

1 1 2
g@y&f=%5¢&sg—g®y&f

Thus the series for Hg—; terminates after the quadratic term, giving the following
expression:

Hs—i = —t (Jo(1) + Ji(1) (S1 - S2) + (1) (S - $2)?) (5.225)

This operator should according to (5.210) have the eigenvalues

0 for Sior =0
E=—=11for Sp=1 (5.226)
2 for Stot = 2

With the above relation for S; - S,, we get the following equations to determine
J(), J 1 and .12

0= Jo—2R2J, + 40 ],
é =Jy— h2J1 + h4J2
3= Jo+ hz.]] + h4J2
with the solutions
KO=2 . aw=t i nm=-] (5:227)
" Tg o TR TR Y T g '

The double exchange Hamiltonian Hg_ is now not of Heisenberg type anymore:

5
Hyoy =—<t

t
=S (1S T (818 (5.228)

18h%

For any arbitrary S, one can calculate Hg in a very similar manner. For § > 1/2,
Hg is no more bilinear but biquadratic, bicubic and so on. The highest power
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of (S; - Sy) in Hy is 2S. Even though the coefficients J, decrease with n for all
S, the convergence is rather slow. In case J,(S) for n > 2 are not negligible,
then, Hg is not of Heisenberg type. However, the bilinear term, which always
dominates, is always ferromagnetic!

In this chapter, we have learnt about a number of exchange mechanisms, which
lead to model Hamiltonians, which in principle can describe collective magnetism.
Whether a particular model shows the phase transition paramagnetism < ferromag-
netism or not is, for finite temperatures, not decided by the internal energy U = (H),
but by the free energy ' = U —T'S. In the next chapter, special attention will be paid
to the considerations, under what conditions, the models developed so far, actually
give Ty > 0.

5.4 Problems

Problem 5.1 cit, (cic) is the creation operator (annihilation operator) of an electron
with spin o (o0 =1, |) at the lattice site R;. The following Fermi commutation
relations are valid:

T T
[Cig, ch’]+ = I:Cia, C'j(’_;:l+ =0
I:C,'g, C;UCLL = 6ij80-07

[..., ...] is the anticommutator.

1. Show that spin operators can be defined by

.k n
S = 3 (nir —niy)s  nie =clycio
Sz+ = hczTTCii
ST = hCLCiT

Verify the commutation relations for the above operators.
2. Transform the operators c! Cig DY

1
Cqo = —= ) exp(—iq-Ry)cis
. ﬁz p(—iq

onto the wavenumbers q of the first Brillouin zone. Show that cjl(, and ¢y, are
also Fermi operators.
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Problem 5.2 Calculate the free energy and the free enthalpy for a ferromagnetic
material which satisfies the Curie—Weiss law. First show that the heat capacity cy
depends only on temperature and then assume that c;(7) is known.

Problem 5.3 For the ferromagnetic material in Problem 5.2, additionally
eu(T, M =0)=yT (y >0)

shall be valid.

1. How do F(T, M), S(T, M), S(T, H) and U(T, M) read?
2. Calculate the heat capacities ¢y and cy and also the adiabatic susceptibility x.

Problem 5.4 Let the crystal lattice consist of two chemically completely equiva-
lent sublattices 1 and 2, which by themselves order ferromagnetically below the
Neél temperature Ty . Let the spontaneous magnetizations of the two sublattices be
antiparallel to each other and equal in magnitude (antiferromagnet):

Ms(T) = —Mos(T) #0 for T < Ty
The sublattice magnetizations can be expressed in terms of the exchange fields:

BY = po(hM + pMy)
3542) = po(pM; + AM>)

Temperature and magnetic field dependence are determined by the Brillouin func-
tion:

M 2(T, Bo) = MoB, (/3]81#3(30 + BS’Z)))

My = N J
0_2VgJ MUB

M;s(T) = Bliﬁ(l)+ M(T, By) (i=1,2)
0‘)

1. Express the Neél temperature in terms of the exchange constants A and p.

2. Discuss the high-temperature behaviour of the susceptibility x and determine the
paramagnetic Curie temperature ® (Curie—Weiss law).

3. Necessary condition for the antiferromagnetic structure is

p <0

Discuss the behaviour of

for the cases A > 0 and A < 0!
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Problem 5.5 Discuss the critical behaviour of the Weiss ferromagnet made up of
localized moments m; = m Vi at the lattice sites R;.

1. Show that with the reduced quantities

. M muoH T —T.
M=—; b=—; &=
My kgT T.

N . .
My = Vm = Saturation magnetization)

the equation of state can be written as follows:

. 3M
M=L(b+ )
e+1

L is the Langevin function:
1
L(x) =cothx — —
X

2. Calculate the critical exponent § of the order parameter M.

What is the value of the critical exponent § of the critical isotherm?

4. Derive the critical exponents y, y’ and determine the behaviour of CQ of the
critical amplitudes.

et

Problem 5.6 Let o be the Pauli spin operator with the components

(01 , (0= , (10
=\10 - = \io %= 01

These have the properties proved in Problem 2.2 (5.81), (5.82) and (5.82). Let ¢ ®,
i = 1, 2 be the spin operator for the particle i.

1. Show that
CE 6<2))2 =31-2(c".o®)

holds
2. Verify that the operator

1
Qu=7 (I+0"-0®)
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interchanges the spins of the particles 1 and 2:

-1 2
On o 0, = o®
2) -1

3. In a system of two-spin-%-particles, the spins can couple to give a total spin
S = 1and S = 0. The eigenstates are the symmetric triplet (5.88) and the anti-
symmetric singlet (5.89). Show that these are also the eigenstates of the operator
Q1, with the eigenvalues 1,1,1 and —1.

Problem 5.7 Calculate the integral

o sin x
R:/ dx x
0 x2—y2

Problem 5.8 If the Coulomb interaction of the electrons in a solid is considered to
be intra-atomic, then

1
— RAVNA T
i, = 5 Z Z U(,UJ),/L v )Ciuacivg’civ’(r’ci;u(r

ioco’ pp'vv'

holds (see (8.23)). i indexes the lattice sites and wu, v, i/, v’ are the band indices.
As far as the collective magnetism is concerned all the matrix elements are not
equally important. Normally one restricts oneself to the scattering processes where
at the most two different bands are involved and to the so-called direct terms and
exchange terms ((8.24),(8.25)):

~ 1 ,
§ : § : T
Hl = E [(1 — 8Mu800’)Uﬂuniuo’niva/ + (1 - 8#1))‘]/1«\) ciu.UCiTvrr/ciMU/ciV‘T:I

ioo’ Qv

Here n;,- = ¢;,,Ciuo 18 the occupation number operator.

|
ipno

1. Show that H, can be split as follows:
H, = Hy + Hy + H,,

Here Hy is an intraband Coulomb interaction corresponding to a multi-band
Hubbard model (Chap. 8)

1
HU = E ZZ U;L/Lni;urniufa
ic N

H, describes a direct interband Coulomb interaction

(A 1
Hd = E Z(U/w - EJMU)ni;/. Ny > Rip = za:niu,o

ipnv



230 5 Exchange Interaction

H,, is an interband exchange term which can also be written as spin—spin inter-
action:

4 HFY
H,, = _ﬁ Z J;w Sip * Siv

ipv

The spin operator s is defined as in (5.78).
2. Using the result of (1), justify the Kondo-Lattice Model (sf-model) as a theoreti-
cal model to describe the local moment systems such as Gd, EuO, Ga,_,Mn, As,

Problem 5.9 Conduction electrons, which interact with antiferromagnetically ordered
localized spin system, are described by the following simplified model Hamiltonian:

H=Hy+ H

Hy = Z Eaﬁ(k)clekoﬁ
koap

1
]
—57 D20 (S0) Chguion (2o =851 — 851)

koo

H,

a, B = A, B indicate two chemically equivalent ferromagnetic sublattices A and B.
For the sublattice magnetizations

(S3) = —(Sp) = (57)

holds.
The Bloch energies

eaa(k) = epp(k) = (k)
eap(k) = ep, (k) = 1(k)

are assumed to be known, where K is a wavevector in the first Brillouin zone of the
sublattice.

1. Calculate the eigenstates and eigenenergies of the unperturbed part Hy.

2. Using the Schrodinger perturbation theory, calculate the energy corrections in
the first and second order due to H;.

Repeat it with Brillouin—Wigner perturbation theory.

4. Compare the results of (2) and (3) with the exact eigenenergies.

[SS]

Problem 5.10 The Weiss model of the ferromagnet starts with a single spin in a
self-consistent exchange field (5.7). A reasonable extension of the model that could
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be investigated is the one where an exchange coupled pair of spins is in the presence
of such an exchange field:

H:—JSySz—%(Sf—i-Sj)E

Here the effective field B consists of an external and an exchange field. The latter
should again be proportional to the magnetization of the ferromagnet:

B = By + Bey = By + oM

For simplicity, all the fields are assumed to be homogeneous and oriented along the
z-direction.

1. Derive the partition function of the two-spin system assuming S; = S,.
2. For the special case of §| = S, = % give the determinig equation for the magne-
tization. How does this result differ from the Weiss result (5.8)?
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Chapter 6
Ising Model

In Sect. 5.2 and 5.3, we have learnt about one of the most important models of
magnetism, namely the Heisenberg model. It was conceptualized specially for mag-
netic insulators, but as we have argued in Sect. 5.3.1, it is also applicable to mag-
netic metals with localized magnetic moments. The decisive precondition for the
applicability of Heisenberg model is the existence of localized permanent mag-
netic moments. The coupling which leads to either a direct or an indirect inter-
action between moments can, of course, be a variety of physical origins. From the
conceptual point of view, the Heisenberg model is not applicable to the classical
band magnets Fe, Co and Ni, since for these materials, the magnetism is due to the
itinerant and therefore completely delocalized band electrons. Therefore for band
magnets, we have to develop new concepts, which will be done in Chap. 8.

The Heisenberg model permits a few special cases if the scalar product S; - S; is
expressed in terms of weighted components:

H==>"Jyla(s s;+5'8)+ps: s3]
ij

a=p=1 : Heisenberg model
a=0; B =1:Ising model
oa=1; 8 =0:XY-model

If the localized moments are not due to pure spins S; but due to the total angular
momentum J;, then we have to, according to the Wigner—Eckart theorem (see the
application example (2) in Sect. 2.5), replace S; by

S; — (g7 —DIJ;

where g; is the Lande’s g-factor. The structure of the Hamiltonian remains
unchanged.

Before we discuss the Heisenberg model in detail in Chap. 7, we want first to
investigate the Ising model in the context of the paramagnetism < ferromagnetism
phase transition.

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 233
DOI 10.1007/978-3-540-85416-6_6, © Springer-Verlag Berlin Heidelberg 2009
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6.1 The Model

Till today, the Ising model is the only somewhat realistic model of a many-body
system that has shown a phase transition and has been evaluated mathematically
rigorously at least in lattice dimensions of d = 1 and d = 2. Actually speaking,
this model should be called “Lenz model”. Around 1920, that is, before quantum
mechanics was developed, Wilhelm Lenz gave his student E. Ising this problem
to solve. Later the model became known as the Ising model. At that point of time
the only theory of magnetism that existed was the Weiss’ theory (see Sect. 5.1.2),
which showed a phase transition paramagnetism < ferromagnetism independent
of the lattice dimensionality. Lenz expected the same result from the Ising model,
which contains already rather realistic microscopic interactions. The dissertation of
Ising was, therefore, disappointing on two counts. First, Ising could show that the
one-dimensional model shows no phase transition and second, he could not solve
the model in two and three dimensions.

Even today, the Ising model is treated as a classical model. Every one of the N
lattice points on a d-dimensional (d = 1, 2, 3) periodic array is assigned a spin
variable S;, which is a c-number and can take only the values + 1:

Ss=+1 ; i=1,2,---, N (6.1)

The model is then characterized by the following Hamiltonian function:

H = —Z]ijSi Sj — UB BOZSi (62)
i,j i

The possible applications of this model are extremely large. We list, in the following,
the important ones:

1. Model for magnetic insulators: This was the original goal. The applicability is
naturally restricted because of the simplification when compared to the more
realistic Heisenberg model. The restriction to only the z-component of the spin
operators can be justified only in magnetic systems with strongly uniaxial sym-
metry, where the permanent moments are confined to a particular space direc-
tion. However, there exist such systems in reality:

DyP Oy4, CoCs;ClL, CoRb3Cls, etc.

2. General demonstration model of statistical mechanics: As the simplest micro-
scopic model which shows a phase transition, the Ising model is at the centre of
the current discussion on phase transitions and critical phenomena.

3. Model for binary alloys: The Ising model is also useful for many non-magnetic
problems. The statistical distribution of the two kinds of atoms in a lattice in the
case of a binary alloy can be simulated by the two possible orientations of the
Ising spins.

S=+1& Atomtype A ; S, =-—1<% Atomtype B
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4. Lattice gas model for fluids: One divides the volume V of the fluid into small
cells of volume Awv, which is roughly the volume of a molecule. One can intro-
duce a cell variable n; such that

_ |1 ifcelliisoccupied
i {0 if cell i is unoccupied 6.3
Then one can immediately recognize the equivalence to the Ising model:

The phase transition is recognized as follows. For T > T, (gas phase), taking
any volume AV of macroscopic dimension (Fig. 6.1), we find a statistical dis-
tribution of the occupied cells. In contrast, for T < T,, we find macroscopic
regions which are either fully occupied or completely empty. This corresponds
to liquid phase. As the model does not contain the gravitational potential, there
is, of course, no interface between the “gas” and the “liquid”.

5. Model for ferroelectrics: Ferroelectrics are characterized by a spontaneous elec-
tric polarization, which below a critical temperature 7, has two orientations. The
equivalence to the Ising model is obvious.

6. Model for biological systems: This is a fast developing field where the Ising
model is extensively applied in the area of “synergetics”. We only make a men-
tion of it. For more details one should refer to the corresponding literature.

In the following sections, we will discuss the Ising model extensively. The inter-
est in the Ising model is because it gives a host of exact results, which is rather
unusual for many-body models:

d = 1: Exact solution is possible

(a) with and without field B,
(b) for nearest neighbour interactions

Fig. 6.1 Lattice gas model as -
a special Ising model Av
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Ji = J if R; qnd R; are nearest neighbours 6.5)
: 0 otherwise
and for

By ~ R =R @ > 0) (6.6)

There is no phase transition (7, = 0).
d = 2: Exact solution is possible

(a) without field

(b) for nearest neighbour interactions.

There is a phase transition (7. > 0).

d = 3: A full exact solution is not available till now. However, there exist
extrapolation methods, which can be treated for all purposes to be quasi-
exact. The existence of phase transition is rigorously proved.

6.2 The One Dimensional Ising Model

6.2.1 Spontaneous Magnetization

We consider a linear chain of N spins (Fig. 6.2), first without switching on a field:

N—-1
H=—) J;S S (6.7)

i=1

The interaction is only between the nearest neighbours: J; ;1 — J;. We are inter-
ested in the question, whether a system defined by the above Hamiltonian function
shows a phase transition, that is, whether there is a temperature 7, below which
spontaneous magnetization sets in. To answer this question, we first calculate the
canonical partition function Zy. From this we derive the spin correlation function
(S;Si+;) which directly gives the spontaneous magnetization M;.
We make the substitution
Ji

= —— = BJ; 6.8
J iaT B (6.8)

1 2 3 N-I N

Fig. 6.2 Schematic plot of the one-dimensional Ising model consisting of localized spins
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Every spin has two possible orientations. Therefore, there are 2" possible spin

orderings and so the same number of distinct states which are to be considered
for the calculation of the canonial partition function.

+1 =1 +1 N—1
Zy =ZyGrs oo Jne) =Y ey exp (Z j,-s,-s,-+1) (6.9)
Sy i=1

Si S>

To obtain a recursion relation, we extend the chain by one more spin:

1+l +1 N-1 +1
Zny1 = Z Z 2 Z exp (Z jiSiSi+l> Z exp(jnSnSn+1) (6.10)
Si S Sn i=l SN+t
‘We see that
+1
> exp (jn Sy Sy+1) = 2cosh(jy Sy) = 2 cosh(jy)
Sn+1

The last step results from the fact that Sy can take only the values 1 and that cosh
is an even function. We now have the recursion formula that we are looking for

ZN+1 ZZZN COSh(jN) (611)
If Z, is the partition function of a single spin, then, obviously we can write,
N
Iy = Z; 2N l_[cosh( D) (6.12)
i=1
A single spin has two possible orientations and no interactions. Therefore,

+1
Z1=Ze()=2 (6.13)

Si

With this we have the canonical partition function of the one-dimensional Ising
model as

N—1
J.
_ 9N i
Zy(T) =2 ]1 cosh (m> (6.14)

Making the usual assumption

Ji=J foralli (6.15)
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we get
ZN(T) =2 coshV 1B J) (6.16)

From the partition function one can derive all the physically important quantities,
for example, the spin correlation function.

N-1
1 .
(SiSitj) = Zn {ES} S; Siyjexp <k§_1 Ji Sk Sk+1> (6.17)

The summation is over all the 2V possible spin configurations. One can now write

g 0 a

3ji 0jit1  Ojfitj—1

= > (S Ser)(Sia1 Sia) - (Sijot Sieg)
(s} +*,

Zn

+1

N-1
*exp (Z Jie Sk Sk+l>
k=1
N-1
= Z(S,- Siyj)exp (Z Jic Sk Sk+1>

{S} k=1
= Zn(S; Sitj)
With the expression (6.14) for the partition function Zy(T'), we can further write

(S; Sivj) =

2" cosh(ji) - - - cosh(ji—1) sinh(ji) - - - sinh(jij—1) - - - cosh(jw—1)

2N cosh(ji) - - - cosh(jn—1)

We have thus obtained the expression for the spin correlation function:

J
(Si Si+j) = [ Jtanh (B i) (6.18)

r=1

Thus, eventhough the interaction within the Ising system is of very short range
(nearest neighbours), this yields a very long range correlation among the spins. If
we break the Ising chain at some place iy, that is, if we set J;, = 0, and if iy lies
between i and i + j, then (S; S;;;) = 0, because tanh(8J;,) = tanh(0) = 0. If i,
does not lie between i and i 4 j, then the correlation function remains unaffected
by the fact that the chain is broken.
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In the usual case where the coupling constants J; = J, the correlation function
is independent of i. Only the distance between the spins plays a role:

(S Si+j) = tanh/(BJ) (6.19)

With the help of the correlation function, we can now answer the question, whether
for T # 0, spontaneous magnetization appears in the one-dimensional Ising model.
For that, we make use of the fact that two spins, infinite distance apart do not “know”’
of each other:

(Si Sivj) = (Si)(S;) for|i—jl — o0 (6.20)
This limiting case is, of course, meaningful only in the thermodynamic limit. As a
consequence of the translational symmetry, the expectation value is same for all the

spins (S;). This provides a possible definition of the spontaneous magnetization:

M(T) = pup(S)* = i lim (S; Si.j) (6.21)

We know that | tanh x| < 1, where the equality is for x — F00. That leads to

. C[0ifp#
Tim (S, 5.1 = {1 . (622)
or
My(T) = i {? o 623)

The one-dimensional Ising model has a phase transition at T = 0. There is no
spontaneous magnetization at finite temperature (Fig. 6.3).

Whether there is a phase transition or not is decided by the free energy F =
U — TS. There are two competing tendencies, namely the orientation of the spins,
which minimizes U and the statistical distribution of the spin orientations (disorder),
which maximizes the entropy S. In the one-dimensional model, the tendency to

Fig. 6.3 Phase diagram of the A
one-dimensional Ising model Mg

Hp

Y
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orient is always weak, as there do not exist sufficient number of nearest neighbours.
Qualitatively, one can understand this as follows: Let us assume that in the one-
dimensional Ising model with nearest neighbour interactions, there is a 7, > 0, that
is, there is a phase transition. Then, in the ordered phase (0 < T < T.), we break the
chain at some place and we rotate one part of the chain into the opposite direction.
For that, we require an energy AU = 2J, because, by doing this, we are actually
increasing the coupling energy only at one place, namely where we are breaking the
chain. The breaking of the chain can be done at N distinct places. Therefore, there
are N possibilities of realization and consequently the entropy will increase by a
term proportional to In N. We see that, for T # 0, the entropy term dominates in the
free energy and the free energy itself decreases. That means at 7 # 0, the ordered
state becomes unstable against such breaking of the chain and the disordered state is
always stable. Due to this reason, even for an infinitely long Ising chain with short
range interaction, there cannot be a phase transition.

6.2.2 One Dimensional Ising Model in External Field

We now want to investigate the field dependence of the partition function of the
one dimensional Ising model. For this, we make use of the famous transfer matrix
method, which was introduced by Onsager in 1944 in his solution of the two-
dimensional Ising model. This method will be demonstrated here for the one-
dimensional case. With the substitutions

J=8J ; b= pBug By (6.24)

and the assumption that the nearest neighbour interactions for all the pairs of spins
are equal, we write

N N
BH=—j) 8 Sii—b) S (6.25)
i=1 im1

We make use of the periodic boundary condition by making the chain into a ring as
shown in Fig. 6.4. Then we have

Fig. 6.4 One-dimensional S;
Ising model as a ring with B
periodic boundary conditions Sn S1=Snu
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Snr1 =81 (6.26)
In order to solve the problem, we now introduce the so-called transfer function:
Jiit1 = exp <+jSi Sit1 + %b (S + Si+1)> (6.27)
using which, we can write,

exp(=p H) = fi2 foz--- fnva (6.28)

Here we have to make use of the periodic boundary condition (6.26). To the transfer
function, we now define the corresponding transfer matrix. With the spin states

S = +1) = (é) ; 1Si = —1) = (?) (6.29)

(SATISi41) = friss (6.30)

and

we get the transfer matrix T
o~ e.i+b e_j
T = <e_j ej_h> (6.31)

Exploiting the periodic boundary condition and the completeness of the spin states,
the canonical partition function (1.86) is given by

ZN(T, By) = Tr (e ™)

1 %1 £1
= ZZ---Zf1,2f2,3"'fN,l

S S Sy
+1 +1

=D D (SUTISNSITISs) - (SwITIS1)
M Sy
+1

=D (SiIITVIS) (6.32)
S

If E; and E_ are the eigenvalues of the 2 x 2 matrix T, then the partition function

is given by

Zy(T, B)) = Tr (TV) = EY + EY (6.33)
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The energy eigenvalues as given by the condition
detT —E1)=0

are (see Problem 6.1)

E,=¢ (coshb + \/cosh2 b — 2 e=2% sinh(2)) > (6.34)

Obviously, E, > E_ so that in the thermodynamic limit, only £ has arole to play:

E AN
Zn(T, By) = Eiv (1 + <E__) ) — Eiv as N — oo (6.35)
+

From this we can evaluate all the thermodynamically important quantities. For
example,

(a) free energy per spin

. 1
—kpT Nh—I>noo Nln Zn(T, By)
—kBTln E+
= —J — kgT In{cosh(BugBy)+

+ \/COSh2(ﬂ/,LB By) — 2287 sinh(ZﬂJ)} (6.36)

J (T, Bo)

From this, we get, according to (1.90), the
(b) magnetization per spin

a
m(T, By) = — (B_Bof(T’ Bo)) (6.37)
T

This yields a relatively complicated expression for m(T, By) from which one
can recognize the competition between the “ordering” tendency of the field and
the “disordering” tendency of the thermal motion (see Problem 6.2):

(T, Bo) = g sinh(B5 Bo) 638)

V/cosh?(Bis By) — 2¢27 sinh(2B8J)

This result makes it once more clear that in the one-dimensional Ising model
spontaneous magnetization is not possible (Fig. 6.5).

m(T #0, By =0) =0 (6.39)

For very large fields By, m goes into “saturation”, my; = +up.
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Fig. 6.5 Magnetization per m
spin as a function of the

magnetic induction in the A
one-dimensional Ising model

T<T,

(c) The special case By = 0: In this limit the results for the Ising ring should actu-
ally coincide with those for the Ising chain (Sect. 6.2.1).
For By = 0, the eigenenergies of the transfer matrix become

Ei=el Le ! (6.40)
so that the partition function takes the form
ZN(T,0) — EY =2"cosh™(BJ) for N > 1 (6.41)

In the thermodynamic limit (N — o0), the thermodynamic potentials derived
from Zy agree with each other for the chain and the ring. For example,

f(T, By) = —kpT In(2 cosh(BJ)) (6.42)

from which we can obtain the
(d) entropy per spin

3
S(T, By =0) = — <%)
By=0

— kp{In(2 cosh(BJ)) — BJ tanh(BJ)} (6.43)
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Fig. 6.6 Schematic plot of
the entropy per spin as a
function of temperature in the
one-dimensional Ising model

S/N

kBln2

6 Ising Model

One can immediately see the following limiting cases:

limT_,oo S = kB In2
limT_>0 S=0

(6.44)

The second limiting case is the third law of thermodynamics. For T — oo all
the 2V spin states are equivalent and therefore we must have S = %kg In2V

(Fig. 6.6).
(e) Specific heat

Cp—0=T (

0

aT

7)
By=0

,32.]2
=kp ——— 6.45
? coshz(,BJ) ( )

For T — "T! = 0, the specific heat is nor “critical”. It actually goes to zero
satisfying the third law of thermodynamics (Fig. 6.7).
(f) Susceptibility: From (6.38) one can calculate the isothermal magnetic suscepti-

bility (Problem 6.2):

XT=M0<

Fig. 6.7 Specific heat in zero
field as a function of
temperature in the
one-dimensional Ising model

am

By

> = B wy o e’ (6.46)
T, By—0

\j
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Fig. 6.8 Magnetic A
susceptibility of the
one-dimensional Ising model X
as a function of temperature

Y

The susceptibility diverges for T — “T.” = 0 and apparently satisfies the Curie
law for high temperatures. As is to be expected for a paramagnet, xr is always
positive (Fig. 6.8).

6.3 The Phase Transition of Two-Dimensional Ising Model

In contrast to the one-dimensional Ising model, the two-dimensional model shows a
phase transition ferromagnetism < paramagnetism at a finite transition temperature
T, > 0. In this section, we will prove the existence of the phase transition, via a
chain of estimates, without actually determining 7.. We follow the idea of Peierls
[1] who, long before Onsager [2] presented an exact derivation of the free energy,
could demonstrate the phase transition of the two-dimensional Ising model. The
original work of Peierls, however, contained a few erroneous conclusions, which
were later corrected by Griffiths [3]. Now this idea of Peierls is known as the “Peierls
argument”.

6.3.1 The Method of Proof

Let X be a finite lattice. In connection with this we will use the following free
energies:

f(X; T, By): The free energy per spin for the lattice X without any special
boundary conditions.

F(X; T, By): The free energy per spin for the lattice X with special boundary
conditions.

f(T, By) = limy_ f(X; T, By): The free energy per spin in the thermody-
namic limit.

The corresponding magnetizations are

(6.47)

M(X; T, By) = — <af(X))
T

3B,



246 6 Ising Model

the magnetization of the finite lattice X without any boundary conditions,

(6.48)

M(X; T, By) = — (8f(X)>
T

By

the magnetization of the finite lattice X with special boundary conditions,

(6.49)

MT. By = — <8f<T, Bo)>
T

3B,

the magnetization in the thermodynamic limit.
The spontaneous magnetization is responsible for the phase transition.

M((X; T)= t}imo M(X; T, By) (6.50)
0—>

This is the spontaneous magnetization of a finite system without boundary condi-
tions. One shows rigorously that

My (X; T)=0 6.51)

In a finite system without any boundary conditions, there is no phase transition.
However, for a finite system with appropriate boundary conditions, it is quite possi-
ble that there is a phase transition. That is,

My(X; T)= B]imo M(X: T, By) (6.52)
0—>

can be unequal to zero. Actually, what decides about the phase transition is the
spontaneous magnetization in the thermodynamic limit:

M,(T) = lim M(T, By) (6.53)

In the above, we have introduced all the quantities that are important for the follow-
ing discussion.
The existence of the phase transition will be proved in three steps:

1. We define a finite spin lattice X with “suitable” boundary conditions and esti-
mate the probability that a definite value (41 or —1) of the spin variables S; is
realized at a temperature 7.

2. We show that the spontaneous magnetization of the system X has a lower bound
m > 0O:

M(X; T)>m>0, if T <T*tm,J)
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3. We prove that m also represents the lower bound for the spontaneous magneti-
zation in the thermodynamic limit:

M(T)>m >0, if T <T*m,J)

This will complete the proof.

6.3.2 Finite Ising Lattice with Special Boundary Conditions

The important “trick” in the derivation is that, the free energy of a finite system is
calculated with so constructed boundary condition that M,(X; T) # 0, which is not
possible with free boundary conditions. At the same time, the boundary conditions
should be chosen in such a way that they do not play any role in the thermodynamic
limit.

Figure 6.9 represents a finite lattice X. Here we mean

+ & S =+1 - & §=-1

® ® 66 o o o
@ - - - - | ®
® €]

Fig. 6.9 Two-dimensional

lattice of spins, oriented in @ @

positive (+) and negative (—)

z-directions, with “walls” @ ©)

which separate (+) and (—)

spins ® @

We agree upon the boundary condition that the surface layer d X should contain
only (4)-spins.

For a given spin configuration, we now introduce “walls” in the lattice. A “wall”
is the line of separation between (+) and (—) sites.

When two walls intersect, at the point of intersection (“knot”) there is non-
uniqueness (Fig. 6.10). At these points, the walls are to be bent towards the side
of the (—) places as shown in Fig. 6.10. As a consequence of the special boundary
condition, the “walls” always build closed polygons T'.

6.3.3 Probabilities

We define two probabilities:
w;(T): probability that at temperature 7 the site i is occupied by spin (—).
Wr(T): probability that at temperature 7', the polygon I exists.
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Fig. 6.10 The breakup of + |- + | =
“knots” in the spin lattice of _
Fig. 6.9 T
+ - _
+ 4+ + + - - = - Rl - - - -
-——- o+ o+ o+ - - ottt
- |+ =+
—
- |+ it .
Non-unique Unique
—- |+ =+

Because of the special boundary condition, the (—) site i lies always inside some
polygon I'. That is, i cannot be a site on the surface. The converse is of course not
true, because (+) place can also lie inside a polygon. Then, we can estimate

wi(T) <Y Wr(T) (6.54)

I'oi

The summation is over all the conceivable polygons which enclose the site i. Wr
does not concern only the (—) possibility for i. That is why the sign <.

The above estimate is surely very weak for the sites that lie deep inside the lattice
X. It is increasingly sharp as the site lies more and more towards the boundary. For
the sites which lie in the layer that is directly neighbouring to the surface layer, even
the equality sign holds because, due to the boundary condition, these sites can lie
inside a polygon only when they are themselves (—)-sites.

Wr(T) can be calculated exactly. Let us define the lattice X’ as the lattice X
without the boundary layer 0 X:

X' =X —0X (6.55)

Then there are a total of 2V possible spin configurations, since the spins in the
boundary layer 0 X are fixed with S = +1. Let us denote by

> (s sum over all the 2 X spin configurations,
> icy: sum over all the spin configurations, in which I" is realized.

Then, we obviously have

Z{C} exp(—=BH(C))

Wr(T) =
M= e BHE®)

(6.56)

H is the Hamiltonian function of the Ising model with nearest neighbour interac-
tions where we set the external field By = 0

H=-]) 55 (6.57)
(G¥))
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After building the walls, the spin configuration C contains the special polygon T'.
We construct from C a new configuration C* by reversing all the spins (S; — —S;)
within I'. The exchange 114 || or 1] < |1 for the nearest neighbour pairs does
not change the energy of the system. In going from C to C*, the energy of the system
changes only because of the spin pairs which are separated by I'. This is because, in
C, they are antiparallel, whereas they are parallel in C*. The change in energy per
spin pair is (—2J). If |T"| is the length of I" measured in units of the lattice constants,
then we have

H(C*)= H(C)—-2J|I'| (6.58)
This gives us
Y exp(—=BH(C™) = Py " exp(—BH(C)) (6.59)
{C*} {C}

From the exact relation for Wr(T') (6.56), if we leave out a few of the positive
definite summands in the denominator, we obtain an upper bound :

exp(=BH(C))

We(T) < 19 = ¢ PN (6.60)
Z{c*} exp(—pH(C¥))

With this we have obtained an intermediate result for the probability that a site is

occupied by a (—)-spin at temperature 7':

wi(T) <Y exp(=2BJIT)) (6.61)

I'oi

We will now try to perform the summation.

6.3.4 Realization Possibilities for the Polygons

We want to call two polygons to be of the same type, if they are related to each other
by a rigid translation in the lattice (Fig. 6.11). We define:

p(m, n): the number of realization possibilities for polygons with 2m vertical and
2n horizontal “wall units” (="rod” between nearest neighbours in the wall). In this
the individual realizations shall, pairwise, be of different type.

It is obvious that for every polygon, the number of vertical (horizontal) individ-
ual wall units is always even. First, we want to make a rough estimate of p(m, n).
Suppose we build I" stepwise from 2m vertical and 2n horizontal wall units. At any
lattice site j, there are three independent possibilities to place the next wall unit
(“backwards” is not allowed) (Fig. 6.12). Therefore, we have

p(m, n) < 322 (6.62)
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Fig. 6.11 Two polygons I'y
and I', of the same type

The perimeter of the polygon is (2m + 2n) units. We have < because, due to
the surface, every lattice point does not have three independent possibilities. Let us
denote by

n;(m, n): the number of possible polygons I'" built from 2m vertical and 2n hori-
zontal wall units, and which enclose the site i.

Now let Ff.o) be a special (2m, 2n)-polygon that contains i. Let g(Fl(.O)) be the
number of polygons of the same type as FEO) which also contain i. First, we want to
estimate this number:

FEO) contains a maximum of (m - n) lattice points, that is, when it is a rectangle.
That means, we can rigidly shift Fl(.o) in a maximum of (m -n) ways, keeping i within
the polygon.

gy <m-n (6.63)
We can now estimate n; (m, n):
ni(m,n) < (m-n) p(m, n) (6.64)

This is again a very rough estimate because, in p on the right-hand side of the
inequality, those polygons are also counted, which do not contain i at all. Using the

A2
1
1
1
1
|
! 1
4* mmmm-- >
1]
i
1
Fig. 6.12 Three allowed X
possibilities at site j to place |
the next wall unit |E
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estimate for p given by (6.62) we have
ni(m,n) < (m - n) 3242 (6.65)

With this, we can now further limit the probability w;(7) as given by (6.61) that the
ith lattice site contains a spin (—) at temperature T’

wi(T) < Y exp(=2BJ|T))

I'oi

<Y nilm.n) exp(=28J2m + 2n)) (6.66)

m=0 n=0

On the right-hand side there are only non-negative summands. Therefore, we can
allow the sums to extend from 0 to co eventhough for a finite lattice X, for every I,
m and n must be finite and >1. In addition, we have used |I'| = 2m + 2n. Finally,
we use the estimate for n;(m, n) so that we get

wi(T) < (B, J) (6.67)
with

o0

2
(B, J) = |:Zn (3e2ﬂf)2”] (6.68)

n=0
The series converges for J > 0 (ferromagnet!):

n=2

¢B, )= |y n|9e (B such that y < 1)
n=0

=y

(524)] b ()]

__
1=y

For a sufficiently large 8 (i.e. small T'), ¢(8, J) can be made smaller than any arbi-
trary, finite value:

2
9 —4pJ
$B. )= | ——— (6.69)
(1 - 9e-487)
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6.3.5 Magnetization of the Finite Lattice

We are now in a position to estimate the spontaneous magnetization M(X, T) of
the finite spin lattice:

_ 1
MX.T) = a5y D (8 Be=0
ieX
_ MKB _
= N0 (V+O0) = (N-(0)
_ M W (TY) — _
= yoo VO = wi(T)) = NCOw,(T))
= pup(l —2wi(T)) (6.70)

When we impose an upper bound for w;(7), then we get a lower bound for the
spontaneous magnetization:

My(X; T) = pp(l —2¢(8, J)) (6.71)
For § — o0, i.e. for T — 0, ¢(B, J) can be made to lie below any arbitrary finite
limit. With this we complete the first part of the proof.
For every 0 < m < pup and for every J > 0, there exists a critical temperature
T =T*@m,J) (6.72)
such that for all 7 < T* holds,
My(X.T) = m >0
This is valid for a finite but in principle arbitrarily large spin lattice. Considering the
fact that M (X; T) for a finite system without boundary conditions is always zero,

it must be concluded that the boundary condition for the surface, independent of the
size of the system X does produce a volume effect.

6.3.6 Thermodynamic Limit

We have, so far, discussed the spontaneous magnetization M (X, T) of a finite Ising
lattice. For this case, we have (6.52)

o (370
M(X; T) = lim M (X, T, By) = — lim (6.73)
By—0 By—0 BBO T

For T < T*, this expression is > m. For T # T*, the thermodynamic potential
F(X) must be an analytical function, i.e. it should be continuous and differentiable
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any number of times. Then it follows from

If(X
_ <_f ( )) >m (6.74)
9By T,By=0
for sufficiently small fields By:
J(X: T, By) — f(X; T,0) < —mBy (T <T% (6.75)

So far we have discussed only the free energy f(X) of the finite lattice X with
its special boundary conditions. We do not know the corresponding function f(X)
without the boundary conditions. Since the free energy is an extensive quantity, the
two functions must coincide in the thermodynamic limit, as the boundary conditions
influence only the now irrelevant surface term:

J(X: T, Bo) > f(T, By)as X — 00 6.76)

F(X; T, By) - f(T, Bp) as X — 00 ’
Using this limiting case in the inequality (6.75), the right-hand side remains unaf-
fected. Thus it holds also

f(T, By)— f(T, 0) <—mBy (T <T*, By—0) (6.77)

Finally, it follows from this that
M(T) = (——> >m>0if T <T"(m,J) (6.78)
T, By=0

It is shown in the above that, below a critical temperature 7%, the two-dimensional
Ising model has spontaneous magnetization. Therefore, the existence of a phase
transition in two-dimensional Ising model is proved.

Here we have shown the phase transition only for d = 2. The generalization to
d = 3 is straightforward. In place of polygons, one chooses polyhedrons. Except
for that, the steps to be followed in the proof are exactly the same.

The theory presented above makes statement only about the existence of the
phase transition. Because of some of the very rough estimates, naturally, we can-
not give any explicit value or expression for the Curie temperature. The critical
temperature

T =T*m=0%1J) (6.79)

will be smaller than the actual ... T* is given by the condition (6.71)

! 1
1=2¢(B:, ) =0" & ¢(ﬁj,1)=§ (6.80)
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From this it is easy to get

L1 9
B:J =-In =0.8314 (6.81)

A+ 1/v2) =172+ /2

The exact solution of Onsager (19440) gives

B:.J = 0.4407 (6.82)
That means, T is, as expected, smaller than 7,.:
T =0.5301T, (6.83)

The deviation, in view of the drastic estimates used, is, however, not very dramatic.

6.4 The Free Energy of the Two-Dimensional Ising Model

In the last section with the help of the Peierls argument we could show exactly, the
existence of a phase transition in the two-dimensional Ising model. The proof was
based on estimates which did not involve any complicated mathematical effort, and
proved that when the temperature becomes less than a critical temperature 7*, there
exists a spontaneous magnetization M,(7) > 0. However, the estimates, which are
partly quite rough, did not permit an exact determination of the Curie temperature
T,. In this section, we will accomplish that by a detailed discussion of the free energy
of the two-dimensional Ising model [4].

The starting point is as in (6.57), the Hamiltonian function of the Ising model for
the case of the nearest neighbour interaction of the spins and in the absence of an
external field (By = 0):

HS)=-]) 5S§; (6.84)
()]

The exact analytical derivation of the free energy for By # 0 has so far not been
achieved. (i, j) means the summation is over only the nearest neighbour pairs. We
consider a square lattice containing N spins. Then we have to calculate the canoni-
cal partition function

Zy(T) = Z exp(—=p H(S)) (6.85)
(s)

The sum runs over all the 2" spin configurations

S=(S1, S -, Sy) (6.86)
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The calculation will first be done for the finite system. To find the phase transition
from the free energy, we naturally need to take the thermodynamic limit. The signa-

ture of the phase transition, in case it exists, will be noticed from an “irregularity”
in the free energy per spin

T) = li kel | 7T 6.87
f( )—Nglloo —Tn ~(T) (6.87)

For a better overview, we would like to divide the derivation of the free energy into
a number of steps.

6.4.1 High-Temperature Expansion

Since the spin variables S; can take only the values 41 or —1, it holds for an arbitrary
n € N:

(S )" =1 ; (S; SH™tt =, S; (6.88)

In the series expansion of the exponential function, we can immediately see the
following relation:

exp(B J S; Sj) = cosh(B J)+ (S; S;)sinh(B J)
We define
v = tanh(B8 J) (6.89)

This is a useful variable for the high-temperature expansions, since for high temper-
atures B and therefore v are small:

exp(B J S; Sj) = cosh(B J)(1 4+ v(S; S;)) (6.90)

In a square lattice every lattice point has four nearest neighbours. Neglecting the
surface effects, which anyway is allowed when we go over to the thermodynamic
limit, there are 4N pairs of nearest neighbours out of which, however, there are
two pairs of them which are equal. Thus there are 2N distinct pairs of nearest spin
neighbours.

Using (6.90), we get a high-temperature expansion of the canonical partition
function (6.85)
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Zn(T) = Zexp B JZSi S;
{S} @)

= cosh™ (B 1) Y (1 +vS;, ;) (1 +vSp,, Sp,,)
{S}

After rearranging according to the powers of v, we can write

2N
Zy(T) = cosh®™ (B 1) > [1 +v) S, S+

{S} v=1
2N
+ 00 ) (S SIS, S+
Vi

6.4.2 Spin Products as Graphs

6.91)

(6.92)

We will symbolically indicate the Ising interactions between pairs of neighbouring

spins by lines connecting the corresponding lattice points.

Every line carries a factor v. The lines connect only the nearest neighbours in the
lattice. The points in these graphs are called the vertices. The order of the vertex is
defined as the number of coupled interactions. Therefore, there are orders from 1 to

4 (Fig. 6.13).

On the spin products that appear in (6.92), we can make the following statement:

2N if all vertices of even order
{;}(Sia Si) (S, S),) = {0 otherwise

Ss) v

S8 580 7 v

S:S) (S, S (5, S, -\
Fig. 6.13 Graphical i) GiS0) (51 Sm) v

representation of spin
products i®

(6.93)
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Fig. 6.14 Spin graphs with
only even vertices

Since the spin variables can take values of only 41, an even power of a spin variable
is always equal to +1. The sum runs over the 2" different spin configurations. That
explains the first part of (6.93). In contrast, if only one of the vertices is odd, then,
there exist among the {S} always two terms, which differ from each other only such
that, at the corresponding vertex, once S = 1 and another time S = —1. Therefore,
the summands compensate each other.

Using (6.93) in (6.92), we get the following intermediate result for the canonical
partition function:

Zn(T) = cosh®™ (B J) 2V i v’ (6.94)
1=0
g1 1s the number of graphs made of / lines with exclusively even vertices
go=1 (6.95)
Now what remains is to determine g;. The requirement that the graphs of interest

must all contain even vertices says that these graphs must be made up of closed set
of lines, for example, as shown in Fig. 6.14.

6.4.3 Loops

We introduce two further concepts: We denote as a knot a vertex of fourth order
(Fig. 6.15), while a loop is a closed set of lines without knots. The simplest example
is shown in Fig. 6.16.

Fig. 6.15 Knot as a vertex of
fourth order
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Fig. 6.16 The simplest
example of a “loop”

In order to avoid ambiguities, we should fix a procedure for dissolving knots. The
possibilities are shown in Fig. 6.17. We dissolve the knots in three different ways.
We call the last possibility in Fig. 6.17 self-intersection and in short, denote by S1.

The described procedure of dissolving the knots, splits a graph with k knots into
3% families of loops (see Fig. 6.18 for k = 1).

The dissolving of the knots multiplies the number of diagrams. This will be cor-
rected by introducing a weight factor n for the loops while counting g;:

7’](100[)) — (_l)number of SI (696)

n(family) = [ [ ntoop) |
— (_1)number of SI in the family (697)

Proposition : g; is the sum of weights of all families of loops built from a total of |
lines.

Proof :

1. Every graph without knots gives exactly one family of loops without any S/
and therefore has a weight of (—1)° = +1 in the counting.

2. For a graph with k knots, there are I; ) possibilities to choose j knots from the

k knots, which, after dissolution, have one S/. Then, there remain (k — j) knots,
which, after dissolution do not lead to a S1. For the latter, there are always two
possibilities according to Fig. 6.17.

= AJO ; L H
Fig. 6.17 The method of
“dissolving knots”

Fig. 6.18 A closed graph
with one knot decomposed

into three families of loops h (o) °
according to the procedure
illustrated in Fig. 6.17 4
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Therefore, there are 2¢—/ <I;> possibilities to construct a family with j ST out

of a graph with k knots. Each of these families carries a weight of (—1)/.
The total weight of all the families of loops constructed from a given graph with
k knots is given by

k

> (’J‘) 2 (=Y =2 -1 =1

j=0

With this, we have proved the proposition. The number of diagrams, after dissolving
into families of loops, has of course increased many times. The weights, however,
take care that all the families arising out of the dissolution of a given graph add up
to a total weight of 1.

We now introduce a new quantity

D; = Sum of the weights of all the loops with [ lines (6.98)

We can connect D; with g;. Every family is made up of one or more loops. There-
fore, we have

g =1
21

g=) = 2 DiDy--D, (#0) 6.99)
n=1 1y ln

Y=l

The product of D;, captures all the possible splittings of a family with / lines into
loops with the added condition ) /; = 1. Every weight, which appears only because
of an interchange of Dj,, corresponds to the same set of families and so, should be
counted only once. This is taken care of by the factor 1/n!. The summation over n
can run up to oo because for /; < 4, D;, = 0 in any case.

(6.99) as it appears is not yet quite correct. Since the summations /; run inde-
pendently, the double occupations of individual lines are allowed as illustrated in
Fig. 6.19. Such diagrams correspond to forbidden loops, i.e. they do not represent
any summand in either (6.92) or (6.94) and therefore should not contribute in our
new counting. We take care of this by adapting the procedure shown in Fig. 6.20 to
dissolve the double occupations. In (6.99), we allow two types of double occupa-
tions, type (a) carries a weight of (+1) since there are no SI. Type (b) has exactly
one self-intersection and so carries a weight of (—1). Therefore, the total weight
is zero, i.e. even though the double occupations are formally counted, they do not
contribute to (6.99). From the forbidden diagram (Fig. 6.19) described above, the
contributions shown in Fig. 6.21 appear.

With this procedure, now (6.99) has become unique and we get the following
intermediate result:
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Fig. 6.19 Double occupancy '—'

of a line in a certain spin
graph evaluated according to
(6.99)

+:+—>+J_Hl Tt 1

(@) (b)
Fig. 6.20 Method of handling double occupancies of lines

oo
1
gv' =300 30 (D) (D) @£ (6.100)
n=l1 Iyl
' le,:z
For (6.99), we have to sum this expression over all / from 0 to co. When we

do this, the /; summations become independent of each other and their condition
>"1; = I becomes superfluous.

00 00 1 00 n 00
I _ o m _ m
Zg,v—l—i—zn!:ZDmv } —exp{ZDmv } (6.101)
=0 n=1 m=1 m=1
o—0
D, Dy
o—0
[ o
Dy
Fig. 6.21 The two
possibilities of evaluating the

double occupancy in the 1
diagram of Fig. 6.19 n=+1.+1=1 n=
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Substituting (6.101) in (6.94) we get a further intermediate result for the canonical
partition function:

Zy(T) = 2" cosh® (B J)exp {Z D,, um} (6.102)

m=1

The remaining job is to determine D,,, i.e. the weight of all loops which one can
construct with m lines.

6.4.4 Directed Paths

The real problem is to count the self-intersections of a loop. We get round the prob-
lem by introducing directed paths: For this purpose, we define
Single step P = (z, o)

z=x1+ix; : starting point of the single step
o =1, i, —1, —i : direction of the single step
I+« : end point of the single step

Imagine a two-dimensional Ising lattice in the complex plane. Every lattice point
is represented by a complex number with real and imaginary parts x; and x, being
integer numbers (Fig. 6.22).

We denote as path from z to 7' in m steps, a series of m single steps:

(Zva):POv P19 P2s"'s Pm:(Z/,Ol/) (6103)
with z; + o = zi41 and @1 # —o;

With the condition «;4; # —o; retracing points are forbidden. We define the
weight of the path

Fig. 6.22 Introduction of
directed paths
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n(path) = exp |:l— <argﬂ 4+ -+ arg )i| (6.104)
2 [o4)) Up—1
where
Y 4 sargdt —, 4T (6.105)
o; Q; 2

arg"“—*‘ is the angle between the (i + 1)st and the ith single step.
We introduce a matrix M,, whose meaning becomes clear from the definition of
the matrix elements:

(P|M,,| P’y = sum of the weights of all paths from P to P’
in m steps (6.106)

The matrix element should be zero if P’ is not reachable from P in m steps. If
m = mj + m», then we can also write

(P|Myu|P') =Y " (P|My, | P")(P"|M,,| P') (6.107)

pr

This corresponds to the matrix product
My = My, My, (6.108)
Obviously, the decomposition can be continued,
M, = M} (6.109)

For N lattice points and four possibilities for o, M, is a (4N x 4N) matrix which
contains a lot of zeros, since only those P’s contribute, which are connected by a
single step.

We are looking for the relation between the matrix M,, and the D,, which is
required in (6.102). We expect that relation to be of the following form:

:——Z (P|M,,|P) = —— Tr(M’”) (6.110)

This expectation will be justified in three steps:

1. D, captures only closed paths (loops). That means, only the diagonal elements
P = P’ can play arole.

2. In the sum over P, every one of the m loop points can be a starting point once.
Further, a given loop can be run in two directions. But, such a loop should be
counted only once. That is why, there is the factor ﬁ
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Fig. 6.23 Two diagrams with
no self-intersection

O0=-2m

3. For a closed path, the total angle of rotation is an integral multiple of 27 :

o] o2 o
¢ =arg— +arg— +---Farg
(o)) o1

That means n(path) = £1.

For an even number of self-intersections, ¢ = =£2m, and for an odd number,
¢ = 0. Examples are given in Figs. 6.23, 6.24 and 6.25.
Comparing with (6.96), we get finally

n(path) = —n(loop) (6.111)

That explains the — sign in (6.110).

Fig. 6.24 Two diagrams with
one self-intersection =0 =0
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Fig. 6.25 A diagram with
two self-intersections

\ 4

o————0
0=2m
Let A1, Ao, ---, X, be the eigenvalues of the matrix M;. Then we have
Tr (M) =Y (x;)" (6.112)

j=1
For the calculation of the canonical partition function (6.102), we require

0 . 1 n oo (A-v)’"
¥ o= -3 33

m=1 j=1m=1

1 n
=3 Z In(1 — va;)
j=1

n

=m{[Ja—vap'?

Jj=1
= In{det(1 — vM)}'/?

This leads to the following intermediate result for the canonical partition function:

Zn(T) =2V cosh®™ (B J){det(1 — vM;)}'/? (6.113)

6.4.5 Matrix M,

In order to avoid the surface points, we now introduce the periodic boundary con-
ditions. The error caused by that is a surface term, which becomes irrelevant in the
thermodynamic limit (N — o0). The periodic boundary conditions are allowed
only now, because otherwise the counting would be wrong. A path that runs from
the left end to the right end of a finite Ising lattice would become a loop for a torus.
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The elements of the matrix M, are easily given by
, i o
(P|M{|P"y = exp (5 arg—/) (1 — Sa,_a/) Sotaz (6.114)
o

The first factor according to (6.104) is the weight of a single step. The second factor
avoids the retrace points and the third one guarantees that only a single step from z
to z’ is being considered.

Due to the periodic boundary conditions, there is translational symmetry, i.e. the
matrix element (6.114) for given o and «’ depends only on the separation 7 — 7.
Then, we can perform a Fourier transformation:

z=x1+ixp; xi=1,---, N;; i=1,2,; N=N;-N, (6.115)

. 2
9=q—iq ; qi= V(l’ 2,--+, Ny) (6.116)

The elements of M, the Fourier-transformed matrix of M, are then given by

(qalM,lg'a’)

1 . . =
N ZeﬂRe(qz)Qa'Ml |Z/a/>ezRe(q 7'

2,7

1 —iRe((g—q')2) yiRe(q'@) ,5arg &
- e iRe((g—q )z)elRe(q oz)ezargd, 1— 80{ —w
33 -
— 5q!q/eiRe(q'ot) e%arg%(l — 5%7{1,) (6.117)
M, thus clearly breaks into (4 x 4) blocks along the diagonals

(qalMilg'a’) = 84 (@lm(@)la’) (6.118)

(alm(g)la’y = e’ ¢ U8 (1 =8, o) (6.119)

There is no change in the determinant that is required in (6.112) after Fourier trans-
formation. Therefore, we have

det(1 — vMy) = det(1 — vity) = [ [det(1 — vm(g)) (6.120)
q

Substituting in (6.113) leads to a noticeably simple intermediate result for the canon-
ical partition function:

Zn(T) =2V cosh®™ (B J){l_[ det(1 — vm(q))}'/? (6.121)
q
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Now we only have to evaluate the determinant of a 4 x 4 matrix. Using « as the row-
and o as the column index and with the following notation:

A=eF o Q=€ Oy = (6.122)
the matrix in question is the following:

1— UQ1 —U)»Ql 0 —U)L*Ql
_ _ —U)L*Qg 1— UQ2 —UKQZ 0
(1 —vm(q)) = 0 SO0 1= vQ 000 (6.123)
—vA Q5 0 —vA*Q5 1 —vQj}

It is simple to calculate the determinant of this matrix. Doing that, we get the fol-
lowing form for the canonical partition function:

Zn(T) = 2% cosh®™ (B D[ [ L (1 + %) ~
q
—2v(1 — v?)(cos g + cos g») ]}/ (6.124)

6.4.6 Free Energy per Spin

In the thermodynamic limit, the free energy per spin of the two-dimensional Ising
model is given according to (6.87) and (6.124) by

—Bf(T) =1n2+ 2In(cosh(B J)) +
+ ngnoo % Z In [(1 +v%)? — 2v(1 — v*)(cos g1 + cos qz)]

q1,92

(6.125)
We are allowed to write the double sum as a double integral:

1

1 2m 2
lim — F(q, - — dgdg, F(q,
N”""quZ” (91, 92) 47[2/(; [) q1dq> F(q1, q2)

Further, using, according to (6.89)

1
cosh(B J) = ——
1 — 2

we can write
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21n(cosh(B J)) l111(1 —v%)7?
2

] 2 2
—2/ / dqidg, In(1 —v*)™2
8w 0 0

Using this the free energy can be written as

T)=1n2 T dndan | (Y
—prn =2+ o [ f q1q2n<1_>

— 2v
1

1
5 (cos g1 + cos qz)] (6.126)
—v

With

e 2 : 2 )
<1 — v2> = cosh”(28 J) = (1 — sinh(2B J))* + 2sinh(28 J)

and

2 _Uvz — sinh(28 J)

we finally have the expression for the free energy per spin:

2 2
— Bf(T) =1n2 + W / dgidg> In[(1 — sinh(2B J))>

+ sinh(28 J)(2 —cosq; — cosqr)] (6.127)

This integral cannot be solved in a closed form.

6.4.7 Curie Temperature T,
A phase transition must be noticeable from a non-analyticity of the free energy.
Looking at (6.127), we see that such a thing is possible for T # 0 only if the
argument of the logarithm becomes zero. Since both the summands in the logarithm
are non-negative, both must vanish. That is, a phase transition is to be expected only
if

g1 =q =2m (6.128)

and

sinh(28 J) =1 (6.129)
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simultaneously. Equation (6.129) determines the critical point 7. This gives the
already cited result (6.82):

kB TC 2

Equation (6.130) is only an indication that a phase transition is possible. What type
of phase transition this is becomes clear only by investigating the specific heat Cpg,—o
and the spontaneous magnetization M;.

6.4.8 Specific Heat

The specific heat is mainly given by the second derivative of the free energy with
respect to temperature.

d* f(T)
dT?

Cpy—o(T) = =T (6.131)

We want to investigate the behaviour of the specific heat around the critical point
T,. By a Taylor expansion around 7, we get

gmaﬁmmgmeﬂn+auqummemn<—;;J+~~
Bic

T—-T.
T. kT,
=1-ce¢

cosh(2B.J) + - - -

Here c is a number of order of magnitude 1 and

T-T,
=—

&

(6.132)

Free energy can become critical if at all, only, when ¢; = g, = 2m. Therefore, in
the neighbourhood of the critical point, we can write

1
2 —cosq) —cosqy A +§<c'1% +3) (G =q —27n)

From (6.127), we see that the critical behaviour of the free energy is determined by
the following integral:

N {
1:/‘/ M@@mp%ﬂwuﬁafﬁ+ﬁﬂ (6.133)
0 0

Introducing polar coordinates

gi=gqcos¢p ; Go=gqsing ; dqidg=qdqdd (6.134)
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the integral / becomes

7/2 a(¢)
22, 1 2
1= do dgq In|ce” + =(ceq”)
0 0 2

It is further simplified by the following substitutions

1
x:iq2 ; n=ce¢
b(¢)
I :/ d¢/ dx In[n* + (1 — n)x] (6.135)
0 0

I does not show any special behaviour as n — 0. The free energy is therefore
continuous as 7" — 7. This is also valid for the first derivative of f (entropy!):

b(d’) 217 —x =0 /”/2
— do b
/ / n 7”4+ (1—nx ~ 0 ¢ b@)

One does not see any critical behaviour in the first derivative. Therefore, the phase
transition cannot be of first order!
For the second derivative, we have

/ /W” 200> + (1 =) = 2y — 27
(% + (1 —n)x)?

n—0 b 2 7
— d¢ dx|——1
0 0 X

/2
= / d¢{2Inb(¢) —2“In0” — b(¢)} (6.136)
0

The second derivative thus shows a logarithmic divergence for T — T,. That means,
itis also true for the specific heat Cp,—o. We conclude that the two-dimensional Ising
model displays a phase transition of second order at T = T,. The critical exponent
for the specific heat is

a=0 (6.137)
corresponding to a logarithmic divergence.
6.4.9 Spontaneous Magnetization
We give here only the exact result

_]0 forT >T,
M(T) = {(1 —x B for T <T, (6.138)
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Here is

inh (2 (6.139)
= SIin E— .
* ksT

B

Since the free energy with field By # 0 could not be calculated, the magnetization
was determined using (6.21). The critical exponent of the order parameter M; is
therefore given by

B=1/8 (6.140)

6.5 Problems

Problem 6.1 For the one-dimensional Ising model, determine the eigenvalues of the
transfer matrix 7' (6.31).

Problem 6.2 For the one-dimensional Ising model, calculate the magnetization
(magnetic moment per particle (spin)) m(T, By) and the isothermal susceptibility.
Study the latter in particular for By — 0.

Problem 6.3 For the Ising model, show that the free energy F (T, m) is an even
function of the magnetic moment m =, S;.

Problem 6.4 A magnetic system is described by the Ising model (N localized
spins).

1. Express the canonical partition function Zy(7T, By) in terms of the moments 1,
of the Hamilton function H.
Tr(H")
Tr(l)

m; = ;o 1=1,2,3,---

What is the meaning of 7'r (1) for the Ising system?

2. Show that for the heat capacity cp, the high-temperature expansion

1
T kgT?

By (my —m?7) + O(1/T?)

is valid.

Problem 6.5 Consider a spin system described by the Ising model with the magnetic
moment

’71=g,U«BZSi
i
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1. Express the isothermal susceptibility 7 by the spin correlation function (S;S;).
For that use the fluctuation—dissipation theorem which was proved in Prob-
lem 1.2.

2. Use the fluctuation—dissipation theorem of part 1. to calculate the field-free sus-
ceptibility of an “open” chain of N Ising spins. Obtain xr as a function of
v =tanh 8J.

3. Discuss the result in the thermodynamic limit N — oo and compare it with the
results of Sect. 6.2.

Problem 6.6 1. For the one-dimensional Ising model (linear open chain) without
the external magnetic field, calculate the four-spin correlation function.

(SiSi+18;Sj4+1)

2. Using the result of 1. calculate the heat capacity cp,—o.
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Chapter 7
Heisenberg Model

This model, which was justified in great detail in Sects. 5.2 and 5.3 can be consid-
ered to be, till today, the most intensely worked and also the best understood model
of magnetism. Its region of applicability is fixed by the ideas used in the deriva-
tion given in Chap. 5. The model presumes the existence of permanent, localized
moments, which interact with each other via either a direct or an indirect exchange
mechanism. Therefore this model is best realized in magnetic insulators

EuO, EuS, EuTe, RbMnF;, MnO, CrBrs, - --

In addition, the magnetic metals in Chap. 5, where the magnetism is also due to
localized moments, are successfully described by this model, so long as one is inter-
ested only in their magnetic properties.

In this chapter, we want to investigate the statements one can make, using
the Heisenberg model, on the magnetic phenomena. The amount of exact solu-
tions available till the present time is, however, much smaller than in the case
of the Ising model. When comparing experiment and theory, one has to always
take into account two sources of errors. The model itself is not appropriate for
describing the given situation or the model is appropriate but has been solved too
approximately.

7.1 Model Hamiltonian

7.1.1 Spin Operators

Many problems in handling the Heisenberg model

H=->"1;8"8; (7.1)
i
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arise due to the “inconvenient” commutation relations of the spin operators:

[s0.8)] =insiay
s, 5] =insysy (7.2)
[st. 53] =ins sy

The commutation relations can be formally summarized as
SxS=ihS (7.3)

We presume that the angular momentum algebra is known from the basic course on
quantum mechanics and simply lists out the relations which are important for the
following discussion.

We will be applying the operators

S*=8"+i§ (7.4)
which are known as “step up”, “step down” operators and sometimes called “spin-
flip” operators. For these operators, one can easily verify the following operator
identities:

X 1 + - y 1 + =
SE = ~(SF+ST: S = (ST—S) (1.5)
2 2i
[S; , Sﬂ_ = +h5; S (7.6)
[Sj , S]?]i — 215y S (7.7)
SE ST =12 S(S+ 1) h §F — (857) (7.8)
+S
[T s —hrmo=0 (7.9)
mg=—S

(Si+)25+1 — (S.,)ZS-H 0 (710)

l

The spin operators for S = % form a special case. For these operators, the relations
(5.79), (5.81), (5.82), (5.82), (5.83) and (5.84) are valid.

The scalar product S; - S; of the Heisenberg Hamiltonian (7.1) can be expressed
in terms of the components as

1
si-sj:i(s,.+ S+ 87 sj)+s5 Ny (7.11)
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With the usual practice
J,'j = ]ji; Ji,' =0 (712)
the Hamiltonian of the Heisenberg model can be formulated as
H==3"J;(sts; +55) (7.13)
iJ

This form turns out to be specially useful. Using (7.6) and (7.7), in addition one can
easily show that

[Si-S;. Si]_=ihSixS; (i+#)) (7.14)
and by interchanging the indices also show that
[S,"Sj, S_,-]_:—ihSi XSj (175]) (715)

From this it follows that the total spin ) ", S; commutes with the Heisenberg Hamil-
tonian and therefore is a conserved quantity.

Often, it is convenient to transform the rather cumbersome spin operators into the
creation and annihilation operators of the second quantization (Appendix A). The
most important possibilities of doing this will now be presented.

7.1.1.1 Pauli Operators (S =1/2)

The Pauli operators are defined by the following relations:

1 1
—St=b , - S =b,
h hl 1

l

1 |
S =y, 7.16
BT " (7.16)

b; (bj) annihilates (creates) locally, a spin deviation. n; is the number operator for
such spin deviations.

n; = b b; (7.17)

The commutation relations (7.6) and (7.7) for the spin operators imply the corre-
sponding commutation relations for the Pauli operators:

[b,- , bj]_ = (1 - 2n;)8; (7.18)

[ b)) =6l b}] =0 (7.19)

J
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b} =) =0 (7.20)

Thus they represent neither pure Fermi nor pure Bose operators. They have the
properties of Bose operators for different (i # j) lattice sites and those of Fermi
operators for the same (i = j) lattice site ([b; , bj]+ =1).

In terms of these new operators, the Heisenberg Hamiltonian has the following
form:

H=—— Jo N — fo(],, Jofsij)bj bi— Y B Jijnin; (7.21)

iJj

We have introduced a new quantity Jy which is defined by
Jo=Y "Jij=Y J (7.22)
i J

The last term in (7.21) represents an interaction in a quasiparticle system which is
defined by the other terms. When transformed into wavenumber representation, the
first three terms of the Hamiltonian describe harmonic oscillators which we will
interpret in Sect. 7.2.2 as free spin waves.

The Pauli operators are rarely used because of the restriction to § = 1/2 and also
because, even after this restriction, the commutation relations are not very much
simplified.

In Egs. (5.99), (5.100) and (5.101) the spin operators for S = % were expressed
in terms of the Fermi operators c¢;, and cja. This representation is in general much
more convenient than the representation by Pauli operators.

7.1.1.2 Holstein—Primakoff Transformation (S > 1/2)

Holstein and Primakoff [1] have introduced the following representation for the spin
operators:

S =S (7.23)
—S+ V28 ¢(@y) a; (7.24)
e _vas al ¢@) (7.25)

h 1

Here as in (7.17) n; is defined by
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n=a a (7.26)

and

=

pm) =,/1— ;—S (7.27)

When the eigenvalue n; of 7;, the number of spin deviations, exceeds 2S5, the for-
malism becomes obviously unphysical. In actual calculations, therefore, only the
physical states (n; = 0, 1, 2,..., 25) have to be taken into account. This is of
course a condition which cannot always be easily enforced. The definitions (7.23),
(7.24) and (7.25) satisfy the commutation relations (7.6) and (7.7) if the operators
a; and a; are treated as Bose operators which obey the fundamental commutation
relations (Problem 7.8):

la: . a] =4 (7.28)

[a,- , aj]_ = [aj , aT]i =0 (7.29)

J

The corresponding Fourier-transformed operators

1 .
g = — eTiaRi 4. 7.30)

| 4
al = — Y e gt (7.31)
q \/N Xl: i

will be interpreted later (Sect. 7.2.2) as the annihilation and creation operators for
quasiparticles, the so-called magnons, which are the characteristic elementary exci-
tations in magnetism. In terms of these new operators, the Heisenberg Hamiltonian
has the following form:

H=—Nh S>Jy+2S i? JOZ??[
— 2812 Uiy p) a; a! PGy (7.32)

L]
—hz E Jij;l\iﬁj
iJ

Compared with (7.21), through ¢(n;), a second interaction term comes into play.
Explicit working with this Hamiltonian requires an expansion of the square root in

o))
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) =1- -+ - Ji i .. 7.33
(i) 4S5 3282 12857 (7-33)

Substituting (7.33) in (7.32) leads to a series expansion of the Hamiltonian:
H=-NRWS I+ H, (7.34)
n=1

H,, contains terms which are composed of 2n construction operators, i.e. n creation
and n annihilation operators. We demand that all terms H,, have the operators in the
normal ordering, i.e. all the creation operators are to the left and all the annihilation
operators are to the right. The possibilities for approximate treatment open up by
terminating the infinite series (7.34) after a finite number of terms.

Normally, one is forced to restrict to the first two terms. Using

=1+ (a;[)2 a?
and (7.33), we can write
o) =1—(1—/1—1/28)7; + “higher terms” (7.35)
Then, the bilinear part is given by
Hy =251 oy i =280y Jyjala (7.36)
i i,j
and the biquadratic part by
Hy=— 1Y Jy iy + 28 B> (1—/1—1/28)
i,j
x Y Jij(al i ai +al 7y ap) (7.37)
i,j

The disadvantage of the Holstein—Primakoff transformation is obvious. One needs a
physical justification for terminating the infinite series. The simplest approximation
in this sense is the so-called spin wave approximation

Hgw = —N 1* $? Jo+ H, (7.38)

which will be discussed and justified later. After transformation to wavevector rep-
resentation, it becomes diagonal

Hgy = =N K S* Jo+ Y _hoga)aq (7.39)
q
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and describes a system of uncoupled harmonic oscillators (‘“magnons”) where

hwq =28 W*(Jo — J(q)) (7.40)

| .
J@= > Jy v ®RY (7.41)
ij

The difficulties mentioned about the Holstein—Primakoff transformation do not
appear in the Dyson—Maleév transformation.

7.1.1.3 Dyson—Maleév Transformation (S > 1/2)

1

; St =+28q; (7.42)
-~ v3sai (1 i (7.43)
— {7 = o _— .
B i 28

1

ZSi=8-m @= of ) (7.44)

oz,-T and «; are Bose operators and therefore obey (7.28) and (7.29). This transfor-
mation has the advantage that the Heisenberg Hamiltonian now has only a finite
number of terms (Problem 7.11):

H=-NHhS>J+H + H, (7.45)
Hy =281 Joy i =251y Jij e o (7.46)
i i,j
H4 = —hz Z J,’j ’i’;,' /l’l\j + hz Z Jij o Olj /I’l\j (747)
ij i,j

A decisive disadvantage, however, is that SI.Jr and S;” are no more adjoint to each
other. As a result, H is not Hermitean any more!

7.1.2 Model Extensions

We want to discuss a few simple generalizations of the Heisenberg model which
become necessary when, in addition to the isotropic exchange interaction, other
effects play a role.
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7.1.2.1 Zeeman Term H,

When an external homogeneous magnetic field along z-direction is applied, the
rotational symmetry is destroyed. The Hamiltonian has an extra term, namely, the
Zeeman term:

N
— KB z
H: =g == Bo ; S; (7.48)
If the localized moments are pure spin moments, then g, is naturally equal to 2.

Otherwise, in place of S7 one has to take J and g is given by the Lande factor

_ JUJ+1D)—-LIL+D+SES+1)
g =1+ 7T+ 1) (7.49)

The justification for writing (7.48) in this somewhat imprecise form stems from the
Wigner—Eckart theorem (2.180). Further, we assume that we are in the region of
“anomalous” Zeeman effect, i.e. the field energy wp By is small compared to the
spin—orbit interaction energy 4> A(L, S) (2.304) so that J is still a good quantum
number.

7.1.2.2 Dipole Interaction

The interaction of the localized moments with the dipole fields of the other moments,
even though is not the origin of the collective magnetism as was estimated in
Sect. 5.1.1, still is an important correction which leads to anisotropy effects. Accord-
ing to (5.4), the dipole interaction is taken into account by introducing an extra term
in the Hamiltonian which is given by

i)
Hp = Z Dii{S; - S; — 3(S; - €;)(S; - ¢;;)} (7.50)

iJ
The coupling constants

Mo &5 W
Y 8 RR; — Ry (7.51)
are, as was estimated in Sect. 5.1.1, very much smaller than the exchange integrals
Jij. However, it should be kept in mind that the dipole interaction is of very much
longer range than the exchange interaction, so that the inequality D;; < J;; is valid
only for not too large separations |R; — R;|. The vectors ¢;; in (6.50) are the unit
vectors defined as follows:

R, —R;

=) 7.52
€l IR, — Rj| (752)
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We will discuss a few consequences of the dipole interaction in Sect. 7.4.4.

7.1.2.3 Spin-Orbit Interaction

The assumption that was made in 7.1.2.1 that the replacements, respectively, in the
exchange term

S — (gs—1DJ (7.53)
and in the Zeeman term
28 > ST+ JF > gy J*F (7.54)

should be made is strictly speaking not quite correct. The Hamiltonian must be
extended by an explicit spin—orbit coupling term. This term, according to Sect. 2.4
or 2.10, should have the following form:

N
Hso =AY S; L, (7.55)

i=1

The meaning of A is same as in Sect. 2.4 (see 2.286). The assumption that A is an
intra-atomic parameter that remains constant throughout the Wigner—Seitz cell is to
be considered as a serious simplification.

In the following sections, we will not consider Hgp any more. We, as was done
in the case of Langevin paramagnets (Sect. 4.2.2), will assume that the fine structure
splitting is so strong that we are allowed to restrict our treatment only to the lowest
level. In that case (7.55) becomes irrelevant.

7.1.2.4 Magnetic Anisotropy

Collective magnetism is a characteristic property of crystalline solids. It is known
that in crystals, physical properties are in general anisotropic, i.e. they are different
in different crystallographic directions. This is also true about a part of the mag-
netic properties. The important quantities such as the Curie temperature 7¢ and the
saturation magnetization are, however, always isotropic. In contrast, the M — By
isotherms are most of the time anisotropic. For example, one speaks of easy and
hard directions of magnetization.
Possible reasons for the magnetic anisotropy are

1. the dipole interaction (7.1.2.2) and
2. the coupling of the electron orbits to the crystalline electric field.

The concrete operator form of the magnetic crystal anisotropy is determined by
the symmetry group of the magnetic lattice. However, some general statements can
be made, because the exchange operator must remain invariant under a canonical



282 7 Heisenberg Model
transformation of the spin operators of the type

§¢—> =8¢ 1 i—>—i (@=x, 2 (7.56)

which retains the commutation relations unchanged. In the lowest order, the anisotropy
term in the Hamiltonian should have the following form:

(a) Uniaxial ferromagnet

Hy=-) Ki; S S: (7.57)
iJ

(b) Ferromagnet with cubic symmetry

(x,y,2)
Hy=— " > Kiju (S SO S) (7.58)

i,j.k,l a#p

The additional condition o # B is actually responsible for the anisotropy.
The diagonal term (i = j) in (7.57) and the term i = j = k = [ in (7.58) are
called single-ion anisotropy.

(a) Uniaxial ferromagnet

Hy=—=> Ki(S}) (7.59)

(b) Ferromagnet with cubic symmetry
Hy=—) Ky (59" (7.60)

In the last expression, the unimportant constants have been left out. From (7.58), for
i = j =k =1 we actually have

> Kiiii Y _(S9SEY

i aFp

= Z Kiiii Z(S:X)Z(Slﬁ)z - Z Kiiii Z(Sla)4

o, B i o
= Z Kiiii h4 (S(S + 1))2 - Z Kiiii Z(Sla)4

For a few phenomena (for example, the resonance experiments), taking into account
the single-ion anisotropy is already completely sufficient. The anisotropy constants
are, then, in general, temperature dependent.
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In a further approximation, for uniaxial anisotropy, one may frequently consider
only an effective anisotropy field which is described in a rough approximation by

~ M“B
Hy ~ —g; == Ba zi:sl.z (7.61)

This simple ansatz is applied in particular for uniaxial antiferromagnets.

7.2 Exact Statements

In spite of the simple structure of the Hamiltonian for the Heisenberg model, there
are very few exact statements possible. Without attempting to be complete, in this
section, we will discuss a few of the most important exact solutions. We start with
the following

7.2.1 Mermin—-Wagner Theorem

This theorem states [2]

In one and two dimensions, the isotropic Heisenberg model does not have any
spontaneous magnetization.
Statements and proofs of this nature have a certain tradition. For example,

Van Hove [3]: “There is no phase transition in a one dimensional gas with hard-
core interactions of finite range”.

Griffiths [4]: “The two- and three-dimensional Ising model shows a phase transi-
tion” (see Sect. 6.3).

Hohenberg [5]: “Normal superconductivity and superfluidity are impossible in
one- or two-dimensional systems”.

For the proof, Hohenberg used an inequality of Bogoliubov [6] which is also
the starting point of Mermin and Wagner. Therefore, we want to first prove this
inequality. The inequality is

%/3 (LA, AT1)(IC . HI-, CTo) = (€, AP (7.62)
H: Hamiltonian, A, C: arbitrary operators, f = k,%r . One should note that
[ - - ]+ is an anticommutator and [- - - ]_ is a commutator.

The idea of the proof is to define an appropriate scalar product and then exploit
the Schwarz inequality.

Let |n) be the eigenstates of the Hamiltonian with the eigenenergies E,. Then,
using

e En

Ei‘l = H 5 Wn [
(n|Hn) T

(7.63)
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we can show that
Ey#En

Wu — W,
(AB)= Y (nlAlim)(m|Bln) Z"—" (7.64)

n.m n m

is a positive semidefinite scalar product. Here A and B can be any operators. We
verify the axioms:

(o) (A, B) is a complex number with
(A, B) = (B, A)" (7.65)
This is valid since (W,, — W,,)/(E,, — E,;) is a real number and
((n| B |m)(m|Aln))* = (n|Al|m)(m|B|n)
(B) The linearity properties of the scalar product,
(A, a1 By + a2 By) =ai(A, By) + ax(A, By) (7.66)

with «;, ap € C follow directly from the linearity properties of the matrix
element (m|B|n).

(y) Since (W, — W,)/(E, — Ey) = 0, and (n|Al|m) (m|Aln) = |(m|Aln)|* it is
always true that

(A,A) =0 (7.67)

(8) From A = 0 it naturally follows that (A, A) = 0. The converse is, however,
not true. For example, (H, H) = 0 even though H # 0. Therefore, we are
dealing with a “semidefinite” scalar product.

We have thus, by verifying the axioms, shown that (7.64) is a scalar product.
We now specially choose

B=|[C', H] (7.68)
and calculate the scalar product (A, B).

Ey#En
(A, B)= ) (n|Afjm)(m|[C", H] |n)
=Y (nlAT|m)(m|CTn)(W,, — W,)

n,m

W, — W,
E,—-E,

Because of the bracket on the right, we can now include the diagonal term E,, = E,,
in the summation. Using the completeness relation and the definition (7.63) for W,,,
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we can further write
(A.B) =) Wou(m|C Allm) — 3 " W, (n| AT CTln)
= (2* Al — AT CT) '
With (7.68) for B we then have
(A,B)=([C", AT]_) (7.69)

If we substitute A = B = [CT, H]_ in the above expression, we get

(B.B)=(C", [H, C]-]1.) =0 (7.70)

The inequality on the right is the general property (7.67) of the scalar product.
For the Schwarz inequality, we still require (A, A). That we get in the following
way:

Wm - Wn
En - Em
7,3Em 7/3En 7/3Em — 7,35,,
—1e +e e e
= (Tr (")
E,—E, e PEn4 ¢BE

W, + W,
= ; tanh E(En - Ey)
E,—E, 2

Since tanh x < x for x > 0 and therefore (E, — E,,)"! tanh(g(En —E,) < g for
E, # E,, we can see that

Wm_Wn :B
O< —— < =W, + W, 7.71
<og < g Wt W) (7.71)

With this we can now estimate the scalar product (A, A):
En5éEm

B Y (nlAl|m) (m| Aln)(W, + W)

n,m

1
A A =
( )<2

1 _
<58 Z<n|A1|m)(m|A|n>(Wn + W)

n,m

% B Z W, ((n|A" Aln) 4 (n|A Af|n))

This finally leads to the inequality
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1 f
(A, A) = 3 B([A, A'l}) (1.72)

We now substitute the expressions (7.72), (7.70) and (7.69) in the Schwarz
inequality

I(A, B)]* < (A, A)XB, B) (7.73)

and recognize that it is exactly the Bogoliubov inequality (7.62). Thus the Bogoli-
ubov inequality is proved.

We now, using (7.62), want to find out whether the isotropic Heisenberg model
gives a spontaneous magnetization. For that, we first calculate the magnetization of
the spin system in the presence of an external homogeneous magnetic field By =
Bpe, and then set By — 0. The starting point for this is, according to (7.1) and
(7.48), the following Hamiltonian:

H=—=)"J;8;8;—by 5 e ™™ (7.74)
i,j i

b is given by

b=g, M_;—f By (7.75)

With the help of the factor e ¥R we can distinguish the different spin structures. If
K = 0 then it is the case of a normal ferromagnet. On the other hand, if we want to
discuss, for example, the simplest antiferromagnet, namely the AB-type (sometimes
called G-type), which can be considered to be made up of two ferromagnetic sub-
lattices where each atom of one sub-lattice has as its nearest neighbours only atoms
of the other sub-lattice, then we have to choose K = %Q. Here Q is the smallest
reciprocal vector so that e~ %R is equal to +1 if R; refers to one sub-lattice and
equal to —1 if it refers to another sub-lattice.
We first calculate the magnetization

1< —iK-
M(T. Bo)=g; 5= D e ™ (S)rp, (7.76)

i

The factor e KR takes care of the fact that, in the case of an antiferromagnet,
M(T, By) represents the sub-lattice magnetization. The total magnetization of an
antiferromagnet is naturally always equal to zero.

The question whether the Heisenberg model shows a phase transition or not is
finally answered by the spontaneous magnetization

M(T) = lim M(T, Bo) (1.77)
0—>
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For the following analysis, we assume that the exchange integrals J;; decrease suf-
ficiently fast with the increasing distance |[R; — R;| so that Q defined by

1
Q=D IR — R |yl (7.78)
ij

remains finite. This is actually a weak condition which does not require that one
should restrict oneself to the nearest neighbour interactions.

We are now ready to prove the Mermin—Wagner theorem:

For the isotropic one- and two-dimensional Heisenberg model holds

M(T)=0 if Q<ocoand T >0 (7.79)

For the proof we make use of the Bogoliubov inequality (7.62) for the following
operators:

A=S5S(-k+K) & AT =5k -K) (7.80)

C=5"k) & Cl=5(-k) (7.81)

The spin operators in k-space which were introduced in the above equations are
given by

$Uk) =Y Spe ™R (@=ux, y, 7, +, -) (7.82)

Using (7.6) and (7.7) one can easily verify the following commutation relations:
[STky), S7(ky)]_ =2h Sk +ky) (7.83)
[S°kp), SF(ko)] =+ hS*(k + ko) (7.84)

Using (7.80) and (7.81) we now evaluate the individual terms of the inequal-
ity (7.62).

(@ ([C, Al-)
([C. AL) =([S"®). S"(-k+K)] )
=2 h (S*(K))
=2h Y e ®Ri(s7) (7.85)
This means, from (7.76)
2R N
([C, Al.) = M(T, By) (7.86)

8J 1B
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(b) (A, ATly)
This term is easy to evaluate.

DA, ATl =) (S (-k+K), STk —K)I})
k k
= L YRR (55 4 57
k i
= 2N DS’ + (7))
<2N Z(Sf) (7.87)

so that in (7.62) we can substitute

DAL ATl 2B N2 S(S+ 1) (7.88)
k

The third term requires a little more effort to evaluate.
© ([[C, H]-, C")

First we will evaluate the commutator of S; with H using (7.74).

(S}, H] =—=hY_ Juw {2558, — iS5 — 5587}

+ hb St e KR (7.89)

m

Using this, we evaluate the following double commutator:

)4

[[s5. HI_ . S, | =212 dip by {ST°S, +25755)
— 207 Jp {ShS, +255,55)
+ 207 b 8y S5 e R (7.90)

This leads to the following intermediate result for the expectation value we are look-
ing for:

(ic. 11 . c'])
_ Ze_ik.(Rm—R,))([[S; , H]_ s SP_:I—>
m,p

=21 bYy (S5) e KR
P
F 212y (1= e BRI (g1 2 57 52 (7.91)

m*p
m,p
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According to (7.70), this expression cannot be negative. That is also valid for the
corresponding expression evaluated with C = S*(—K) in place of C = ST (k). In
this case, in (7.91) one has to only replace k by (—K) on the right-hand side. Since
this is also non-negative, we obtain an upper bound for the expectation value if we
add it to the right-hand side of (7.91):

(tc. H_ . C'])

<S4R b)Y (Si)e KR
P
+ 4B Ty (1= cos(k - (R, — R))(S - S, + S5, 87)
m,p

(7.92)
The right-hand side is positive, so that we get by use of the triangle inequality

([tc. H1_ ., Cc'].)
<4RbN |<S;)|+4h22|1m,,| |1 —cos(k - (R,, — R,))| *

m,p
*(|(Sn - 8p)| +[(55,57))
<4R*bN |(5)
+ 41 [yl 1= cos(k - (R, — R (BS(S + 1) + 17S?)
m,p

<41 b N [(S5)|+8RS(S + 1) *
£ 3 [Jmpl |1 = cos(k - (R, — R,))| (7.93)

m,p

Therewith we have found

([tIc. H1_ . C'])
< 4 1 |By M(T, By)|

1
+8RXS(S+1) Z [ Jmpl 5 K*R,, — R,|? (7.94)

m,p

Using (7.78) we finally get the following inequality:
([lc, HI_ . C']) <4R*|Bo M| +4 N K> i* Q S(S+ 1) (7.95)

We now substitute the expressions (7.86), (7.88) and (7.95) in the Bogoliubov
inequality (7.62) and sum over all the wavevectors k of the first Brillouin zone:



290 7 Heisenberg Model

BSES+1) > Ml > !
" (8s up)* N> 5= |By M|+ k> > N Q S(S+1)

(7.96)

Using this inequality, we will now prove the Mermin—Wagner theorem (7.79). For
that we will again convert the sum into an integral. Let the system be in a d-
dimensional “volume” V; = L¢ and contain N; = n¢ spins. In the thermodynamic
limit, let the specific volume V;/N, approach the constant value v,. The integrand
on the right-hand side of the inequality is positive. Therefore, we can replace the
integration over the first Brillouin zone by an integration over a sphere of radius kg
which lies completely inside the Brillouin zone:

2 Q ko kdfl dk
™ a2 / (7.97)
0

1
D= B (gs wp)* Qm) |Bom|+ k> 1> Q S(S+1)

Here d is the dimension of the lattice and €2, is the surface area of the d-dimensional
“unit sphere” (see Problem 3.4)

Q=2 Q=21 Q=4dx (7.98)

Furthermore, we have introduced the average magnetic moment per site m = M /N.
The integral on the right-hand side of (7.97) can be easily evaluated:

d=1

[/ Q h? S(S+1)
m2 vy arctan (k() “TBoml )

S(S+1)>
( )= 27 B (g7 1B)* \/Q W2 S(S+ 1) | By m|

(7.99)

We are specially interested in the behaviour of the magnetization for small

fields By:
Bl/3
\m(T, By)| < const. # as By — 0 (7.100)
d=2
For the two-dimensional lattice from (7.97) we get
Q K2 S(S+1Dk2+|By m|
m? vy ln( |Bo mT : )
SS+1)> 5 5 (7.101)
27 B (g7 uB) 20hR S(S+1)
from which for small fields By we get as By — 0
t B -2
\m(T, By)| < const, (T In (M)) (7.102)
[Bo m|
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From the two inequalities (7.100) and (7.102) it is clear that the spontaneous mag-
netization

my(T) = lim m(T, By) =0 forT #0andd =1, 2 (7.103)
0—>

Thus, the Mermin—Wagner theorem is proved.
In the following, we add a short interpretation of the theorem:

1. The proof is valid only for T > 0. For T = 0 the inequalities (7.100) and
(7.102) do not make any predictions. Just as in the case of one-dimensional
Ising model (Sect. 6.2.1), for T = 0 spontaneous magnetization is not excluded.

2. The factor exp(—iK - R;) which was introduced in the definition of the mag-

netization does not appear in the inequalities (7.100) and (7.102). Therefore,

the theorem forbids even the long-range antiferromagnetic order in one- or two-
dimensional spin lattices.

No prediction is possible for d = 3.

The theorem is valid for arbitrary spin S.

5. The theorem is valid only for the isotropic Heisenberg model. The proof is not
valid even for a weak anisotropy. This explains the existence of a number of
two-dimensional Heisenberg ferromagnets and antiferromagnets like

w

KQCMF4, CrBrg, szMi’lF4,...

as well as high-T, superconductors (cuprates), which show a phase transition.
Distinct anisotropy in these materials makes the Mermin—Wagner theorem irrel-
evant to them.

6. The theorem is restricted only to the non-existence of spontaneous magneti-
zation. It does not necessarily exclude other types of phase transitions. High-
temperature expansions occasionally indicate a divergence in the isothermal
magnetic susceptibility yy (Fig. 7.1). A divergence in 7 at a critical temper-
ature 7% is normally an indicator for a transition into a collectively ordered
phase. In the case of two-dimensional-Heisenberg model, however, it appears
that the following conditions may be simultaneously valid [7]:

M(T)=0
. T—T* 7.104
xr = limp (/Lo (—aMgggBO)%) -S> 00 ( )

7. The Mermin—Wagner theorem can be proved also for other models like the Hub-
bard model, s-f (Kondo-lattice) model, X—Y model.

7.2.2 One-Magnon States of a Ferromagnet

There exist interesting analogies between the elementary excitations in a ferromag-
net and an elastic solid. The oscillations of the ions in the lattice about their mean
positions can be analysed in terms of the normal modes. Their amplitudes are quan-
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Fig. 7.1 Critical temperature
behaviour of the isothermal X
magnetic susceptibility xr

tized. The quantum unit in this case is called the phonon. In a complete analogy,
the oscillations of the ferromagnet are, following Bloch, called spin waves and their
unit of quantization is the magnon. The ground state of a ferromagnet corresponds
to the total alignment of all the spins. We shall see that magnons represent the spin
deviations, i.e. they cause a destruction of the collective spin ordering. One-magnon
states are exact eigenstates of the Heisenberg Hamiltonian. We will prove and dis-
cuss this in the following.

We use the model Hamiltonian in the form (7.13) including the Zeeman term
(7.48), but we will write it in terms of wave vectors using (7.82) and (7.41):

_ _l + —(_ Z 0
H= NXk:J(k){S (k) S™(—=Kk) + S*(k) S°(—k)}
-8 “—ff By 5%(0) (7.103)

The sum runs over all the wavevectors in the first Brillouin zone. Note that St (k)
and S~ (k) are no longer adjoints and S*(k) is not Hermitian!

(ST) =8 (-k); (5°K)" = 57%(—kK)

Let the state |0) be the state where all the spins are oriented parallel to the external
field. This is the ground state of the operator H (ferromagnetic saturation). We will
first calculate its eigenvalue. The working of the spin operators on the state |0) is of
course obvious:

S7|0) = h S|0)
S4(K)[0) = 1 S|0) Y e R = h N S|0) 8o (7.106)
SH0) =0 = S$*(K)|0) =0 (7.107)

With these relations, the working of H on |0) is also clear (Problem 7.6):
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H|0) = Eol0); Eo=-Nh*JoS*—N gsup By S (7.108)

In Ey, the first term stems from the exchange interaction and the second is due to
the external field. We will show that the state

S~ (k)[0)

is also an eigenstate of H. For that, using the commutation relations (7.83) and
(7.84), we will first calculate

[H, S ®)]_

1 _ —
_ _N;J(q){[SJr(Q), S"K]_ S (-a)

+ [S@, STW]_ ST (—a) + 5@ [S (), Sf(k)],}
1

7By [S7(0), S™(K)]

i_'zg _
1
== 2@ {2h5° K+ @S~ () = 1S~k + @)S*(—q)
q
— hSY@S™(k — @) + g7 BoS (k)
1
=-% Z J(@) {—21*S™(k) + 2hS~(—q)S*(k + q)
q

— hS™(k + q)S*(—q) + >SS~ (k) — S~ (k — q)S*(q)}
+ gsnupBoS™(K)

Therewith we can write
[H. S"&)]_ =g, s By S™(K)
- % Y J@(S(—q) Sk +q)
- S*<kq+ Q) S(—q)} (7.109)

In view of (7.12), we have used several times
1
S @=1i =0 J@=J(-q (7.110)
q

The commutator (7.109) is itself an operator. Using (7.106), the application of this
operator on the ground state |0) gives

[H, S~(®)]_10) = {g; ws Bo— 21> S (J(K) — Jo)}S~ (K)[0) (7.111)
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Using (7.108) and (7.111) we can now write
H(S™(k)[0))
=S (KH|0) + [H , S’(k)L |0)
= {Eo(Bo) + gsipBo + 2Sh*(Jo — J(K))}S™(K)|0)
(7.112)

Thus we see that S~ (k)|0) is indeed an eigenstate of H. This state can be normalized
by

(01S*(—k) S~ (K)[0) = (0|(S™ (k) ST(—K) + 25%(0))|0)
=2 NS (7.113)

provided the ground state |0) is itself normalized. With this, we have found the
following important result. The normalized one-magnon state

k) = ﬁ S™(k)|0) (7.114)
is an eigenstate with the energy
E(k) = Eo(Bo) + ho(k) (7.115)
That corresponds to an excitation energy of
ho(K) = g; pp Bo+ 2Sh*(Jo — J(K)) (7.116)

The energy quantum fw(K) is ascribed to the quasiparticle magnon. From the field
term g;up By, one recognizes that the total magnetic moment of the system in
the state |K) is, when compared to that in the ground state |0), reduced by g;up.
Therefore, one can ascribe spin 14 to the quasiparticle magnon. Thus magnons are
bosons!

One can obtain further information about this new quasiparticle by looking at
the expectation value of the local operator S7 in the one-magnon state |k). Using
(7.114) and (7.107) one has (Problem 7.7)

k) = B(S — —
(k|5 k) = 7S — ) (7.117)

This is a remarkable result. The right-hand side is independent of i and also of k,
i.e. the spin deviation of 1/ in the state |K) is distributed uniformly on all the lattice
sites. At each lattice site, the deviation of the local spin from the totally ordered
state ((01S7|0) = AS for all i) is 2/N. This fact leads inescapably to the concept
of spin waves. This is a collective excitation |k), in which all the localized spins
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Fig. 7.2 Semiclassical z A
picture of a local spin after
one magnon has been excited

S; = Hi(S—1/N)

participate equally. The excitation of a spin wave means a spin deviation of one unit
of angular momentum 1£ for the whole lattice. It is characterized by a propagation
vector k. Its quantization unit is the magnon. In a picturized, quasiclassical vector
model, a spin wave is represented by the precession of every localized spin about
the z-axis. The angle the spin makes with the z-axis is such that the projection of
the spin vector onto the z-axis is (S — %) (Fig. 7.2). The adjacent spin vectors have
a constant phase difference determined by the propagation vector k = 2 /A. With
this phase difference, they build the spin wave which is indexed by the wavevector
k. k = 0 means all the spins precess about the z-axis with a phase difference of
zero. From (7.116) one sees that for By — 0 one can excite spin waves with almost
no cost in energy. That means the small thermal energy is sufficient to produce devi-
ations from the saturation magnetization in the Heisenberg spin system by exciting
spin waves. In contrast, the reversing of an individual spin costs considerably more
energy (Fig. 7.3).
An obvious ansatz for the many-magnon states would be

) ~ T (s~ )™ [0) (7.118)

Fig. 7.3 Semiclassical model
of a spin wave
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where ny is the number of the spin waves with the propagation vector k. However,
one can easily show that these states are not eigenstates. This fact indicates that the
interactions among the spin waves, i.e. among the magnons, has to be taken into
account. This will be discussed in later sections.

7.3 Molecular Field Approximations

In the last section, we could treat exactly some special aspects of the Heisenberg
model

_ z KB
H==3"Jy(s's;+s S_}-')—gJ?BOZSf (7.119)

ij

The general eigenvalue problem could not be solved rigorously up till now. As a
result, one has to depend on approximations. The simplest approximation is con-
structed by linearizing the Hamiltonian. For that, the starting point is the following
identity for the product of two operators A and B:

A-B=A(B)+ (A)B — (A)(B) + (A — (A))(B — (B)) (7.120)

The angular brackets symbolize again the thermodynamic average. The molecular
field approximation (MFA) consists of the neglect of the fluctuations of the observ-
ables from their mean values:

A-B =5 A(B) + (A)B — (A)(B) (7.121)

As an operator equation this approach looks rather strange. However, since we need
these operators normally in averaging processes, e.g. when calculating the magne-
tization, such a procedure may be roughly acceptable. Applying this approximation
to the operator products in (7.119), one sees that the “spin-flip terms” S;* S; are
completely suppressed.

sts; o (7.122)

This is because of the conservation of the z-component of the total spin (7.14) and
(7.15).

(SHy=(57)=0 (7.123)

Equation (7.122) must be seen as the distinct disadvantage of the molecular field
approximation. The approximation (7.121) leads to the following model Hamilto-
nian:
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Hyra ==Y 4y {S{S) + (DS} | =00 52 B0 ) 51+ DT, By (71.124)

ij

D(T, By)) is a temperature-dependent c-number

D(T, Bo) = Y _ Ji;(S)(S3) (7.125)

ij

which can, most of the time, be neglected. The decisive simplification achieved
in (7.124) is that the original many-spin problem (7.119) is reduced to a one-spin
problem. As a result, the ferro-, the ferri- or the antiferromagnet will be described
as a paramagnet in an effective temperature-dependent field. Therefore, we can take
over many results directly from Sect. 4.2, if we replace in the respective formu-
lae the external field by the sum of the external and the effective fields. The exact
form of the effective field is of course determined in the last analysis by the spin
configuration of the Heisenberg magnet.

7.3.1 Ferromagnet

First we will consider a homogeneous ferromagnet for which case the translational
symmetry is present.

(SHy =(SY) Vi (7.126)
This reduces the Hamiltonian to be

Hypa = D(T. By) — (2JO<SZ> Y “—hB Bo) 3 st (7.127)

l

The c-number

D(T, Bo) = NJo(S5%)7 5, (7.128)
does not appear in the calculation of most of the interesting quantities such as mag-
netization. However, for example, if one wants to calculate the specific heat, one
should not neglect this term.

In the molecular field approximation, the Heisenberg Hamiltonian has the same
form as the Hamiltonian of an ideal paramagnet:

= “B
Hyra = D(T, Bo) — &y F(BA + BO)X,-: S; (7.129)

when one interprets B, as an effective field, which is called the exchange field.
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2Jo h
A =
8J UB

(8%)1,8, = Ba(T, Bo) (7.130)
In view of the expression for the magnetization
M(T. Bo)=n g; S2(S (1= N/V) (7.131)
we notice that By is proportional to the magnetization
Bya=por M (7.132)

where

2Jo B?
= —20 (7.133)
n o (g7 1B)

Thus the molecular field approximation of the Heisenberg model is fully equivalent
to the phenomenological Weiss model of a ferromagnet (Sect. 5.1). Equation (7.132)
is identical to (5.7). However, in addition, we now have the possibility to provide a
microscopic meaning, through (7.133), to the exchange parameter X.

In the following we will recover most of the results of Sect. 5.1 by deriving the
physical quantities using Hy;r4. The latter are essentially the same as those of the
Weiss ferromagnet. This holds especially for the magnetization

7.3.1.1 Magnetization
The magnetization is given by (5.8) or (4.127)

M(T, Bo) = Mo Bs(B S g1 up(Bo+ Ba)) (7.134)
B, is the Brillouin function defined in (4.99) and M, is the saturation magnetization
My=nSgyug (7.135)

In the molecular field approximation, the Heisenberg spin system shows a phase
transition independent of the lattice dimension, i.e. there exists a critical temperature
T¢ below which the spontaneous magnetization My(T) = M(T, By = 0") is non-
zero. The MFA therefore violates the Mermin—Wagner theorem.

T > Tc : M(T) =0 “paramagnetism” (7.136)
T < Tc : M(T) # 0 “ferromagnetism” ’
According to the discussion in Sect. 5.1, the spontaneous magnetization satisfies the
universal equation of determination (5.15)
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M(T) _ 5 < 3§ T¢ MS(T)) (7.137)

M, S+1 T M,

The graphical solution of this equation is illustrated in Fig. 5.6. The Curie tempera-
ture, using (5.12), (5.13) and (7.133), is given by

2
kBTczghz Jo S(S+ 1) (7.138)

Tc is therefore a direct measure of the strength of the ferromagnetic coupling
between the localized moments.

The “rough” temperature dependence of the spontaneous magnetization of a fer-
romagnet is reproduced quite nicely by the molecular field approximation (7.137).
However, a more careful look shows interesting deviations. In the critical region
(T S Tc, Bg = 01), the argument of the Brillouin function (7.137) becomes very
small. Therefore, we can expand as was done in (4.103).

S+1  S+1282+25+1 ,
¥ —

B,(x) ~
W)~ =35 3s 3052

This gives for the spontaneous magnetization, which is also known as the order
parameter of the ferromagnet,

MN\? 10 (S + 1) T\> Tc - T
M, \" 10 S+D” (TN Ic (7.139)
M, 3282425+ 1 \T¢ Te

for T > Tc.
The critical exponent S of the order parameter which is defined by

M, ~(Tc = T) forT > Tc (7.140)

in the molecular field approximation is equal to 1/2 whereas the experimental value
is & 1/3 and therefore there is a disagreement.

The low-temperature behaviour of the spontaneous magnetization is also not
given quite correctly. In Sect. 7.4.1, we will derive Bloch’s T3/* law,

M(T)
My

~(1=C3pT??) forT — 0 (7.141)

according to which, it can be seen that already at relatively low temperatures, the
spontaneous magnetization deviates from the saturation value due to the excitation
of spin waves. In the molecular field approximation, the spin waves are completely
suppressed. Therefore, the deviations from saturation can appear only by the “rever-
sal” of the individual spins. This naturally costs a lot more energy than the excitation
of spin waves, which will happen with arbitrarily small energy (see Sect. 7.2.2). As



300 7 Heisenberg Model

a result, in the molecular field approximation, M, as T — 0, goes into saturation
exponentially.

7.3.1.2 Susceptibility

To calculate susceptibility, we will use (7.132) and (7.134). The susceptibility is
given by

T, By) = oM 7.142
x(T, 0)—M0<a—BO>T (7. )

According to (4.99), the derivative of the Brillouin function is given by

2
d 1/(28)? (335)
B/(x) = —By(x) = — 5 7.143
:(0) dx ) sinh? (2)‘—5) sinh? (%x) ( )
Using the notation
x=pBSg;up(Bo+ pnor M(T, By)) (7.144)

the susceptibility x is given by

(S g7 1p) By(x)

7.145
kBT—ZJ() h2 SZ Bé(.x) ( )

x(T, By) = uo n

This relationship is valid in fact for all fields By and for all temperatures and there-
fore also for T < T¢.

In the paramagnetic region, the Curie—Weiss law which was derived in Sect. 5.1
is valid:

1
M= —x B, (7.146)
1o

Y(T) = (7.147)

T-Tc

C is the Curie constant which is defined in (4.130). One should remember that
the linear relationship (7.146) between M and By is valid only for high temper-
atures and small fields. Within the molecular field approximation, the expression
(7.147) is exact for zero field and for all T > T.. Experimentally, the linear rela-
tionship between the inverse susceptibility and temperature is valid only for very
high temperatures and is unambiguously confirmed. One uses this high-temperature
behaviour of the susceptibility to define a characteristic material constant: param-
agnetic Curie temperature 0

x ' ~(T —=0) (T>Tc, By=0) (7.148)
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Fig. 7.4 Temperature [
behaviour of the inverse x!
paramagnetic susceptibility

with a zero at the Curie

temperature T¢ (6,

paramagnetic Curie

temperature)

One obtains € by extrapolating the high-temperature behaviour of the inverse
susceptibility onto the temperature axis and finding the intercept (Fig. 7.4). In the
molecular field approximation, typically,

Omra = Tc (7.149)

Experimentally, 6 is always greater than T¢.

7.3.1.3 Specific Heat

The molecular field approximation (7.129) gives the average energy per spin of a
ferromagnet as

U—i(H )—lB(T By) — E(SZ>(B + By) (7.150)
=N MFA =N » Do 8J 7 A 0 .

The c-number B(T, By), while calculating the specific heat, can not be neglected
any more. Substituting (7.128) and (7.131) to (7.133) in (7.150), one gets for the
internal energy of the ferromagnet

1/1
U=—— (5 o A M* + By M) (7.151)
n

We first notice from this result that for 7 > T¢ and in zero field the magnetic
contribution to the internal energy vanishes. In reality, in a ferromagnet, even above
Tc, there exists a short-range ordering of the spins, which are described by the
correlation functions of the type (S;r Sj*), (SfS;), etc., which are nonzero, even
though (S§¢) is already equal to zero (see Problem 6.4). According to (7.122), right
from the beginning, the correlation between different lattice sites is neglected, so
that the magnetic energy resulting from such short-range order cannot appear in the
expression for the internal energy.
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Using (7.151), we can now calculate the specific heat

cp =1 (2 (7.152)
o=\t )y, '

According to the first law of thermodynamics, the internal energy per particle is
given by

Vv
dU:TdS+NBo dm (7.153)
The volume is to be treated as constant. S and M are functions of 7" and Bj. There-
fore
aS 14 oM
dU =T | — + =By | dT
or )y, N oT ) p,
aS Vv oM
T — — By | — dB 7.154
o[ Ga), e (&) Jom o
From this follows the generally valid relation:
aU 1 oM
Cp=\|— —— By | — (7.155)
or Jp, n oT ) p,
Using (7.151), for the Heisenberg ferromagnet, we then have
1 oM L [OM?
Cp=—— 128, (=) + 222 (7.156)
n oT ) g, 2 T ),

Since in the paramagnetic phase we have U = 0 and M = 0, we get
Cp,=0 (T >Tc, By=0) (7.157)

It can be shown quite generally that, for every magnetic system at high temperatures
Cp, ~ 1/T? should be valid (proved as Problem 6.4). In this sense, the molecular
field approximation is not correct.

For T = T, the behaviour of the specific heat, particularly in the neighbour-
hood of the phase transition, is interesting. For By = 0 and T < T¢, we can
substitute (7.139) in (7.156):

S(S+1) T\ Tc
Cpo="5ky ——> "7 1+2(1-=¢ 7.158
B=0 = a5 125 + 1 <TC> < * ( T)) (7.158)
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\

A
Cp,=0/kg
2.0
S=5/2
1.0
S=1/2
0.5 1.0 T/Te

Fig. 7.5 Specific heat of the Heisenberg ferromagnet in the molecular field approximation as func-
tion of temperature

From this we see that the specific heat has a finite discontinuity at T¢ which is
equal to

S(S+1)

ACp —o(T =T¢) = Skg —————
Bo=0( c) B3 e o5+ 1

(7.159)

That corresponds to a phase transition of second order in the classical Ehrenfest
sense.

To calculate the general temperature dependence below T, we have to substitute
(7.137) in (7.156). The result is displayed in Fig. 7.5, which has a certain similarity
with experimental Cp, — T curves. In view of the greatly simplifying assumptions
made in the molecular field approximation, the agreement is not expected to be
quantitative. Figure 7.6 shows the temperature dependence of the specific heat of
the ferromagnet GdCl3; whose Curie temperature is 7c = 2.20 K [8]. The dashed
line is the lattice contribution (~73). The difference between the continuous and
dashed lines is the contribution of the ferromagnetic spin system, which is nonzero
even beyond T¢ due to the short-range order.

7.3.2 Antiferromagnet

We now want to apply the molecular field ansatz to the antiferromagnet. The anti-
ferromagnet is made up of two chemically equivalent ferromagnetic sub-lattices,
whose magnetizations in zero field are equal and oppositely oriented to each other
at all temperatures.

M(T) =M (T)+Mp(T) =0 (T arbitrary, By =0)
M (T)= —My(T)#0 for T < Ty (7.160)
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Fig. 7.6 Specific heat as A
function of temperature for

the ferromagnet GdCls. C/kg
Dashed line represents the

lattice contribution

1.0

T -

1.0 20Tc3.0 TIK]

Obviously, the exchange integrals between atoms belonging to the different sub-
lattices must then be negative. The antiferromagnet, in the molecular field approxi-
mation, is described by the following Hamiltonian:

= H i
Hyra = D(T. Bo) = g1 =~ ) (Bo + BY)S; (7.161)
i

The c-number D(T, By) is given according to (7.125) by
D(T, Bo) =) Jij(S7)(S5) (7.162)
ij

Compared to a ferromagnet, now the exchange fields are different for the two sub-
lattices:

! ;
8r s BY =2 0 (S5) (7.163)
7

This can be written more explicitly as

tes g BY =2(S5) Y5 Ji; +2(85) Y50 4y

(7.164)
tos g BY =2(S5) Y5 Joj +2(85) Y50
The sub-lattice magnetization
N;
MA(T, Bo) =i g5 ZE(ST) mi= S i=1.2 (7.165)
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has to be calculated, where N; is the number of particles in the corresponding sub-
lattice. Analogously to the Weiss ferromagnet, we can introduce for the antiferro-
magnet also the exchange parameters:

el
Mip=An= n po (g/ n o (81 HB)® Z Jl/

_ _ 47'L 62
Mo = Ao = n o (87 1p)? Z J]’

(7.166)

We will assume that the two sub-lattices are completely equivalent, so that, in par-
ticular, n; = n/2 is valid. Then, the exchange fields have the following relationships
with the sub-lattice magnetizations:

BS) = oMo Mo + Ay M)

(7.167)
Bixz) = wo(A21 My + ApM>)

We now discuss the physical properties of the Heisenberg antiferromagnet begin-
ning with sub-lattice magnetization.

7.3.2.1 Sub-lattice Magnetization

Because of the molecular field approximation, the problem of the antiferromagnet
is also converted into a single-spin problem. Therefore, in complete analogy with
the ferromagnet (7.134), one gets

Mi(T, By) = My; By(B S g; 115(Bo + BY)) (7.168)

n
Mo = My, = 5 S g B (7.169)

If the field is switched off (By = 0), we can use (7.160), as a result of which the
spontaneous magnetization of the two sub-lattices must be equal and opposite:

M (T) = —M>(T) (7.170)

With (7.167), we now have to solve the following implicit equations for the sub-
lattice magnetizations:

M;s(T) = Mo Bs(B'S 8 1o p(rin — A12)Mis(T)) (7.171)

Mathematically, the problem is exactly the same as the one encountered in the case
of a ferromagnet. Again, one can have a graphical solution as in Sect. 5.1.2.
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7.3.2.2 Neel Temperature

This is the temperature Ty at which the sub-lattice magnetization collapses. This is
also derived exactly in a similar manner as in the case of a ferromagnet. Accord-
ing to Fig. 5.4, the necessary condition for the existence of spontaneous sub-lattice
magnetization is

d
MOi Bs > 1
d M;, o

Using (5.11) with My; = %MQ, J = Sand A — (A1 — A12), one gets with (5.12)
and (5.13)

1
Ty = 5()»11 —A)C (7.172)
C is the Curie constant (5.12).

n
knTy = % o (2 wg)? S(S + DAy — A1) (7.173)

Substituting further (7.166), we finally get

2 el e2
kpTy = 356 +1D Ay L= 0 (7.174)
j J

J

In addition, as a natural condition for the antiferromagnetic order, we have to require
€2

Y <0 (7.175)
J

We want to evaluate this expression for three typical antiferromagnetic structures.

(a) ABAB-structure (G-type): In this structure, there are two interpenetrating sub-
lattices such that an atom in one sub-lattice has only the atoms of the other sub-
lattice as its nearest neighbours. If we restrict ourselves only to the nearest and
next nearest neighbour interactions J; and J;, respectively, then from (7.175) it
follows that

2
kg Ty = 3 S(S+ 1) R (zo o —z1 J1) (7.176)

The z; nearest neighbours of the atom under consideration necessarily belong to
the other sub-lattice and the z, next nearest neighbours to the same sub-lattice.
In order that Ty > 0, in addition to J; < 0, either J, > 0 or
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Jr» <0 and |z;J;| > |22 /2] (7.177)

That means, J, can be either positive or negative. That is, the interaction within
the sub-lattice, in spite of the ferromagnetic ordering, need not be ferromagnetic,
but can also be antiferromagnetic.

(b) NSNS structure: This structure is also called the MnO structure. The (111)-
planes are ferromagnetically ordered, such that the successive (111)-planes show
an (NSNS) sequence of magnetization. In addition to MnO, a good example
showing this structure is the antiferromagnet EuTe. In this material, the localized
moments are due to the Eu* ions. These ions build an fcc lattice. One knows
that in europium chalcogenides, the nearest neighbour interaction is ferromag-
netic (J; > 0) and the one between the next nearest neighbours is antiferromag-
netic (J, < 0). In an fcc structure, every atom has 12 nearest neighbours, out of
which 6 are on the same (111)-plane, that is, in the same sub-lattice and the other
6 in the neighbouring (111)-planes. In addition there are six next nearest neigh-
bours, all of which lie in the other sub-lattice. With this information, according
to (7.174) we can write

2
kg Ty = 3 S(S + 1) K26, — 6J, — 6J5)

% S(S + 1) B2(—6J,) (7.178)

Because of Ty > 0 the next nearest neighbour interaction J, must be negative,
i.e. antiferromagnetic. From (7.175), in addition, 6J; + 6J, < 0 holds. This is
always fulfilled for J; < 0. That means that all interactions are antiferromag-
netic. However, J; > 0 with J; < |J,]| is also possible. In such a case the nearest
neighbour exchange would be ferromagnetic, although the system as a whole is
an antiferromagnet.

(c) NNSS structure: An example for an antiferromagnet which shows an NNSS
sequence in magnetization of the ferromagnetically ordered (111)-planes is
EuSe in the temperature range between 2.8 and 4.6 K [9]. The lattice structure
is same as for EuTe. The magnetic moments build an fcc lattice. Out of the 12
nearest neighbours of an arbitrarily chosen atom, 9 are in the same sub-lattice
and 3 in the other sub-lattice. Out of the six next nearest neighbours, three each
are in the two sub-lattices. This according to (7.174) leads to

kg Tn

2
3 S(S+ 1) R*OJ, = 3J,+3J, —31)

% S(S+ 1) B*(6J,) (7.179)
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Again (7.175) also has to be fulfilled. That means (3J, +3J,) < Oor J, < —J;.
Because of (7.179) the nearest neighbour exchange is ferromagnetic (J; > 0)
and the next nearest neighbour exchange antiferromagnetic (J, < 0).

For any arbitrary antiferromagnet, provided it is built up of two interpenetrating
sub-lattices, one can evaluate (7.174) in a similar fashion. We will now discuss the
paramagnetic Curie temperature 6.

7.3.2.3 Paramagnetic Curie Temperature 6

For this, we require the high-temperature behaviour of the paramagnetic susceptibil-
ity. At high temperatures, the argument of the Brillouin function in (7.168) is small,
so that we can again exploit the relation

S+1
B;(x) ~ 23S X
Then we get
Mi(T, Bo) ~ g(gf 1)’ S(S+1) B(Bo + BY) (7.180)
The total magnetization
M(T, By) = M\(T, By) + Mx(T, Bo) (7.181)

is for By # 0 of course not zero. Using (5.12) and (7.167) one sees that for antifer-
romagnets also the Curie—Weiss law is valid:

M(T, By) = x(T) i By (7.182)
H“o

c

The paramagnetic Curie temperature 6 is given by

1 2 el e2
kp 0 = Skg COa1 +312) = 255+ 1) Y hi+ ) Jy (7.184)
J J

Thus, the paramagnetic Curie temperature of an antiferromagnet satisfies formally
exactly the same relation as that of a ferromagnet (7.138) which is equal to T¢ in
the molecular field approximation:
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Fig. 7.7 Temperature
behaviour of the inverse
susceptibility of an
antiferromagnet with negative
paramagnetic Curie
temperature

2
k30:§S(S+1)h2 Jo (7.185)

For antiferromagnets, typically Jy < 0, and therefore, the paramagnetic Curie
temperature is negative (Fig. 7.7).

0 <0 (7.186)

For the antiferromagnets EuTe and EuSe, which were already discussed, (7.185)
becomes

2
kg0 = 3 S(S + 1) B2(12J, + 6J») (7.187)

With this equation and either (7.178) or (7.179), from the measurement of 7 and
0, the exchange integrals J; and J, can be determined. One finds that

EuTe: 12 Ji/ky = 0.043K; 12 Jo/ky = —0.150 K .
EuSe: 12 Ji/ky = 0.073K; k2 Jo/ky = —0.011 K '

According to (7.175) and (7.184), the relationship between the two characteristic
temperatures of the antiferromagnet is

o Jo
T X5 0= X5

(7.189)

In most of the cases, —ﬁ—N > 1:

Material MnO|NiO|MnF,
—0/Ty | 53 |57 1.7
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Since the interactions between the two sub-lattices are necessarily antiferromag-
netic, i.e. Zfz Jij < 0(7.175), —0/Tn can only be greater than one, when the

interactions even within the sub-lattice are antiferromagnetic, i.e. Zfl Jij < 0.
By itself, each of the sub-lattices would like to order antiferromagnetically. As
the antiferromagnetic coupling between the sub-lattices is stronger, a ferromagnetic
coupling within the sub-lattice is forced.

There are of course antiferromagnets with 0 < —6/7Ty < 1. An example is EuTe
which has § = —4.0 K and Ty = 9.6 K. In such a case, according to (7.189),
Zje.l Jij must certainly be positive. That means, in this case, the coupling within
the sub-lattice is ferromagnetic.

7.3.2.4 Susceptibility for T < Ty

In order to calculate the susceptibility, we have to solve (7.168) for the sub-lattice
magnetization for By # 0 and then differentiate with respect to By.

Let us assume that in the absence of an external field, both the sub-lattice mag-
netizations M, and M, are, respectively, parallel and antiparallel to the z-axis. The
z-axis is chosen such that it is the “easy” axis of the magnetic crystal. On the appli-
cation of an external field By, the magnetizations M; and M, will change in both
direction and magnitude. One must differentiate two special cases. If the field is
parallel to the easy direction, then the directions of M; and M, will not change but
the magnitudes will. We have to expect a clear temperature dependence. On the other
hand, if By lies perpendicular to the easy direction, then, to a first approximation, the
magnitudes do not change but the directions will (Fig. 7.8). In this case, there will
be practically no temperature dependence of the susceptibility. We want to examine
these arguments a little more closely.

Let the field lie along the z-axis. In order to calculate the susceptibility, we
expand the right-hand side of (7.168) in terms of the external field:

B

0
M;(T, By) = My, |:Bs +BoB S gsus (1 + BBA ) B! + O(BS)} (7.190)
0

B(x) and B](x) are, respectively, odd and even functions of x (see (7.143)). There-
fore, it is immaterial which of the spontaneous sub-lattice magnetizations we sub-
stitute in the argument of B (x):

M, ? Ml M P M,
By ! 7
Fig. 7.8 Reaction of the ! N By
sub-lattice magnetizations of ¢ R
an antiferromagnet to an M M. LN M,
external magnetic field By. My, ' 2
Field (a) parallel, (b) (a) B0| le, 1) By, Le

perpendicular to the easy axis
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M(T, Bo) = Mi(T, Boy) + Mx(T', Bo)

9B
= Bo B Mo Sgsup |2+ 4
0By Boo

2

o)
+ ( 5 BA ) ]B;(ﬁngOuB@n — M2)Mi5(T))
0

By=0

+ O(B?)

Using this we can easily calculate the susceptibility:

AM(T, Bo)
x1(T) = o <—°> (7.191)
0By Bo—0
From (7.167), we see that
aB(l) aB(Z)
3 + A = (T)A11 + A12) (7.192)
85‘0 BBO
B(]:O B(]:O

From (7.184), we get (A1 + A12) = 26/C. Using the definitions for the saturation
magnetization My, (7.169), the Curie constant C (5.12) and for the Neel temperature
Tn (7.172), we get the following expression for the susceptibility:

S (gunn? B (% 25 )

x(T) = pon (7.193)
38 v 35S M
ks (T — 5010 B (7” SH1 W))
The spontaneous sub-lattice magnetization is determined by
M Tv 385 My,
b _p (X 22 L (7.194)
Moy T S+1 My
With (7.143) one recognizes that
x1(T) == 0 (exponentially) (7.195)

While calculating the susceptibility y; we can use the fact that when the field is
applied perpendicular to the “easy” axis, the magnitudes of the sub-lattices at first
do not change but only their directions are changed. This results in a practically
temperature-independent susceptibility.

x1.(T) = x1.(Tn) = x(Ty) (7.196)
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For T > Ty, the localized spins are “free moving”, i.e. they do not have a pref-
erential direction of orientation any more. Then the differentiation of x; and y, is
unnecessary. Both the susceptibilities are identical to the paramagnetic x given by
(7.183). With (7.173) and (7.183) substituted in (7.196), we finally have

c 1 2
ML =g — 8T HBS (7.197)

-3 0
Ty — 6 A2 452‘216.2‘]”‘

The typical feature of an antiferromagnet is the peak in the susceptibility at 7 =
Txn from which one can read off the exchange parameter A1,. The susceptibility for
an arbitrary direction can always be split up into the x| and x, parts (Fig. 7.9). It is
of course clear that the susceptibility of an antiferromagnetic powder should in any
case be isotropic:

2 1
Xpuwder(T) = §XJ_(T) + §XH(T) (7198)

Because of (7.195) and (7.196), we can then write

owdaer 0 2
Xpowder(0) 2 (7.199)
Xpuwder(TN) 3

This relation is, in general, experimentally rather well fulfilled.

XL

X

.
=

Ty T

Fig. 7.9 General temperature behaviour of the susceptibility of an antiferromagnet, in case that the
external field By — 0 is parallel () or perpendicular (x ) to the easy axis
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7.3.2.5 Specific Heat

The magnetic energy of an antiferromagnet follows almost directly from (7.161):

U= : (H ) = ! D(T, By) ! L [B (5%
= N MFA] — N , D( 2 g] h 0 1
+ (S3)) + o2 Ma + A1 My)(ST)

+ wmo(ki2My + Ay Ma)(S3)]
1 1

= — D(T, By) — — [Bo(M| + M>)
N n

+ 2u0 oMy My + poh (M7 + M3)] (7.200)

From (7.162), one finds for the c-number D(T, By),

| - 1 /1 ) )

N D(T, By) = ol R An(M7 + My) + o AioMy M (7.201)
Then, the energy per spin of an antiferromagnet is given by

1 1
U(T, Bo) = =~ [Bo(My + M2) + 5 porni (M} + M3)
+uo AiaMy Ms] (7.202)

In writing (7.200), (7.201) and (7.202) we have assumed that By is parallel to the
“easy” axis (z-axis).
For By =0and T < Ty, we can exploit M| = —M,:

UCT. By =0) = =52 Gy = )b} (7.203)

This has the same structure as the corresponding expression (7.151) for the ferro-
magnet. Because of neglect of the short-range order in the molecular field approxi-
mation, just as in the case of a ferromagnet, here also, the magnetic energy and the
specific heat Cp,—o vanish for 7 > Tx. Analogously to (7.156), the specific heat is
given by

aM?
Ls ) (7.204)
AT ) po

Ho
Cpy—0 = —7()»11 - )»12)<

Just as was done for (7.139), for T S Ty , one can derive

M2 10 (S+1)? T\> Ty -T
Is A L( ) N (7.205)

M2 328242541 \Ty) Ty
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With (7.173) and (7.169), it then follows that

S(S+ 1) T\> Ty
Cpoo=5ky —— "7 () (142(1=-2X 7.206
b=t = a2 v 25 + 1 (TN) < * < T)) (7:206)

for T = Ty.
Thus the specific heat of the antiferromagnet shows exactly the same anomaly as
the ferromagnet (7.159) at the phase transition point.

S(S+1)
ACpy—o(T = Tn) = Skp ———7— 7.207
Bo=0( N) B3g 125 11 ( )

The result (7.202) provides an interesting possibility to derive once again x classi-
cally. For arbitrary direction of By, (7.202) can be written as

1 1
U(T, By) = - [Bo-(M; +M>) + 5 Mo A (M7 + M3)
+uo A2 My - My] (7.208)

Classically, the above equation means

1 .
U(T, Bo) = —— [ 2Bo|Mi|sin + pio 2111 My ?

— o A2l Mi|* cos(2¢)] (7.209)

For small fields, the angle ¢ (Fig. 7.10) will be small so that we can expand

1
U(T, Bo) ~ =~ [2B| M| + ol Mi|* Aqp

—po IML? hia(1 = 2¢7)] (7.210)
A, Lo,
o N
\\ BO
° o
M;+M, ,/
" //
o ,/
Fig. 7.10 Sub-lattice M2 v M

magnetizations of an

antiferromagnet in an _ B
external field By Bp=0 0#0
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The equilibrium value ¢, of the angle is obtained from the condition

U
P =0 = 0=2By|M|+4 ol M|* 1200

With ¢y given by

By

pop=—7—""""—
20 o] M|

we can calculate the component of the magnetization parallel to the field:
By .
Mp, = (M; +M,) - = (IMy| + [Ma])singo ~ 2| Mo
0

With this we finally get the susceptibility x, :

(BMBO) 1
xe=po|—72) =——
dBy / A2

This is exactly the result (7.197).

7.3.2.6 Spin-Flop Field

315

(7.211)

(7.212)

(7.213)

As already mentioned, the anisotropy of the antiferromagnet defines the easy and
hard directions for the magnetizations. This leads to an interesting magnetic transi-

tion called the “spin-flop” in antiferromagnets (Fig. 7.11).

If the field is applied parallel to the easy direction, then first |M;| increases and
M, | decreases. This happens, however, only so long as the field increases up to
a critical strength Br. At this point, the magnetizations M; and M, jump into the
direction perpendicular to the field and from then on gradually change the direction

towards the direction of the field as the field is further increased.

“--- - - »

Fig. 7.11 Illustration of the By > Bg
spin-flop field 0< BO <Br
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How does one understand this effect? We have discussed the magnetic anisotropy
in Sect. 7.1.2. The “easy” axis, for which the anisotropy is responsible, can be for-
mulated in the simplest way from (7.59), through the magnetic energy per spin Uy
as follows:

Upay=Ko; Upr =Ko+ K (K1 >0) (7.214)

In the molecular field approximation (7.208) for U, the anisotropy terms are not
yet taken into account. If the magnetizations change from parallel to perpendicular
direction, the last two terms in (7.208) do not change. Therefore, we can write

Up =Ko =5 i By + Uo
U¢=K0+K1—1X—LB§+UO

nopio

(7.215)

For T < Tn, x1 > x; (Fig. 7.9). Since K > 0, there is a critical field strength By
defined by

Uy(Bo = Br) = UL(By = Br) (7.216)

above which U, < U so that it becomes more advantageous for the magnetization
originally parallel to the field to change to the direction perpendicular to the field.
From (7.215) and (7.216), we get for the spin-flop field Bp

K
By = |LHOTL (7.217)
XL —X|

In the experiments, the spin-flop becomes noticeable at low temperatures by the fact
that the magnetization jumps from

1
M||=_XH By~ 0
Ko

to

By

M, = L XL Bp=—"—
Mo —Ho Al

By measuring the spin-flop field, the anisotropy constant K can be experimentally

determined.

It is also clear from (7.217) that without the anisotropy (K; — 0), the sub-
lattice magnetization always orients itself perpendicular to the external field. With
anisotropy, only for B > Bp, the magnetization is decoupled from the easy
direction.



7.3 Molecular Field Approximations 317
7.3.3 Ferrimagnet

As the third example of the application of the molecular field approximation (7.124)
of the Heisenberg model, in this section, we want to discuss the ferrimagnets
which in a certain sense stay in between the ferro and antiferromagnets. Fer-
rimagnet, below a critical temperature, has resultant spontaneous magnetization
and therefore is like a ferromagnet. On the other hand, for high temperatures,
the susceptibility shows a Curie—Weiss behaviour with a negative paramagnetic
Curie temperature, which is typical for an antiferromagnet. For this reason, there
is no consensus in the literature regarding the naming of the transition temper-
ature. In view of the ferromagnetic magnetization, we will call the critical tem-
perature as the “Curie temperature” T¢, while other authors call it “Neel tempera-
ture” Ty because of the antiferromagnetic coupling mechanism and the sub-lattice
structure.

By a ferrimagnet, we mean a magnet which is made up of chemically non-
equivalent sub-lattices with unequal magnetic moments, so that the resulting total
moment is unequal to zero. The sub-lattice magnetizations are pair-wise anti-
ferromagnetically oriented. However, exotic spin structures such as spiral struc-
tures which are also sometimes being called ferrimagnetic will not be considered
here.

Thus, ferrimagnets must be made up of at least two non-equivalent lattice sites.
That is why, in general, the crystal structure of these materials is complicated. The
most prominent representatives belong to the class of spinels or the perovskites with
unit cells containing up to 160 atoms:

(a) Ferrites: MO - Fey O3
M = double-valued metal ion
(b) Garnets: 3M>03 - 5Fe; 03
M = triple-valued metal ion
() M = Y: yttrium—iron—garnet: “YIG”
(B) M = Rare earth (e.g. Gd): Rare earth—iron—garnet: “RIG”

A prominent representative of ferrites is the magnetite Fe3O4 = FeO - Fey 03
which has a valence mixture of Fe?t and Fe’t.

We want to describe here the simplest version of the ferrimagnets, namely, the
two sub-lattice model. The evaluation within the framework of the molecular field
approximation is formally identical to that of an antiferromagnet. We only have
to take care that the spin and the Lande g-factors of the two sub-lattices can be
different. This can, under certain conditions, lead to a nonmonotonic behaviour,
even a change of sign, of the net magnetization as a function of temperature. The
temperature Ty < T¢ at which the magnetization passes through zero is called the
compensation temperature (Fig. 7.12). However, such compensation can, but need
not necessarily, occur.
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Fig. 7.12 Typical
temperature behaviour of the
sub-lattice and total lattice M
magnetizations of a 1
ferrimagnet. Tk is the
compensation temperature

Y

7.3.3.1 Sub-lattice Magnetizations

We can practically take over all the relations that we have derived in the last section,
only taking care to index certain quantities with the corresponding sub-lattice, if
they are different for different sub-lattices. Then according to (7.168), we have for
the sub-lattice magnetization of a ferrimagnet

M,(T Bo) = Mo Bs, (B'S; ¢ 1w (Bo+ BY)) (7218)

My =n; S; gJ, up (7.219)

The index i = 1, 2 numbers the two sub-lattices. For the exchange fields BY, asin
(7.167), we have

B} = po(hiz Ma + Ay My) (7.220)

B = po(har My + Ay M) (7.221)

Here one has to notice that even though

A2 = Aoy (7.222)
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unlike in the case of antiferromagnets, we now have the possibility that
A1 # A2 (7.223)

In more detail, the exchange parameters A;; are given by

A2 = Ayl = Ji (7.224)
ny [o ngngMB Z g

o (7.225)
T (ngMB)2 Z Y

gy = (7.226)
27 o (gJZMB)Z Z g

Due to the antiferromagnetic coupling between the two sub-lattices we expect

Az <0 5 A2l > Al (Al (7.227)

7.3.3.2 Curie Temperature

Just as in the case of a ferromagnet, 7T¢ can be obtained by demanding that the slope
of the right-hand side of (7.218) as a function of the spontaneous magnetization
M;s = M;(T,0) be greater than or equal to one. For By = 0 and T — T¢,
the argument of the Brillouin function is small and so we can apply the usual
approximation

S+1
By (x) ~ + X
With the two Curie constants
Si(S; + 1 .
Ci =n; o gy, % ny i=1,2 (7.228)
B

and applying Eqgs. (7.218), (7.219), (7.220) and (7.221), we get

C
M, ~ ?‘ (it My + A1p Mb) (7.229)

c
M, ~ —2 (ho2 Ms + A1p M) (7.230)
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Tc is obtained from the condition

, C IM
1=+ — (7.231)
Tc M, | ;g
From (7.230) we have
] I SAEE (7.232)
oM, |,y Tc—nC '

The combination of the last two equations gives a relatively complicated expression
for the transition temperature:

1 1
Tc = 7 (CirAin+Cran)+ 5\/(C1 Mi—CrdnP?4+4CCAf,  (7233)

The fact that T¢ has to be positive allows, in view of (7.227), only the solution with
the positive sign before the square root.

Before closing, we want to calculate, for the ferrimagnet, the paramagnetic sus-
ceptibility.

7.3.3.3 Paramagnetic Susceptibility
For T > T and By 3 0, we have

M\(T, Bo) ~ $-(h11 My + A2 My + Bo/ o)

7.234
Mx(T, Bo) =~ F(ha2 Mz + A1z M1+ Bo/ ko) ( )

They can be solved for M| and M, and then the total magnetization can be obtained.
With the abbreviations

N(T)=(T — CyApp)(T —Cy A1) — C Cy )‘%2 (7.235)

Z(T) = (C1 + CYT + C, C22hi2 — Ay — A2) (7.236)

for small fields By, we get

By Z(T)
M(T, By) = M\(T, By) + Ma(T, Bo) ~ — —— (7.237)
mo N(T)
The susceptibility
= i = ZD (7.238)
XT,By=0 = M0 3By i = N(T) .
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shows a relatively complicated temperature dependence and follows the Curie—
Weiss law only for very high temperatures:

T
Yy~ ——— (T >T 7.239
x (T) G (T > T¢) ( )

The paramagnetic Curie temperature 6 is clearly different from 7¢:

Ci C2(2h12 — A1 — A22)
0 =(C; 1 Cyr A 7.240
(Cr A1+ Co Ap) + 1 G ( )

In view of (7.227), generally, as in the case of antiferromagnets, it is to be expected
that

6 <0 (7.241)
From (7.233) and (7.235), one sees that
N(Tc) =0 (7.242)
which means
X N(Te)=0 (7.243)

From the above results and those from the earlier sections, it is possible to represent
schematically the inverse susceptibility of ferro-, antiferro- and ferrimagnets in the
molecular field approximation by Fig. 7.13.

XTB,=0

Fig. 7.13 Typical

temperature behaviour of the

inverse magnetic

susceptibility for, _
respectively, antiferro-, ferri-,
ferromagnets
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7.4 Spin Waves

We have derived in Sect. 7.2.2 exact eigenstates of the Heisenberg Hamiltonian,
which are the so-called “one-magnon states”

1
k) = ——— S7(k)|0 (7.244)
k) SN 0)
with the eigenenergies
E(K) = Eo(Bo) + g7 up Bo + 28 Ii* (Jo — J(K)) (7.245)

Here Ey(By) is the ground state energy of the Heisenberg ferromagnet
Eo(By) = —N > Jy S* — N g; ug Bo S (7.246)
The excitation energy
h (k) = E(k) — Eo(By) (7.247)

is ascribed to the quasiparticle which is called the magnon. It corresponds to a spin
deviation of one unit of angular momentum (1%/) which is distributed collectively
among all the localized spins in the form of a spin wave.

We have introduced in Sect. 7.1.1 the Holstein—Primakoff transformation, using
which the Heisenberg Hamiltonian can be expressed as an infinite series of creation
and annihilation operators (7.34). If we terminate the series at the bilinear term, then
we get a simplified model Hamiltonian (7.39), whose complete set of eigenstates
just consists of exactly the one-magnon states (7.244). The model Hamiltonian thus
obtained is called the harmonic approximation or the linear spin wave approxima-
tion of the Heisenberg model, whose predictions and the region of validity will be
discussed in this section. This is naturally a low-temperature approximation, which
is exact if no more than one single magnon is excited and therefore would certainly
represent an acceptable approximation, if the number of magnons is small, so that
the interaction among the magnons can be neglected. Small magnon number, on
the other hand, means that the system is still very close to saturation, which in turn
requires low temperatures.

7.4.1 Linear Spin Wave Theory for the Isotropic Ferromagnet

We apply the Holstein—Primakoff transformation (7.23), (7.24) and (7.25) to the
spin operators of the Heisenberg Hamiltonian and obtain an infinite series of the
form (7.34), which we will break after the first non-trivial term:



7.4 Spin Waves 323

H = Ey(Bo)+ Y ho(q) a aq (7.248)
q

ha(q) = g g By + 25 1> (Jo — J(q)) (7.249)

aq and a]; were introduced in (7.30) and (7.31) as the annihilation and creation oper-
ators, respectively, for the magnons of the wavevector q. In (7.248), the summation
is over all the wavevectors q of the first Brillouin zone. In this approximation, H
describes a system of uncoupled harmonic oscillators. The general eigenstate of this
H is a product of one-magnon states (7.244):

) =] ()™ 10 (7.250)

Here |0) is the magnon vacuum state. nq is the number of magnons with the
wavevector q and therefore is not an operator but the eigenvalue of the number

operator iq = dq dq. The magnon vacuum state means obviously the ferromagnetic

saturation. Therefore, the state alt |0) is equivalent to the one-magnon state |k) given
in (7.244).
As aq and ag are Bose operators, we have (Problem 7.13)

[aq , (ag)nq]i = ngq (aj;)nq_l (7.251)

Using this one can easily show that
Hly) = (EO(BO) +Y haolg) nq> ) (7.252)
q

where the property
aql0) =0 (7.253)

has been utilized (Problem 7.13). The energy states are therefore uniquely charac-
terized by the magnon occupation numbers nq. We now know the energy eigenval-
ues and the eigenstates of the Hamiltonian and hence we can calculate the grand
canonical partition function E( of the magnon gas. Since the magnon number is
not constant, in equilibrium at temperature 7', the magnon number will be Ny, for
which the free energy F is extremal:
(&%)
— =0 (7.254)
oT ),

N=Nr
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On the other hand, the left-hand side is the equation for determining the chemical
potential p; that means, ¢ for magnons is zero. One can calculate Ey as in (3.56):

S0 =" ] i e —Bho@ ng

q nq=0
1
_ o PE
—e ”Hl_e-ﬂnw@ (7.255)
q

From this result, we can derive all the interesting quantities, e.g. average occupation
number

1 d

————  _InE
B atho(q) "

(fg) = (a} aq) =

for which (3.60) is true. From (7.255) follows the expected result that (774) is nothing
but the Bose—FEinstein distribution function:

1
(ng) = expBho@) —1 - J+(ha(q)) (7.256)

The grand canonical potential

Q(T, B()) = —kBT In E()

Eo(Bo) + kgT Y _In (1 — e #h@) (7.257)
q

gives the magnetization of the spin system:

1 [0Q
M(T, By) = —— <—>
T

V \ 0By
N kgT <~ B gy upe "@
=gsup S vV Z R E—T
q
N 1 ~
=g/ up S v 1 - NS : (nq) (7.258)

One has saturation

N
Moy=g; up S v (7.259)
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only when no magnons are excited, i.e. when (1q) = 0 for all q. Therefore

My-MT.B) _ L~ 1 (7.260)
Mo NS £ exp(Bho(@) — 1

We know that this expression will be more and more valid as one goes to lower and
lower temperatures. Therefore, we want to investigate the behaviour for 7 — 0 in
more detail. First we will convert, as usual, the sum into an integral

Z (ePho@ — 1)*1

q

% o)
- g e e g—pho@
[y

(27[) n=0

o0
(2V)3 E e—"ﬂgJMBBO/d3q e—ZHSﬁhZ(Jo—J(Q)) (7.261)
T
n=1

Since for low temperatures f is very large, in (7.260), specially the small magnon
energies hw(q) play a role, i.e. those with small wavevector |q|. In such case, we
have

1 .
b= d@ =5 Jy (1 =)
iJ

1 2 D
= — E Ji(q-R;;) = 2 7.262
2N £ (a-Ryj)" = 555 9 (7.:262)
The linear term disappears because R;; = —R ;. For small |q|, the magnon energies

depend quadratically on the wavevector (see also (7.279))

hao(@) ~ g s By+ D g’ (7.263)
We can, without a great error, apply this approximation in (7.261), since in the
region where (7.263) is questionable, the integrand in (7.261) is practically zero.

For the same reason, one can extend the integration over the first Brillouin zone to
the entire q-space:

(n>=_ e*” 8B o/ dqq e*” q
4 27[2}1:1 0

q
knT 3/2 X —nBgsmpBo
_v ( 5 ) e o (7.264)

47 D n3/?
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‘We abbreviate

o0 —nx

Zn(x) =Yy enm (7.265)

n=1

For x = 0, this reduces to the Riemann ¢ -function (3.76)
Z,(0) = ¢(m) (7.266)

which is available in the tables (£(3/2) ~ 2.612). With this, we have the relative
magnetization of the spin system at low temperatures as

My—M(T,By) 'V <kBT

32
= — Z B 7.267
Mo NS 4nD> 32 (B g7 s Bo) ( )

Here we are specially interested in the spontaneous magnetization (By = 0) for
which we have derived the famous Bloch’s T3/2 law:

Moy — M(T, 0

OT() = Csp T (7.268)
Vo[ kg \?

Capp = — 3/2 7.269

32 = NS <4nD> £(3/2) ( )

This result of the linear spin wave theory is uniquely confirmed by experiment.
We recall that the molecular field approximation predicts an exponential approach
of the magnetization to its maximum value. For low temperatures, the spin wave
theory provides distinctly better results for isotropic ferromagnets.

In passing, we mention that the approximation (7.262) can be easily improved
by not restricting oneself to small || but only taking into account nearest neighbour
interactions:

1 ' ) n.n "
J@ = D S 1 =3 dha R =2y (7.270)
ij A

z is the number of nearest neighbours, J; is the exchange integral between the near-
est neighbours and yj is a structure factor

n.n

1 ,
Ya= - D ek (7.271)
A

Yq can be easily evaluated, for example, for the three cubic lattices.
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(a) Simple cubic
a(xl1, 0, 0)
z=6; Rn=1a, £1, 0)
a(0, 0, £1)

a is the lattice constant.
sSc 1
Yqg = §(COS(qxa) + cos(gya) + cos(g.a))
(b) Body centred cubic

;=8 Rp= % (+1, +1, £1)

. 1 1 !
ybee = cos(qua) cos(zqya)COS(ECIza)

(c) Face centred cubic
5(E1, £1, 0)

z=12; Ry ={ 4(£l, 0, £1)
a0, +1, 1)

1 1 1 1 1
J/qf“ =3 [COS(qu a) COS(qu a) + COS(qu a) COS(qu a)

1 1
+ cos(§qy a) cos(zqZ a)]
For small wavevectors, all the three cubic lattices hold:

1
B
Yq Z q

so that

ha(q) = g s Bo+ (2S Jy I? a*)g*

327

(7.272)

(7.273)

(7.274)

(7.275)

(7.276)

(7.277)

(7.278)

(7.279)

As a consequence, the constant D introduced in (7.262) for a cubic lattice becomes

D =2SJ, i*d®

(7.280)

If we calculate the relative magnetization with either (7.273) or (7.275) or (7.277)
instead of with (7.262) then we get corrections to the 73/? term which are propor-
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tional to 7°/2, T7/2, ... [10]:

My —M(T) 1

M, S

+ 728t a (/)17 + - (7.281)

{5(3/2) o 37”5 £(5/2) "

where ¢ is a renormalized temperature

3kpT
f = Bt 7.282
4 S J Rz § ( )
and o and § are structure factors.
oge = 33/22 5 apee = 281/288 ; g = 15/16 (7.283)

Ssc =1 ;(Sbcc =3'2_4/3 ;5fcc :21/3

The magnetic (internal) energy of the spin wave system is calculated in a completely
analogous fashion as the magnetization. With the “isotropic approximation” (7.263)
and By = 0, we first get

> ho(q) (ng) = DY q* (ng)
q q
= v Di/oodq ¢t o "BDY’
27T2 el 0

3VD [(kyT\* K 1
= (B—) Y = (7.284)

- 16732\ D n’/?

n=I

where we have exploited (7.264). This leads to the following energy expression in
the region of validity of the spin wave theory:

3V ¢(5/2)

sanpyn & (7.285)

Usw = Eo(By = 0) +

Thus the magnetic part of the specific heat also obeys a 7%/ law,

U kpT \*/?
SW 5 > (7.286)

15
Cp=o(T) = < 3T > = ks V 2G/2) (471D
By=0

which is also confirmed experimentally. The improved version of the specific heat
analogously to (7.281) reads as
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15 105
Cpy=o(T) = kp N {15(5/2) 2+ 1—6” §¢(1/2) 1+

+ %7‘[2 a9/t ... } (7.287)

The experimental proof of the quasiparticle magnon is available from neutron scat-
tering. Neutrons exchange energy and momentum with the phonons and magnons
in the solid. The corresponding measurements provide, via the energy—momentum
laws, the dispersion curves of the spin waves, i.e. the q-dependence of the spin wave
energies. Dyson [10], by a far-reaching mathematical investigation of the Heisen-
berg model, confirmed the spin wave theory. He finds that the interaction among
the spin waves produces correction terms, the largest one being ~ T*. Therefore,
the spin wave result (7.281) which includes the 77/ term is exact even when the
interactions are taken into account. The basis for this somewhat surprising fact can
be traced to the interaction term (7.47) in the Dyson—Maléev transformation, which
is made up of two summands whose effects compensate each other to a large extent.

7.4.2 “Renormalized” Spin Waves

In this section, we want to discuss in a simple form the effect of interaction
among spin waves (non-linear spin wave theory). The starting point is the Dyson—
Maleev transformation (7.42), (7.43) and (7.44) which was introduced in Sect. 7.1.1.
Through this transformation, the Heisenberg Hamiltonian takes the form (7.45)

H = Eo(Bo) + H, + H,4 (7.288)

Ey(By) is the ground state energy (7.246):

Hy =Y (g 1ug Bo8ij +25 1 (Jo 8ij — Jij) ; o} (7.289)

ij

H4 = hz Z J,‘j(Ol,‘Olj 7’;]‘ — ﬁ,‘ 7’[\]) (7290)

iJ

The advantage of the Dyson—Maleev over the Holstein—Primakoff transformation
lies in the fact that, in this case, the Hamiltonian consists of a finite number of
terms whereas in the other case there are an infinite number of terms. The dis-
advantage is of course obvious from (7.42) and (7.43): H is not Hermitean any
more. One can, however, show [10] that the non-Hermitean operator (7.44) contains
all the eigenvalues of the original Heisenberg Hamiltonian plus an infinite number
of “unphysical” eigenvalues. In the Dyson’s method the unphysical eigenstates are
“pushed up” so that at not too high a temperature, they do not play any role in the
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partition function (the contribution of a state is ~exp(—BE,)). The details of this
method cannot be presented here but the reader is referred to the original work of
Dyson [10]. We restrict ourselves here to a very much simplified treatment of the
spin wave interaction. With

1 iq-R;
Og = —F7—= E . e (07
N e (7.291)
oy = —— el o
q /N i i

we will first transform the Hamiltonian into the wavevector representation. H, is
simple:

Hy =" holq) o aq (7.292)
q

This represents the free magnon gas which was discussed in the last section. In
addition we now have the interaction Hy (Problem 7.11),

B2 ,
Hi= Y (@) = J@1 = 49) Sy rqr.as s @y @, X g (7:293)
qi,-q4

which naturally cannot be handled exactly. We will try to “diagonalize”, in view of
the kronecker delta, by taking only such terms for which

q1 =q3; Q2 =q4
or
qr =q4;, 2 =4q3

holds (random phase approximation (RPA)):

H =
1 .
= Eo(Bo) + Xq: |:25712(Jo - J(q) (1 + m) + gJMBBOi| g
K2 o~
+ N Z(J((h) + J(q2) — J(q1 — q2) — J(0)ng, ng, (7.294)

q1.92

The approximation which leads to A appears completely arbitrary. One can, how-
ever, show that in the space of one- and two-magnon states, H is exact. We have
treated the one-magnon states in Sect. 7.2.2. The problem of two-magnon states can
also be exactly solved [11, 12].

From (7.294) one can see that the magnon occupation operator g = ocjl Qg
commutes with H,
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[H.7q]_ =0 (7.295)

so that the eigenstates of H can be classified according to the occupation numbers
ng:

|ng,s Ngys --+» Nqy)

Let a state be given with a particular fixed magnon distribution. Then we ask our-
selves what is the energy required to add an additional magnon to the system. That
is relatively easy to find out. Let

H|--~nq-~-):E(nq)|-~-nq~--)

o 7.2
Hi - ng+1---)=EMng+ 1) -ng+1---) (7.296)

Then, we can define the renormalized spin wave energy, renormalized by the “pres-
ence” of other magnons:

ha(q) = E(ng + 1) — E(ng) (7.297)
With
(g, @] =8qq (7.298)
and
[, g, » O‘ji]_ = ‘Sqqzﬁqlag + 3qq10‘j1 Ty,
= ‘Sqqzajl g, + 5%“3 g, + 8qq.04a; aj;
(7.299)
from (7.294) it follows that
[FI , O‘(T;], = hw(q) af]
252 o
+ 5 qZ(J(q) + (@) = J(@—aq) = JO) ey 7,
1
(7.300)

We can now directly show that 053| -+ +-ng---) is an eigenstate for the magnon num-
ber nq + 1. With (7.298) it holds that

ﬁq(aj”nq)):(a:;ﬁq-’-a:;)lnq)

=(nq+1)(af]|~--nq-~))

That means
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oﬁ|~-nq~~)~|~~-nq+1~~) (7.301)
The operation of H on this state gives the eigenvalue E (ng + 1):

H(afl - ng-)) = EMng+1) (] ng---)) (7.302)

On the other hand, we have from (7.300)

{Enq>+hw<q)+

+ 7 qZU(‘D +J(q) — J(q—qi)

— J(O)ng, } (all -+ nq--)) (7.303)

Equations (7.302) and (7.303) give via (7.297) the renormalized spin wave energies:

. 2R?
hog =ho@+ =Y (J@+J@)—Ja—a)—JO)ny (7304)
q

The sum therefore represents the correction to the linear spin wave theory due
to the magnon interactions. The sum contains the occupation numbers ng, of the
magnons which can in principle be an arbitrarily large integer number which can
apparently lead to unphysical states. The {nq} are naturally uniquely fixed by the
state | ---nq---). We are interested in the spin wave energies which appear in the
thermodynamic equilibrium. Therefore, it is reasonable to replace nq, by its thermo-
dynamic expectation value which we assume is given by Bose-distribution function.

ng, — (Mq,) = {exp(B ha(q) — 1} (7.305)

This leads to an implicit equation for the “renormalized” spin wave energies:

. 2107 ~ J @ + (@) — J (g —q1) — J(0)
h h + — 7.306
a(q) = ho(q) ? p(BRoE) -1 (7.300)

We want to evaluate this expression wherein, as in (7.270), we will restrict ourselves
to the nearest neighbour interactions:

J@=zJ1yg: Jo=2z (7.307)

By exploiting the translational symmetry of the lattice one can demonstrate that
(Problem 7.17)
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Z J/q*‘ll m‘ll > ~ Vq Z Vql <;l\q1) (7308)
q qi

With this (7.306) simplifies to (By = 0)
héa(q) =28 1?7z Ji(1 — yq) —

2h?
- 2N =) )0 = v)ig)

q

We define

Ay(T) = L (1 — yq)(g,) (7.309)
s 20 = 7
qi

and obtain an expression for the “renormalized” spin waves which is formally iden-
tical to the one for free spin waves:

ha(q) =28 B JE(T)(1 — yq) (7.310)

We only have to replace the exchange constant Jy by a temperature-dependent quan-
tity

J3(T) = Jo(1 — Ay(T)) (7.311)
The summation over the wavevectors of the first Brillouin zone needed in calculating

A(T) in (7.309) can be evaluated exactly for cubic lattices. We will, however, give
only an estimate of A;(7) which is correct in the limit of small |q]:

ha(q) ~ D(T) g° (7.312)
D(T) = D(1 — Ay(T)) (7.313)
D =2S J; i* a* (7.314)

Then correspondingly according to (7.278)

1 -y~ —d* ¢* (7.315)

2| =

holds. We substitute this in (7.309):



334

2 2

~ 9 q
A~ s Xq: exp(BD(T)q?) — 1

2

n=1

a \% =
— d3a g e—nﬁD(T)q2
NS Qry /1 ALY

7 Heisenberg Model

(7.316)

Because of the exponential function in the integrand, we can extend the q-integration
over the entire q-space. This assumption is especially reasonable, because of § in

the exponent, in the low-temperature region.
Av T d 4 7nﬂD(T)q
(N~ 5 Z / qq

AV X3 ksT \?
" 272ZNS X:; §ﬁ<nD(T))
_ a2 \% kBT
© 16732 zNS \ D(T)

52
) ¢(5/2)

This equation along with (7.313) fixes A;(7T'). Let us write

3V (B s
"= Texrns \p) 7

to get as an intermediate result

T 5/2
@~ )

For low temperatures A;(7) will be only a small correction term:

5
A(T) ~ nT? (1 + EAS(T) +-- )

5
n T2 (1 + 3 T5/2+~~-) =0T +0O(T°

This means for the renormalized exchange constant

J§(T)=Jo (1= T7?)

(7.317)

(7.318)

If this expression is used in the Bloch’s T%/2 law of the linear spin wave theory
(7.268), then we obtain a 7% term as a first correction in complete agreement with
the exact theory. This can be seen as follows: The constant C3/, (7.269) as the pre-

factor of the T3/2 term has to be renormalized:
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v Ky O\
Cypp—> C3p = — <471T(T)> ¢(3/2)

—-3/2
Csp(1—n TS/Z) /
3
%C3/2<1+§77 T5/2+"'>
(&

N Cyp+Ca TP+
This yields for the magnetization, in complete agreement with Dyson’s result,

My — M(T
OT() = C3pT32 + CspT5? + C1p T
0

+ CaT* + CopT? + -+

It was shown that using the renormalized spin wave theory presented here, the
magnetization curves of classical ferromagnets like EuO and EuS can be almost
quantitatively reproduced up to in the neighbourhood of 7 [13, 14]. In the case
of europium chalcogenides, one should not restrict oneself to the nearest neighbour
exchange integrals but should also consider the next nearest neighbours. Instead of
(7.310) we have to use

ha(q) =28 1?21 (1 — AT — )
+ 28 1% 25 Jo(1 = Ax(T)(1 = y) (7.319)

z; and z, are the number of nearest and next nearest neighbours, respectively, and
Jy and J; the corresponding exchange integrals.

. 1 i .
Vé’) — - Zetq Ry (1=1,2) (7.320)
LA

The sum runs over the nearest (A) or the next nearest (A,) neighbours, respectively,
of the lattice site under consideration.

0!
A,(T):LZI—V" (=12 (7.321)

NS = exp(BhiNq)) — 1

The integration over the first Brillouin zone (fcc in the case of Ex O and EuS) can
be exactly performed. In doing this, for Eu O and EuS one has to use the following
parameters (neutron scattering experiments):
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S=17/2
EuO: A% Jy/kg =0.625K EuS: 7? J;/kp =0.221 K
h? Jr/kg = 0.125 K h? Jo/kg = —0.100 K

The agreement between the experimentally determined magnetization curves and
the calculated ones using the renormalized spin wave theory and the parameters
given above is practically exact in the temperature range of 0 to 0.77¢.

One can use either the spin wave result (7.260) or the corresponding result of the
renormalized spin wave theory

My — MJ(T) 1 1
Moy " NS " ePho@ — |

in order to make a rough estimate of the Curie temperature. For T = T¢, by def-
inition, the magnetization is zero. If one expands the exponential function in the
denominator up to the linear term, then one is left with

-1
1 1

The sum can be explicitly evaluated for simple lattices. If one restricts the exchange
interaction among the nearest neighbours, one can with (7.273), (7.275) and (7.277)
obtain the following values:

kg Te =28* I* J{(Tc) O (7.323)
where the structure factor Q is given by

| Z 1 -1 0.660 : sc
0= (_ ) = { 0.718 : bce
N 1=v 0.744 - fec

For estimations this is quite a useful formula. Nevertheless, one has to be cautious
about using this result since it follows from the renormalized spin wave theory,
which conceptually is naturally a low-temperature approximation, and therefore the
T¢ obtained is questionable.

7.4.3 Harmonic Approximation for Antiferromagnets

The spin wave approximation has proved itself to be extraordinarily successful in
the case of ferromagnets. The same thing cannot be expected for the cases of anti-
ferromagnets and ferrimagnets without certain limitations. In fact, it is not even
clear from the beginning whether the idea of spin waves can be taken over to the
case of antiferromagnets. In contrast to the ferromagnets, the exact ground state of
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an antiferromagnet is known only for the one-dimensional lattice (with § = 1/2
or § — 00). If we accept the sub-lattice model (see Sect. 7.3.2), which has been
supported by neutron scattering experiments, then the expected ground state (Neel
state) is the state in which all the sub-lattices are ferromagnetically saturated. We
will, however, be able to show in this section that a completely ordered state cannot
be the correct ground state. With an in principle unknown ground state, one cannot
talk of elementary excitations without putting some question marks on them. In spite
of this, the spin wave theory, in the case of antiferromagnets also, has proved to be
a useful approximate analysis. Numerical estimates, concerning the accuracy of the
approximation, for a series of reference systems have established the theory to be
quite reliable.

Here we want to discuss the simplest form of antiferromagnets, i.e. the ABAB
structure (see Sect. 7.3.2) wherein every atom of a sub-lattice has only the atoms of
the other sub-lattice as its nearest neighbours. Further, we will restrict ourselves to
exchange interaction only between the nearest neighbours. Then we naturally have

Jy <0 (7.324)

Let the external field By be along the “easy” direction, which we also take to be
the z-axis. The anisotropy, which defines the “easy” direction is taken into account
through an anisotropy field B, (7.61):

n.n

A
KB 2
H=— ?j JijSi-S; — 8y 7(30 + Ba) Ei S;
i B
— 8 5 (By= B0 ) S (7.325)

We will use the Holstein—Primakoff transformation (7.23), (7.24) and (7.25) of the
spin operators in the harmonic approximation:

Sub-lattice A:

1 1 1
58 =v2Sa ;257 = V2Sal ; = 8= S—ala;  (1.326)
Sub-lattice B:

Lor—vasyt - Lo~ vase, - L i
7—151- =V28b; ; ﬁSj =V25b; ; ﬁsz—S—i—bjbj (7.327)
All a-operators commute with all b-operators. For the sake of convenience, b;

and bj. are used for the sub-lattice B in place of the usual definition (7.24) and (7.25).



338 7 Heisenberg Model

We will introduce certain abbreviations:

by =—2z Jy I* S+ g, up(Bo+ Ba) (7.328)
by =—2zJ1 B> S — gy nug(By — Ba) (7.329)
E.By)=—Ng;up SBa+NzJi > S*=E, (7.330)

E, is the energy of the totally ordered Neel state. The harmonic approximation
for the operator (7.325) consists of neglecting the terms which are not bilinear in
the magnon operators. By substituting (7.326) and (7.327) in (7.325) one obtains,
retaining bilinear terms only

A B
H=E, +bAZajai+bBZb} bj
i J

A B
— 28K Y " Jylai by +af b)) (7.331)
i

We now transform again into the wavevectors q which are from the first Brillouin
zone of each sub-lattice. Since the two sub-lattices are identical, so are the Brillouin
zones:

2 .
a; = ‘/ﬁ Y R, (7.332)
q
2 _iaR,
b = NZe aR; p, (7.333)
q

J( _3 TS o~ 14 (R —R;)
qQ = N E E Jije
i

2 ok _ 2 ek,
Sq.q = 5 Z e =5 Z e . (7.334)

J

In transforming (7.325), however, we will have to remove the restriction of limiting
to nearest neighbours. Then one obtains

H=E,+bs) alaq+bgy blby+ Y c(@faqgby+albl}  (7.335)
q q q
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where
Q)= -2J(@Q RS - 221,17 Sy, (7.336)
with yq given by (7.271). The situation is not quite as simple as in the case of

ferromagnets since H is not diagonal in a’s and b’s. Therefore, as a next step, we
look for a unitary transformation that diagonalizes H:

H=E,(Bo)+ Y hooq) ofag+ Y hopq) Bl By (7.337)
q q

E, is the “true” ground state energy if w,, s(q) > 0. For the “new” operators, we
make the ansatz

T
Qg = ¢ aq + 2 by

| (7.338)
,Bq =d aq+d2bq

and demand that the «’s and $’s fulfil the usual Bose commutation relations:

[eq, @] =bag & lalP =P =1 (7.339)
T _ 172 2 _

Ba: By| =dag & —ldil" +lda|" =1 (7.340)

[aq. By] =0 & cidi=crd; (7.341)

With these commutation relations, one can easily see that
[(xq , H]_ =hwe(q) aqg = h w,(q)(c1 aq + 2 b:;) (7.342)
According to (7.335) it also holds that

(oo H]_=ci [ag. H]_+e [b], H].
= c1{ba aq + c(q) b}}
+ c2{—bp bl — c(q) aq} (7.343)

By equating the last two equations, we get

aq[c1 h we(q) — c1 ba + ¢ c(q)]
+ bl le2 hhwa(@) + ¢2 b — ¢ c(@] =0 (7.344)

The operators aq and bjl act in different spaces. Therefore, each of the coefficients
by itself should be equal to zero. We then obtain the following homogeneous system
of equations:

c1 (hwo(q) —ba)+crc(q) =0

c1 (—c(q) + c2(h wo(q) + bg) =0 (7.345)
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whose coefficients-determinant must vanish:

(hwo(q) — ba)(hwe(q) — bg) = —c*(q)

This condition is satisfied through

1
h oy (q) = 3 [bA — b+ (ba + bp)? — 4c2(q) ] (7.346)

The solution with negative square root, which in principle is present, is excluded
on physical grounds. This is because the excitations must always be positive even for
By = 0. However, according to (7.328) and (7.329), for By = 0, the first summand
(by — bp) is zero.

Completely analogously, if we start with [8, , H]_ instead of [aq , H]_ in
(7.343) we get

1
hwg(q) = 3 [bB —bs+ \/(bA + bp)* — 4c2(q) ] (7.347)

By substituting for the abbreviations b4 and bp the full expressions according to
(7.328) and (7.329) we get the following for the excitation energies for spin waves
in an antiferromagnet:

hwi(q) = \/452714(102 — J2(q)) + gsupBa(gs s Ba — 4SJoh?)
+ gsupBo (7.348)

This spectrum differs from that of a ferromagnet in a characteristic manner:

1. There are two spin wave branches which in the presence of a field show a con-
stant, i.e. q-independent splitting, and are degenerate for By = 0.

2. The minimum spin wave energy is for ¢ = 0. This leads for By = 0 to an energy
gap E, in the spin wave spectrum, which is typical for antiferromagnets.

E, =g/ s Ba(gs i Ba —4S Jo h2) (7.349)

E, is determined by the anisotropy field B4 and also by the exchange Jy (Jy =
z Ji < 0). As a result, E, can be of considerable magnitude. It is obvious
that this energy gap, when kT is smaller or comparable to E,, can influence
decisively thermodynamic quantities such as the susceptibility, specific heat and
sub-lattice magnetization. For T < E,/kg, the spin waves are frozen and the
quantities mentioned depend exponentially on temperature.

3. From (7.348) one sees that the spin wave branch /& w_(q) can have negative
values for fields

By > By = Eg/gs s (7.350)
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This is a signature of the instability of the system since it is possible to have
excitations of arbitrarily high order with a gain in energy. This is the collapse
of the spin wave approximation. The system itself avoids this collapse by going
over to a different spin configuration. B corresponds to the spin-flop field B
(7.217) of the molecular field approximation. The sub-lattice magnetizations,
which were originally either parallel or antiparallel to the easy axis, now orient
themselves perpendicular to the field (see Fig. 7.11). From this one recognizes
how important the anisotropy field is for the stabilization of antiferromagnets.

4. In the absence of field according to (7.348) the spin wave energy of an antifer-
romagnet is doubly degenerate:

hwo(q) = \/Eg + 482 4 (J¢ — J3(Q) (7.351)

If we assume in addition only a small anisotropy then

h wo(q) ~ 28 12/ (Jo + J(@)(Jo — J (@) (7.352)

If we further restrict ourselves to small |q|, then using (7.270) and (7.278) we
can write

1
o+ J(@) ~ 2003 (Jo—J (@)~ — a’q* Jo

This leads to a linear q-dependence of the spin wave energy of an antiferromagnet:

ho(q) ~ (25 1 | Jol a @) q (7.353)

This is different from that of a ferromagnet, which has for small |q| a quadratic
g-dependence. A direct consequence of the linear g-dependence is a T3 law
at low temperatures of the specific heat (Problem 7.14) which is in contrast to
the T3/> dependence (7.286) of the specific heat of a ferromagnet. In case the
anisotropy is dominant so that E, is very large, then we again get a quadratic
g-dependence:

282
hawo(q) ~ Eg + E—(Jo2 — J*q)
8
N (452 B3t a2> s 7.354)
g Z E, q .

Then there are modifications of the 7 behaviour.

For a further discussion of antiferromagnets, it appears meaningful to specify the
transformation (7.338) more precisely. This is connected with the Bogoliubov trans-
formation which is known from the theory of superconductivity. The conditions
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(7.339), (7.340) and (7.341) on the coefficients ¢ » and d; » of the transformation
can obviously be fulfilled through the following ansatz:

¢y =coshng; ¢ = —sinhng
d; = —sinhng; d, = coshng (7.355)
nq is fixed by the system of equations (7.345)
hwy(q) — b
tanh nq = a2 0oV 70 @ 4
c c(q)
Substituting (7.346) we get
2 tanh
tanh 2nq — M
1 + tanh g
ho(q) — b
= 2e(q) B 2A
cX(q) + (h(q) — by)
_ 2@
by +bp
20 S J
= @ (7.356)

g7 g Ba =202 S Iy

An extremely interesting quantity is the energy constant E,(By) appearing in the
transformed Hamiltonian (7.337) which represents the true ground state energy of
the spin system in the spin wave approximation. So far we have not calculated it
explicitly. For doing this, we first use the inverse transformation to (7.338):

_ = I
aq_claq+cz,3q

e NG (7.357)
by = dy oy +da By

¢ =dr = cosh ng; & =d; = sinh 1q (7.358)

which we insert in the “original” Hamiltonian (7.335). This naturally results again
in (7.337) since the transformation was conceptualized precisely for this purpose.
In addition, we obtain the “new” energy constant

- N 1 -
Ea(Bo) = Eq = - (ba+bp) + 5 quﬂbA +bp)? —4cq)=E, (1.359)

We perform the explicit transformation as Problem 7.16.
This is an extremely interesting result which shows that the ground state energy
E, is smaller than the energy E, of the fully ordered Neel state, in which the
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sub-lattice magnetizations are oriented exactly antiparallel to each other. One should
recognize that the difference

- N
By = o= ——(=2Jy h* S+ gs g Ba)

+2 \/ E? +482 14(J5 — JX @) < 0 (7.360)
q

is independent of field. The fully ordered Neel state is certainly not the ground state
of the antiferromagnet, which has to possess some spin disorder which should be
noticeable in the sub-lattice magnetizations. Therefore, as a next step, they should
be calculated.

According to (7.326), for the magnetization of the sub-lattice A

N/2
1
M, = gJ ,U~ Z SZ>A

N
_ - T
=y & up S VgJ MB Ei (a; a;)

holds. When we transform into the wavenumbers, we have to evaluate

1

N i
My=8mp| 5 S- Xq:(aq aq) (7.361)
We exploit (7.357):

<a:£ aq> = E%(Oé:; th> + E%(ﬁq IB(D +ci ((053; ,3:{) + <,3q O‘q))

According to (7.337), in the linear spin wave approximation, the quasiparticles cre-
ated by oq and B represent a fully decoupled system in which the particle number
is conserved. That means, e.g.

(o Bl) = (Byotq) =0 (7.362)

so that
(a:; aq) = cosh? nq (@ (af q %) + sinh? ng(l + (ﬂ Ba) (7.363)
The a- and B-quasiparticles are non-interacting Bosons (. = 0). Therefore, the

expectation values of their occupation number operators on the right-hand side of
(7.363) are the Bose—Einstein distribution functions:
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1 N .,
MA:VgJ 1752 [(55-?811’1}1 nq>_

_ Z cosh? g + sinh? Nq
= \ep(Bhou@) =1 " exp( hop(@) — 1

(7.364)

With

1 —1
cosh? nq = ST+ (,/1 —tanh22nq> }

. 1 o\
smhznqzz —1+< 1—tanh22nq) :|

(7.356) for tanh2nq and (7.346) and (7.347) for hw, and fiwg, the temperature
dependence of the sub-lattice magnetization in the spin wave region is fully deter-
mined. We are particularly interested in the 7 = 0 sub-lattice magnetization

(7.365)

1 N
Mu(T =0)= - g7 s <5 S — Zsinhz nq) (7.366)
q

The first summand corresponds to the complete orientation of the spins (Neel state)
whereas the second corresponds to the fluctuations mentioned earlier which are not
obviously visualizable. Let us set

N
My(T =0) = v 8 np(S—o) (7.367)

Then the correction ¢ can be easily evaluated for simple lattices if we assume the
anisotropies B4 = 0 in (7.356):

-1 (7.368)

iy Z NS Jz(q)

For the NaCl structure for which the whole lattice is simple cubic and the interpen-
etrating sub-lattices are fcc, one finds [15]

o =0.078 (7.369)

That is a typical order of magnitude. The correction term is not too large but not
negligible, either, especially for S = 1/2.
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For the magnetization of the sub-lattice B (7.327) analogous to (7.361) holds:

1 N
My = 1 s (—3 S+ (b bq)) (7.370)
q

where now we have to set

(b} bq) = sinh® ng(1 + (e} aq)) + cosh® ng (Bl By)
With this we get for the total magnetization

M(T, By) = M4(T, Bo) + Mp(T, By)

1
=y 87 e Z ((e) etq) — (BL Ba)) (7.371)
q

The fluctuation terms of the two sub-lattices thus cancel out. For By = 0, naturally
h wy = h wg and therefore also (oaf1 aq) = (,B; Bq) so that the total magnetization
vanishes.

At the end we now calculate the susceptibility of the antiferromagnet. For that
we expand the magnetization up to the linear term in By. For By = 0 the spin waves
hw, and hwg are according to (7.351) identical to Awy.

(o atg) = [exp(Bhwa (@) — 117"

hw
© — BgsusBo (ex;)(Cgi(foo) 0_) e +O(B%)

= (ozj1 ag)

A completely analogous expression is obtained for (ﬁ; Bq) which along with (ozjl ag)
we substitute in (7.371). Then the field dependence of the total magnetization reads
as

exp(Bhawo(q))

2
expBhanq) — 1z T OB 0372

2
M(T, Bo) = - B(gris)* Bo )
q

With this we directly get for the susceptibility

exp(Bhwo(q))
(exp(Bhwo(q)) — 1)?

2
00 =32 Besnn) Y.
q

(7.373)

7.4.4 Harmonic Approximation for a
Ferromagnet with Dipolar Interaction

In this section we want to discuss the effect of dipole interaction on the spin wave
spectrum of a ferromagnet. In the last section we have seen that the fully ordered
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spin state is not the ground state of an antiferromagnet. In contrast, in the case of
isotropic ferromagnet, the ground state is indicated by a complete parallel align-
ment of the localized spins (7.108). However, this is no more correct even for a
ferromagnet as soon as we introduce anisotropy which leads to additional terms
in the Hamiltonian which do not commute with the z-component of the total spin
§% = >, S7. One example for this is the dipole interaction between the localized
magnetic moments, which, in particular for ferromagnets with low transition tem-
peratures (EuS!), should not be neglected. According to (7.50), we have to take the
dipole interaction into account by including the following additional term in the
Hamiltonian:

Hp =) Dy{S;-S; —3(Si-e;)S; -e;))} (7.374)
i,J
o g% M%;
D;j=0;, Djj=—5—>—-— (@#] 7.375
! 87 R?R; —R;? @ #J) (7.375)
R, — R,
eij = m = (Xij, Yijs Zij) (7.376)

The dipole interaction is surely of much smaller significance compared to the
exchange interaction but at the same time it has much longer range. Through the
second summand in (7.374) it leads to an anisotropy which can be important in
many practical applications.

We split the model Hamiltonian into an isotropic (H;) and an anisotropic part
(Hy):

H=H +H, (7.377)

The isotropic part is different from the model discussed in Sect. 7.4.1 only by the
renormalization of the coupling constants:

_ 1% z
Hi ==Y (Jij — Dij)(S; S; + S7 §%) — gy FB By S (7.378)
i,j i

What is new is the anisotropy part:

H, = =3 DyS; - €;)S; - ;) (7.379)

ij

For the spin operators we again use the Holstein—Primakoff transformation (7.23),
(7.24) and (7.25) in the “harmonic approximation’:
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1 1
Es;rz,/zsai; 7_151.*=\/2Sa:; S?:S—ajai

1
ﬁ i
Defining

Dy=) Dj=) D
i j

bo = g i Bo +2S h* (Jo — Dy)

Eo(Bo) = —gs g By N S — h*(Jo — Do)N S*

we get almost directly for the isotropic part of the Hamiltonian

H; = Eo(Bo) + bo an — 28 * ) (Jij — Dyja a;

iJj

347

(7.380)

(7.381)

(7.382)

(7.383)

(7.384)

In obtaining this we have, in the spirit of the harmonic approximation, left out all
the terms which are not bilinear in the magnon construction operators «;, aj . The
anisotropic part of the dipole interaction H, possesses somewhat more difficulties.

One finds (Problem 7.19)

382 1*Y "D 3},

ij

. 1 '
— 38 FLZZ D,‘j |:(xlzj + yl-zj)ai' a; + z(x,-j — ly,-j)zai a;

ij

+ 5 (% +iviy) al @) = 223 mi]

| =

The first term is a c-number which we can absorb in E

Eo(Bo) = Eo(Bo) — 35> * Y Di; 2},

ij

(7.385)

(7.386)

A first diagonalization of the Hamiltonian is obtained by going to the wavenumbers.

We define

B(‘l) = —= S hz Z DU(XU iyij)Zeiq(Ri—Rj)

(7.387)



348 7 Heisenberg Model
A(q) =bo+ 65 B Dy 2} —
iJ

1 1 .
— 28 1? N Z (Jij + 3 Dy;(1 — 321-2]-)) e TRiR))

i,j

(7.388)
and then have
H =Eo(Bo)+ Y _A(q)aj aq+
q
+ (B(q) aq a—q + B (q) a aiq) (7.389)
q

Because of the anisotropy B(q), H is not yet diagonal. Just as in the case of antifer-
romagnets we now take H through the Bogoliubov transformation to the form

H = E\(Bo)+ Y _howp(q) e o (7.390)
q

For that, for the new operators we make the ansatz:

g = Cq g +dg alg (7.391)

The fulfilment of the fundamental Bose commutator rules is ensured by the follow-
ing conditions on the coefficients ¢q and dg:

leql* = 1dg* = 1

et =0 (7.392)

Further calculational procedure is similar to that followed for determining the spin
wave energies of antiferromagnets.

[aq , H]_ = hop(q) aqg = h wp(q)(cq aq + dq aT_q)
=cq [aq , H]_ +dg [aT_q , H]_
= co (A@ag+ B @ aly+ B (-q aly) +
+d, (—A(—q) aly— B(—q)aq — B(q)aq>
With B(q) = B(—q) and A(q) = A(—q) it further follows that
aq {cq B op(q@) — cq A(Q) + 2dq B(Q)} +
+al g {dg hop(@) — 2cq B*(@) + dg A(@)} =0
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This equation can only be satisfied when each coefficient by itself is equal to zero.
This gives a homogeneous system of equations:

cq (hwp(q) — A(qQ) +dq 2B(q) =0

whose solvability condition
—(hwp(q))* + A*(q@) — 4|B(@)]* =0

determines the spin wave energies:

hop(q) = v A%(q) — 4/B(q)|? (7.394)

Due to the long range of the dipole interaction, the lattice sums needed to calculate
A(q) and B(q) are not easy to perform. However, it is in principle quite possible to
do it for not too complicated lattices. We will not attempt to do it here in detail [16].

The energy constant £;(By), which obviously according to (7.390) represents the
ground state energy of a ferromagnet with dipole interaction, provides many inter-
esting conclusions. First we obtain using (7.393) with (7.392) for the coefficients of
the transformation (7.393)

1 (AW el (Aw
leql* = 5 <th(q)+1), d|* = 5 (th(q) 1) (7.395)

where the phase remains free for the moment. This will be uniquely determined
from the condition that the Hamiltonian (7.389) takes the form (7.390) after the
transformation. For that we invert the transformation (7.391)

*

: (7.396)

aq — dg oﬁ_q

aq = ¢
and use this in (7.389). H will be diagonal only when we fix the phase as follows:
B(q) = |B(@)| €1 cq=lcql €% dy = |dg| &' (7.397)

With this we finally get the energy constant E;(By) in (7.390):

~ 1
Ei(Bo) = Eo(Bo) — 5 > (A — hop(@) (7.398)
q

EO(BO) is the energy of the fully ordered ferromagnet. From

E\(Bo) < Eo(Bo) (7.399)
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we must conclude as in the case of an antiferromagnet that due to the anisotropy
part in the dipole interaction (7.379), the fully ordered spin state is not the ground
state of a ferromagnet any more.

Finally we have also described a ferromagnet with dipole interaction by a sys-
tem of non-interacting bosons. For the quantities such as the partition function, the
average occupation density, the grand canonical potential and the internal energy,
formally the same relations are valid as for an isotropic ferromagnet. We only have
to replace hw(q) by hwp(q) everywhere:

1
E(T, By) = exp(—B E\(B
(T, Bo) = exp(—B E( o»]:[ g ——g

(7.400)
(n(q) = [exp(Bhop(q)) — 1]~ (7.401)

Q(T, By) = E1(By) +
+ ksT Y In(l — exp(—Bhwp(q))) (7.402)

q
U = Ex(Bo)+ Y _ hop(@)(n(@) (7.403)
q

While calculating the magnetization

M(T, By) = l(ﬂ) 7.404)
(. B ==v \ 35 , .

we have to pay attention to the fact that A(q) depends on By whereas B(q) does not.
With (7.383), (7.386) and (7.398), the following holds for the energy constant:

dE(Bo) 1 A(q)
—_— = NS—= l — ——— 7.405
9B, 8J B 5 87 1p zq: hrop(Q) ( )
We can split the magnetization into an isotropic and an anisotropic part
M(T, Bo) = Mi(T, By) + My(T, Bo) (7.406)
M; is the magnetization of the isotropic ferromagnet:
1
Mi(T, Bo)) =My |1— VS (ng) (7.407)
q
M, denotes the magnetization of the fully ordered spin system
N
My=g,up — S (7.408)

14
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M, (T, By) expresses the influence of the anisotropy:

M, =g MBLZ(l_ 2 )(1+<n >> (7.409)
V4 hop@/\2 '

M, is obviously a negative quantity. The dipole interaction thus produces a partial
demagnetization.

For the special case D;; = 0, naturally, we recover the old result of the isotropic
ferromagnet, because then B(q) = 0 and A(q) = h w(q). That means according to
(7.394) h wp(q) = h w(q) and with that M, = 0.

7.5 Thermodynamics of S = 1/2 Ferromagnet

We have so far investigated in general the not exactly solvable Heisenberg model
by using two approximate methods, namely the molecular field approximation in
Sect. 7.3 and the spin wave approximation in Sect. 7.4. While the spin wave picture
is restricted to low temperatures, the molecular field approximation though valid at
all temperatures is too coarse for many purposes. In this section, we want to extract
detailed information about the thermodynamics of the Heisenberg model with the
help of the method of double-time Green’s functions (see Appendix B). We will
restrict our treatment to ferromagnets.

7.5.1 Tyablikov Decoupling

We consider a system of localized magnetic moments described by the spin opera-
tors S;, S; in a homogeneous, time-independent magnetic field By:

H=—= 1S S +55)—g “—hB B> S (7.410)

i,j i

We are primarily interested in the magnetization of the system,

1 2
M(T. Bo) =+ 81 55 3 (S))1.m, (7.411)

i

for which we need the thermodynamic expectation value of the spin operator S;.
Here we first assume that the localized spins are of magnitude

S = (7.412)

1
2
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This is, as we will justify more precisely, a special case which is decisively simpler
to handle than the general case of S > 1/2. The relation (7.8), which is valid in
general
S?E St = RSS+1D)+h SF— (Sl)2 (7.413)
simplifies for § = 1/2 to
Sl.i SFT=nh(S£S)) (7.414)

since in this case due to (7.9)

I
=

(7.415)

(s7)°

represents an operator identity.
The relation (7.414) suggests that the following retarded Green’s function should
be studied:

Gyt 1) = (102 S

— i 6@ — ﬂ)([sj(z) , S;(/)]_> (7.416)

For the energy-dependent Fourier transform (B.18)

+o00 .
Gi{'(E) = / dit — 1) e PG (1 — 1) (7.417)

oo

the simple algebraic equation of motion holds (see B.83):

J

EGEE =n(s5. 57| )+ (ST, H] 5 S (7.418)

For further evaluation we need the commutators on the right-hand side. For that we
use the relations (7.6) and (7.7):

(s s7] =2nsy s (7.419)

J 1
(S5, H] =—2h)_ Jin(S} S — S Si)+gs s Bo S (7.420)

With this the equation of motion (7.418) becomes

(E — g g Bo) G/¢'(E) = 21h* 8;; (S7) —

ij i

=21 ) i (USF S STV = (S5 S5 ST (7.421)
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This equation is still exact. It cannot, however, be solved exactly since there appear
“higher” Green’s functions on the right-hand side. It appears natural to set up
again the equations of motion for these Green’s functions. This leads to still higher
Green’s functions so that eventually one has an infinite chain (“hierarchy”) of equa-
tions of motions, which, with the help of approximate methods, have to be somehow
decoupled.

We want to apply the decoupling already on (7.421) by using an approximation
similar to the molecular field approximation. We replace the operator S; by its ther-
modynamic expectation value (S7). As a c-number, this can be brought out of the
Green’s function. In the literature, this is known as the Tyablikov approximation or
the RPA decoupling (random phase approximation) [17]:

((SF Sy s 870 = (SH ,i, TNE

S5 ST ST = (SISE; STt (7.422)

This decoupling procedure is the weak point of the theory since there is no direct
justification for doing this. The only justification is the results obtained with this
method.

We can further assume translational symmetry:

(S7) = (S%) = (89 (7.423)
and with (7.421) and (7.422) have the following simplified equation of motion:
(E — g s Bo —2h (S%) Jo) Gii'(E)

= 217 8; (S%) — 2R (S7) }:JmlGZKE) (7.424)

which can be solved by Fourier transforming to the wavenumber representation.

. 1 ia-(R—R,

Gy'(E) = DG (B) e (7.425)

ij

1 A
o —iq-(Ri—R;)

8ij = N E e (7.426)

q

With this we get
2h? (S7)
Gret E — — 7427

a (F) E — E(q) +i0* (7427

The poles of the Green’s function correspond to the elementary excitations of the
spin system (see Appendix B):
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E(q) =21 (S%) (Jo — J(@) + &7 s Bo (7.428)

Typical for the quasiparticle concept of the many-body theory is the temperature
dependence of the elementary excitations which in the present case is manifested in
the expectation value (S%). For T =0

(SYr=0="hS (7.429)

holds so that (7.428) reproduces exactly the spin wave result (7.249). One expects
the temperature dependence intuitively on the basis of interactions since at higher
temperatures, it should be easier to excite spin waves, i.e. spin deviations.

The solution as it stands in (7.427) is not yet complete since we still do not know
the expectation value (S°).

7.5.2 Spontaneous Magnetization
The spectral density Sq(E) (B.65) according to (7.427) has the simple form
1 ret 0t
Sq(E) = — — Im G'(E +i07)
i
= 2h (S*) §(E — E(q)) (7.430)
where the Dirac identity (B.92) has been used. With the help of the fundamen-

tal spectral theorem (B.95) one easily gets the expectation value (S Si+ Yy (D =
0 for By > 0):

1 4 1 [T Sq(E)
- oty _ —lq-(R,’—R/) - q
5 Si)_NZe h/,oo ePE — 1

_ 2n (S%)
_ iq-(R;—R;)
= Z o (7.431)

For i = j in particular we have

— oty Z i 1
(ST 87) =2h(S%)+; Xq:—exp(ﬂE(q))_l (7.432)

At this stage we make use of the simplification declared above, namely we limit
ourselves to S = 1/2. Then we can use (7.414):

(S; STy =h*S —h(S) (7.433)

so that we get with (7.432)
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—1
2 1
SY=hS|1+ — _— 7.434
159 <+Nzexp(ﬂE(q))—1) (7.434)

q

Along with (7.428) we have found two equations which permit a self-consistent
determination of (S?). Numerical evaluation is done most conveniently by using the
following relation which is equivalent to (7.434):

hs 4 fd3q coth [Zh (S5 (Jo — J(q) + 81M330:| (7.435)

(55~ NQr)? 2kpT

The integration is performed over the first Brillouin zone of the lattice. There is no
difficulty in numerically evaluating this equation for all temperatures; however, one
can analytically discuss this in certain temperature regions.

First, (7.435) permits to derive an explicit equation for the Curie temperature.
For

Bo=0"; TS T < (550

the argument of coth is small. Therefore, we can terminate the expansion

= Ly Yy E B o (7.436)
cothx = — — .
x o= (2n)!
(B, = Bernoulli numbers) already after the first term and obtain
—1
kp Te = 1 L > ! (7.437)
PICT\NS & R - T (@) '

a relation which formally agrees with the result obtained from the spin wave theory
(7.322) for S = 1/2.

We now want to evaluate (7.435) for low temperatures. For small T, the argument
of coth is very large. Therefore, it is convenient to expand

o0
cothx = 142" exp(—2mx) (7.438)

m=1
In addition, (S%) & h S, so that the following ansatz is meaningful:

() 1
hS  1+4+2¢ (7:439)

where according to (7.434) and (7.438)
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1 o0
= D lna) =D _exp(—pmg up Bo)x

q m=1
|4
* Ny / d*q exp(—m (21 (S°)(Jo — T (q))) (7.440)

Comparing this expression with (7.261) which is the analogous term of the linear
spin wave theory, we see that the only difference is that in the integrand S is replaced
by (S)/h. This does not influence the g-integration in any way. Therefore, we can
take over directly either (7.264) or (7.267)

V [ kgT \?
= z B 7.441
¢ N <4n D*) 3/2(B 8 s Bo) ( )
D* =2 (8% J; ha? (7.442)

The function Z,,(x) is defined in (7.265). We have restricted ourselves here again to
the nearest neighbour interactions (J;; — Ji).

For low temperatures ¢ must be a small quantity so that an expansion of (7.439)
in powers of ¢ appears meaningful:

(8°)
hS

=1-2¢0+Q2¢)>—--- (7.443)

which we in a first approximation can terminate after the first term. This gives for
the magnetization (7.411)

N UB N
M(T,By) = — g — ()~ — S -2
(T, Bo) = 17 81 = (59) VgJMB( ®)
The factor in front of the bracket is exactly the saturation magnetization M, (7.259)
so that one finds the following expression for the deviation of magnetization from
its 7 = 0 value:

Mo~ M(T. By) .V <kBT

M, N \ 47D+

3/2

) Z32(Bgs s Bo) (7.444)
One gets the spontaneous magnetization M,(T) from this by setting By = 0. Then
on the right-hand side we have instead of the function Z3,, the Riemann ¢-function
(7.266) ¢(3/2). D* still contains the magnetization itself (7.442). If one restricts
oneself to terms of the order of 73/2, then we can replace D* by D (7.280), i.e. in
D* (8%) by h S. Then we exactly have the Bloch’s 73/? law (7.268) for S = 1/2
which is reproduced correctly by the Tyablikov approximation discussed here.

In order to find the higher powers in temperature, we can practically take over
(7.281); we only have to replace the reduced temperature ¢ by
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hS 3kyT
ey i (7.445)
(S5 Am h (ST z Ui 8

If we make the same assumptions as in Sect. 7.4.1 for the free spin waves, i.e.
restrict ourselves to cubic lattices with exchange interactions only between nearest
neighbours, then the following holds:

¢ =c3/2) 7+ 3775;“(5/2) P4 ar (1)) + - (7.446)

6 and « are the structure factors given in (7.283). Inserting (7.446) in (7.443) we get
an equation for (S*) which has to be solved self-consistently. The leading tempera-
ture terms can be easily given:

(8°)
hS

= 1206/ = T g5y 2
203/ = 2w 8w c(7/2)t* — .. (7.447)

Except for the 73 term it agrees with the exact spin wave result of Dyson [10].

We want to finally investigate the high-temperature behaviour of the magnetiza-
tion in external field (B # 0). For that we expand coth in (7.435) whose argument
is small for high temperatures. We first abbreviate

B 2 ¢ -

(T = 8s 1z Bo, ag(T) = h (S%) (Jo — J(qQ) (7.448)
2kBT 2kBT

t, = tanhb(T); t, = tanhaq(T) (7.449)

With this the integrand in (7.435) can be written as

h(b(T) + ag(T)) = 11
CO a. = —
4 ta + 1
1 t
=—(1-a-H =<
1 < ( ”)tb+ta)
:l 1+(1—l2)§:(—1)” ([_a>n
tb ’ n=1 th
(7.450)
We insert this in (7.435)

hS _l ) > (—1) v .
(59) 1 (1 +{ tb); 7 NQn) /d qtu) (7.451)
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For 7, we apply the usual expansion of the hyperbolic tangent:

> 22 — 1B -
B N T Bl G V) 2n-1
ta HZI( 1) i (aq(T)) (7.452)

Before we insert (7.452) in (7.451) we introduce a few more abbreviations:

(S°) (S°)
= =2 7.453
hS h ( )
2k T
= 7.454
f Z h2 Jl ( )
o
aq(T) = ?(1 - Yq) (7.455)
N / d*q (1 )" (7.456)
Cm = N(27T)3 q Yq :
The values of ¢,, can easily be calculated (Problem 7.18):
1 3
c=1,00=14+-,c=1+—-, ... (7.457)
b4 z
For the presumed high temperatures, we consider aq to be a small quantity,
o 1 /03
ol — —-(—) L=y + - 7.458
" (I =) 37 (I —vyg) + ( )

and expand (7.451) up to the quadratic term in 1/t

1 11— /o 1—12 /0\2
—l__ _ b - b e
o= (1 a— (T)Jrcz : (T) + ) (7.459)

This equation can be solved by successive iteration:

o) = 1, = tanh(g, wp Bo/2kpT) (7.460)

In the zeroth approximation we obtain the result (4.127) of the ideal paramagnet
(non-interacting local moments in external magnetic field) for S = 1/2. The further
corrections are produced by the exchange interaction of the spins:

1
oy =1t (1 +(1—17) ;) (7.461)

In the next step, by inserting oy;) on the right-hand side of (7.459) we obtain the
solution which is correct up to the order of 1/77%:
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(5% L, (2 b2
— =1 (1 — ¢
ns i ”)<2kBT

2
z—1 5 7z Jy B2

tp | — — 21 7.462

+b< z b><2k3T + ( )

For very high temperatures one can assume the exchange interaction energy z J; h?
to be very small compared to the thermal energy kzT. Then, one can handle the
Heisenberg model perturbatively [18]. A very good agreement with (7.462) is found.
This shows that the RPA approximation (7.422), which appears to be completely
arbitrary at first sight, leads to a useful approximate solution of the Heisenberg
model for S = 1/2 both for low temperatures (7.447) and for high temperatures
(7.462). Therefore, even for intermediate temperatures one can expect it to have
certain reliability.

7.5.3 Thermodynamic Potentials

In this section, we want to derive the internal and free energies of the Heisenberg
ferromagnet. The internal energy U is nothing but the thermodynamic expectation
value of the Hamiltonian H:

U= (H) = =3 4y (57 S7) + (57 59) — 8 “—hB Bo N (§)  (1.463)
i,j

The expectation values (S;r Sj_) and (S¢) were derived and discussed in the last
section. What is new now is the term (S} S?) which can also be expressed in terms
of the spectral density Sq(E) (7.430).

With the operator identities valid for § = 1/2

_ . h
S-Sz

P Si=3S S ST=RS—hS (7.464)

the following follows from (7.420):

— 2 - 2 Z
STISH. H] ==Y gy ST SF 212 Ty 5 S
J J
+ 217 STy S5+ gy s Bo(h S — h S7)
J

Averaging and summing over all the lattice sites lead to
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1 _
=D i (SP S5 = 55 D ST ST H])
i,j i
1 _
+ 3 ZJij (S; S;r>
iJ

N - ot
g g Bo (S S")

~ B SN (S) = 5

Substituting this in (7.463) we get the following intermediate result:
1 8ij .
U = Eo(Bo) + 5 3 | (o dij = Jij) + 55 87 15 Bo ) (57 )
iJ
1
s
+ 5 Z:(Si [, H].) (7.465)

Ey(By) is the ground state energy (7.246) of the ferromagnet. With (7.431), we write
this expression in terms of wavenumbers: as

~ 1 +o0 hw(q) Sq(E)
U—Eo(Bo)‘f'ﬁXq:/oo W BB — 1

1

_ “[st, H 7.466
2h2 ,' <Sl [ [ ]7> ( )

hw(q) are the free spin waves for § = 1/2:
ho(q) = 1 (Jo — J(@) + &7 15 Bo (7.467)

The remaining expectation value in (7.466) can also be expressed in terms of Sq(E):

1
iz 2SS HD)

_ 4 s () st
_2_h2i 7, S (@) ST @)

t=t'

2N : h dt J_« exp(BE) — 1

1 +oo E
L [T BB
2h3 oo exp(BE) — 1

t=t’

(7.468)

In writing this equation, in the first step the equation of motion for time-dependent
Heisenberg operators and in the second step the spectral theorem (B.95) have been
used. Equations (7.466) and (7.468) finally give the following exact relation for the
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internal energy U':

_ 1 oo (E + hw(q)) Sq(E)
U = Eo(Bo) + 5 Xq: /_ . dE orBE) | (7.469)

This equation can easily be evaluated using (7.430) for S = 1/2 ferromagnets in
random phase approximation:

(57) m*(Jo — J(q) (1 + Lfl)) +2g; g Bo

U = Eo(Bo) + —— ; T

(7.470)

We have defined the quasiparticle energies E(q) in (7.428).
In Appendix B, the following relationship between the internal energy and the
free energy is derived (B.198):

T exp(BE(q) — 1

T U(T’y — U
F(T)=U©) - T / ar 20 (7.471)
0
Substituting (7.470) gives a formally simple expression (U(0) = Ey(By)):
1 T S E h
R = BBy + 71 3 [ar S SO g
h < Jo

in which, however, E(q) and (S°) are temperature dependent, so that it is not possi-
ble to carry out the T'-integration analytically.

7.6 Thermodynamics of S > 1/2 Ferromagnets

7.6.1 Green’s Functions

The central quantity in our discussions is the magnetization M (T, By) (7.411),
which, up to some scalar factors, is determined by the expectation value (S*) of
the z-component of the spin operator. We therefore need a Green’s function, with
whose help it is possible to evaluate this expectation value in the simplest possible
manner. For the special case of S = 1/2 which was discussed in the last section
(7.433)

(ST STy =h*S —h (5% (7.473)
holds, so that the appropriate Green’s function is

Gij(E) = (S5 S; 05" (7.474)



362 7 Heisenberg Model

which, via the spectral theorem (B.95), fixes the expectation value (S;” Sf ). Even
though the latter is valid also for § > 1/2, its relationship with (S?) is not so simple
asin (7.473). For § > 1/2, according to (7.8) the following holds:

(ST STy =h*S(S+ 1) — 7 (S7) — ((55)%) (7.475)

The term ((Sf)z) creates difficulties. We must look for equations which connect the
powers of the spin operators (S7)" with each other. For this purpose, the Green’s
function (7.474) is not suitable. Tyablikov suggested the following:

G (E) = (8] (8" S (7.476)

We will see later that we can limit ourselves ton = 0, 1, ..., 25 — 1. Since
the operator before the semicolon is the same as in G;;(E) in (7.474), which was
the Green’s function used for the special case S = 1/2, in the equation of motion
(7.421) only the inhomogeneity on the right-hand side will change.

(E — g; up Bo)G{(E) = h([szﬂ_ s (S5 SJ'_]_>
=21 do ST S5 (ST = (0S5 S (S9sy
(7.477)

We will apply the same RPA decoupling as for the case of S = 1/2 (7.422). Since
the operator to the right of the semicolon in the Green’s function is inactive so far
as the equation of motion and its decoupling are concerned, we can directly write
down formally the result analogous to (7.427):

st (s 510

1

E— E(q)

GI(E) = (7.478)

The quasiparticle energies are exactly the same as in (7.428). For the associated
spectral density the following now holds:

Sf]”)(E) = h([S[+ , (SH" S[-_]_) 8(E — E(q)) (7.479)
With the help of the spectral theorem (B.95) it follows analogously to (7.434)

\n Q— Z\1 Q— 1 -
(s S =87 (5871 % 2 (- (7.480)

q

In the next section we will see how one can indeed derive predictions on (S%) from
this expression for an arbitrary spin S.

The selection of (7.476) as a suitable choice of the Green’s function is not the
only possibility. Here we mention another suggestion from Tahir-Kheli and ter
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Haar [19]:
(n) . —\n n—1I\\re
GU(E) = ((S7 5 (87 (ST ) (7.481)
The operator to the left of the semicolon is again the same as in (7.474) and (7.476).

Applying once again the RPA decoupling (7.422), we can immediately give the
result that follows from (7.481):

(SO S =[S (ST $H ) ¢() (7.482)

where, as in (7.439), we define

#(S) = % > (PP — )™ (7.483)

q

7.6.2 Spontaneous Magnetization

We will try using (7.480) and (7.482) to determine (S*) for an arbitrary spin. We start
with the Tyablikov result (7.480). With (7.475) for the left-hand side the following
holds:

(SO S; Sy = B S(S + D((SH)") — h (ST — ((S)"2) (7.484)

We need this equation only forn =0, 1, ..., 25 —1, since because of the operator
identity (7.9),

+S
[ si—nmoy=0 (7.485)

my=—=S

the chain of equations (7.484) automatically terminates. For n = 25 — 1 the highest
power of S; on the right-hand side turns out to be (Sf)”“. This, however, can be

due to (7.485) expressed by (S7)" withn =0, 1, ..., 2S:
28
((SHPT) =" () ((S5)") (7.486)
n=0

The «,(S) are numbers which can easily be determined from (7.485) (see Prob-
lem 7.3).

We now need the commutator on the right-hand side of Eq. (7.480). One can
easily prove by induction that

ST =(SF =" 87 (7.487)
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With this one calculates without any difficulty the required commutator:
[, (S5 7] =2h Si(SF — By

+ ((SF = B — (SR S(S +1) — b SF = (57)) (7.488)

Finally substituting (7.484) and (7.488) in (7.480) one obtains the following system
of equations:

B> S(S + 1) ((S)") — R A((SH"H!) — ((S5)"*2)
= [2h (SF(S7 — ") 4+ (57 — h)" — (SH))(R* S(S + 1)
— 1 SF = (SHHN ¢(S)
n=0,12,...,25-1) (7.489)

This along with (7.485) is a system of (25 + 1) equations for the (25 + 1) expectation
values ((S;)") (m =1, ..., 2§ + 1), which naturally can in principle be solved.
One should, however, pay attention that in ¢, according to (7.483), there is E(q) due
to which ¢(S) again depends on (S*). We want to investigate two examples S = 1/2
and S = 1 a little further:

(@) S =1/2
In this case it follows from (7.485) that
(55)7? = h; (7.490)
We need (7.489) only for n = 0:
% B2 — B (S7) — ((S%)%) = 2k (S%) ¢(1/2). (7.491)

From this follows the result (7.434) or (7.439) which was already discussed in
Sect. 7.5 for the § = 1/2 ferromagnets:

h
(§%)s=12 = > (14 2¢(1/2))7" (7.492)

Thus the special case S = 1/2 is contained in the theory presented here.
(b) S=1
In this case it follows from (7.485) that
(5%) = h* §¢ (7.493)

The system of equations now has to be evaluated forn =0 andn = 1:

21% — B (SF) — ((S5)%) = 2h (S7) ¢(1) (7.494)
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217 (S%) — R ((SH)?) — ((S5)*)
= (V2R ((S])?) — 217 (S) = 20° + 12 (S]) + b ((S))*)]

(7.495)

This can be solved for (S7) without any difficulty:

1 +2¢(1)
S ey = 7.496
Wils=1 =P 3600 1 362D (7.496)
We also get the expectation value of (Sf)z:
: 1) . Lo

S )sor =20 ———— + W (S}) ————— 7.497
((S7)7)s=1 T+ 30 (,)1+3¢(1) ( )

In this manner we can evaluate stepwise (S7) for any arbitrary spin S. For § > 1, it
is possible to give the solution in a general form [20]:

[S — ¢ + ¢(HIPH! 4 [1 + S + ¢(S)I[P(S)>5*!
[1+@(S)PPSH —[p(S)]>5+H!

(SHs=nh (7.498)

This result actually follows from the Tyablikov result (7.480). Before we continue
our discussion for different temperature regions, we want to show that the result of
Tahir-Kheli and ter Haar (7.482) also leads exactly to the same predictions. For the
expectation values on the left-hand side of (7.482) we use the relations (Problem 7.2)

[T S]_=nh(s,) (7.499)

(S, (SH’]_=n* 1> (S7)" +2n h S; (S (7.500)
With this we can show that

(ST (ST = (ST (WSS + 1) = B SF = (S (57!
=[S+ 1) —nn—1)h —Q2n—1)hS}
— (SIS s (7.501)

holds, from which eventually the following relation results:

(ST (S = ]_[ [7* S(S+1)— (n— p)n — p+ DA’
p=1
— (2n —2p + DA SF — (59)] (7.502)
(n=1)
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The commutator on the right-hand side of (7.482) now remains to be evaluated:
G € i IR A G I G
One can prove by induction (Problem 7.2)
[S. (S7)']_=@nhSi+ R nmn—1) (S )" (7.503)
With this we obtain the following recursion formula:

[, oy sH
=n h2SF + T (n — D))" (57!
n=1 (7.504)

For n > 1, we can express the remaining operator product on the right-hand side
using (7.502):

[S. STy (SH']_=2nS7, for n=1
[SF, (S (S '] =@n kS +nm— D) *

-1
* ]’[ (R2SS+1)—((n—1—p)n— ph?
p=1

—(@2n—2p—DhSF— (), for n>2 (7.505)

Substituting (7.502) and (7.505) in (7.482), we obtain with (7.485) again a com-
plete system of equations for determining (S%). This will be demonstrated with a
couple of examples:

(a) S=1/2
In this case it is n = 1 so that from (7.485) and (7.502) and (7.505) it directly
follows that

th — B (8%) — ((§%)%) = 2h (5%) $(1/2) (7.506)

This equation is identical with (7.491) and therefore reproduces the result
(7.492) for (S%)s—1/2. Thus both the Green’s functions (7.476) and (7.481) lead
to the same physical results for § = 1/2.

(b) S=1
The equations that follow for n = 1 and n = 2 from (7.482) and (7.502) are

2% — B (S%) — ((S9)) = 2k (S%) ¢(1) (7.507)
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(—6h" S* + 17 ($%) +4h(S7)’ + (59)
= (4h* + 6h° §7 — 6k (§9) — 4K (57)) (1) (7.508)

In addition, from (7.485) we get the following operator identities;

(S} = h? 57 (7.509)
(89* = 1* (5% (7.510)

so that (7.508) becomes
— R? (8% + B ((S9)%) = 2K + B? (S7) — 3K ((59)?) (1) (7.511)

(7.507) and (7.511) agree exactly with (7.494) and (7.495) so that for (S%)s—; also
the earlier result (7.496) is reproduced. One can also show this from the general
result (7.498) for S > 1 so that the two Green’s functions (7.476) and (7.481) are
completely equivalent. Therefore, we can continue further discussions from (7.492),
(7.496) and (7.498).

7.6.2.1 Low-Temperature Region

At low temperatures, the expansion (7.446) for ¢(S) is valid. Further, ¢(S) should
itself be a small quantity so that we can expand (7.492), (7.496) and (7.498)

h
()12 = 5 ~hed/2)+2h $*(1/2) + O(¢”) (7.512)

($%)s21=h S — hp(S) + O(P?) (7.513)

(7.512) agrees with (7.443); therefore, we obtain exactly the same result (7.447)
again for § = 1/2. Therefore, here only the case S > 1 is interesting. With (7.446)
in (7.513) we first get

($9)s=1=hS—h (;(3/2) T4 37;—5 £(5/2) 0"
+ 728 (12T + ) (7.514)

« and § are the structure factors given in (7.283). The reduced temperature t is
defined in (7.445):

S . 3kgT
(S3y " T 4w h (S z Jy 8
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That means (7.447)

B n/2 o) —n/2

~ (1 + 2”—S £(3/2) t3/2) /2 (7.515)

Therefore, the correct low-temperature expansion of (S°) reads as
3né
(S%)s=1 =h [s -t/ - ”T t(5/2) "

- % 2B/ =t 8t a1/ + - }
(7.516)

A comparison with the Dyson solution [10] leads to an exact agreement in the
t0, 132, #3/2 and t"/* terms. As in the S = 1/2 solution (7.447), we obtain in
addition a > term. In the case S = 1/2 also this correction term originates from the
term (2h ¢2(1/2)) in the expansion (7.512). Since in the expansion (7.513) for § > 1
a ¢? term does not appear, here ¢(S) itself is responsible for the > correction. This
error arises mainly due to the imprecise RPA decoupling (7.422), which according
to (7.428) leads to spin wave energies, whose first temperature correction behaves
as T3/2. One can see this directly when one inserts (7.516) in (7.428).

E(@) = A(S)+ B(S) T* + - (7.517)
But we know that according to (7.318)

E(Q) = A(S)+ BS) T+ (7.518)
must hold.

7.6.2.2 Critical Region (T = T¢)

In the neighbourhood of the transition temperature ¢(S) is no more a small quantity
but a rather large quantity. Therefore, we expand (7.498) in powers of 1/¢:

S —oO)/¢ + 15T +[14 S 4 ]

<SZ>S =h [1/¢ + 1]25+1 —1
h 25+ 1 S2S+1)
= — (S — 1
<2S+1>/¢{( ¢)<+ PR
+ (2S+1)62;3(2S_1)+'~>+1+S+¢}
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WSS+ 5
(S )g_h—3¢(s) + O(1/¢%) (7.519)

¢(S) still contains (S*) as one recognizes from (7.483):

1 o(l —yq)
142¢(S) = — th ———— 7.520
+20(8) = §co - (7.520)
Here we have used the abbreviations (7.453) and (7.454):
(8%) kpT
==L =7 7.521
T hs TTInms (7521)

Because of o the argument of coth in (7.520) is small. Therefore, as in (7.436), we
expand and use the relation (7.456):

o O'3

T
14+2¢(S) =c_, ;—FC] —

-3 —+ - 7.522
37 T 2503 + ( )

¢y, c3 are simple numbers from (7.457). The constant c¢_; can be calculated for
simple cubic lattices [19]:

¢ = 1.51638
e = 1.39320 (7.523)
¢/ = 1.34466

From (7.522) one can further estimate

3
o7(8) = =2 <1+ 7 7 +> (7.524)
T C_q

T C_q 31’3 C_

We substitute this in (7.519) and let T — T¢, i.e. drive (S*) — 0. This provides a
simple equation for the Curie temperature 7¢:

kBTC = kB 90/6‘_1

Except for the factor 1/c_; this is exactly the molecular field result (7.138) for the
Curie temperature 6¢. Since according to (7.523) 1/c_; is always less than one, the
Curie temperature calculated here is less than that in the molecular field approxima-
tion. This is in agreement with experimental observations.

7.6.2.3 High-Temperature Region

For temperatures well above T, we are interested primarily in the magnetic suscep-
tibility x. For very high temperatures and not too strong fields, we can assume
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P(S) > 1 (7.526)

and use the expression (7.519) for the expectation value (S%) . For By = 0 naturally
¢(S) = oo and consequently (S?) = 0. From the magnetization

1
81 1p 3 S(S + 1) — (7.527)

N 1
M(T, By) = — gy up — (S%) ~ 26(5)

N
\%4 h Vv

we get the susceptibility

(5%,
XT = Ko\ 55
9By T(Bo 0)

_ N S(S+ 1) 0 ! (B =0)
—VgJMB 8B 2¢>(S) 0=
(7.528)
According to (7.459), for high-temperature region the following holds:
2¢0(8) = 14 2¢(S)
1 1—1t? /o 24+11—12 so\2
= — (1= b (Z b (Z
tb< 1 <r>+ z 1} (r) + )
(7.529)
Here
B,
1, = tanh ( SLEE 20 (7.530)
2kgT
h Jy (S° 0 1
o_zhhisH _be (7.531)

T kT T 2¢(S)

Substituting these in (7.529), we get an equation for ¢(S),

26(8) ~ 1(1 1—22 <e_c> 1
¢ g T ) 2¢6(5)

21 1—1 <9C>2 1
+ —) =+ 7.532
z 1} T ) 4¢%(S) ( )

which can be solved successively up to an arbitrary degree of accuracy. In the zeroth
and first order the following holds:
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1\ 1\ 9
—_— 2 C
(—2¢(S)> =1 = <2¢(S)) =1 (1 +1—1) (?)) (7.533)

Substituting this in (7.529) we obtain an expression which is exact up to the
quadratic termin 1/7:

1 o e_c
—2¢(S)_tb<l+(l tb)(T>+

1 0c\>
+ (11— )(——th> (7> NI (7.534)

The derivative at By = 0

a1 0 —1 /6c\2
- ZM 1_|__C_|_Z < 4.
9By 2¢(S) ) 5o  2ksT T z T

fixes in (7.528) the susceptibility

N ( 7 S(S+1)
XT = Mo — (87 UB —3kBT
2

( be 221 (%) + 0(1/T3)> (7.535)

If we terminate the series just after the second term and use

we get the Curie—Weiss law (7.147) of the molecular field theory, which in any case
should be valid at sufficiently high temperatures.

In summary one can say that the RPA decoupling (7.422) leads to reliable results
both for § = 1/2 and also for § > 1/2. Therefore, it possesses a kind of belated
justification. It, however, remains unsatisfactory that one cannot offer direct physical
justification for the decoupling (7.422). From this point of view, the Callen decou-
pling, which will be discussed in the next section, represents a distinct improvement.

7.6.3 The Callen Method

In order to calculate the expectation value (5°), which fixes the temperature and field
dependence of the magnetization, the choice of a suitable Green’s function is deci-
sive. For the special case of § = 1/2 the choice (7.416) is unique, but not for § > 1.
The difficulties that arise for higher spins were discussed in detail in connection
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with the Green’s functions (7.476) and (7.481). From the Green’s functions defined
there, with the help of the spectral theorem, it was possible to derive a system of 2.5
equations, from which (§°) could be determined. As the Green’s functions cannot
be calculated exactly, naturally, the solution depends on the approximations used.
In all the methods discussed up to now, the RPA decoupling (7.422) was used. The
results obtained in this way are quite satisfying. In high-temperature region, we get
the Curie—Weiss law, for the Curie temperature 7¢ a clear improvement compared
to the molecular field approximation and in spin wave region a correct reproduction
of the T3/2, T3/ and T7/? terms of the Dyson theory. What is disturbing is the T3
term which is clearly arising due to the approximation used.

The method that will be discussed now, which was suggested by Callen [21], has
advantages from two points of view as compared to the procedure of the last section.
First, the decoupling of the chain of equations of motion can be physically better
justified than the RPA decoupling (7.422), and second, the disturbing 73 term for
S > 1/2 in the low-temperature expansion disappears. In particular for large spin,
the Callen method represents an improvement over the theories of the last section.

Starting point is the following parametrized Green’s function:

GY(E) = (S} ; expla §9) S7 ) (7.536)

The operator before the semicolon is the same as the one in the Green’s functions
(7.416), (7.476) and (7.481) used earlier. As a result, the equation of motion changes
in comparison to those of the other functions only through the inhomogeneity on the
right-hand side,

na) = ([S5, expla S7) S7].) (7.537)

The operator to the right of the semicolon B; = exp(a S;) S remains, for the
moment, inactive. With (7.420), it directly follows that

(E — g s Bo)G\{(E) = hn(a) 8;
=20 T { (ST S s B — (S, STy B

(7.538)

The RPA decoupling (7.422) consist in replacing in the higher Green’s functions
on the right-hand side of this equation of motion the operators S; and S7, by their
thermodynamic expectation values (S*). Here we will use a different procedure,
which will first be explained for the special case of S = 1/2. For this case, there are
three possible representations for the operator S;:
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1
S =27 7S =S SD (7.539)
1
Si=hS—= S S (7.540)
1o
Si=—hS+- 575, (7.541)

We multiply the first equation with (1 — «) and the second with « and add the two
equations:

1 1
SS—ahS — (1= Sts——_— (1 S-St 7.542
f=ah S+ (- St S - () S s, (7.542)

o is a parameter which is still to be fixed. Substituting (7.542) in (7.538) for S and
SZ , one obtains Green’s functions of the following form:

(S S7 8¢5 Bj)) s (ST 885 B))

Ll Ll 7.543
(S5 S ST2 BY) s (S, S8 ByY) (7549
We will simplify them through a symmetric decoupling, which at first is arbitrary,
taking into account only spin conservation.

(S5 87 Sy s Bj)) = (S STY((Sy s Bj)) + (S Sh)((ST5 Bj)) (7544
((S; S Sy s Bj)) = (S, SYUSy s Bj)) +(S; Sp)((S" 5 Bj))  (7.545)

(S S Si5 Bj)) = (S, S0 (S5 By)) + (S, SIS,y s Bj))  (7.546)

m

(S, St S5 Bj)) = (S, SIS 5 By) + (S, SISy s B))  (7.547)

If we substitute the ansatz (7.542) in the “higher” Green’s functions of the equation
of motion (7.538) and decouple according to (7.544), (7.545), (7.546) and (7.547)
we get

o

(S S, s Bj)) = (S)((Sy 5 B))) 5 (S0 SOUST s B))) (7.548)

(S5, S5 Bj)) = (S)(S 5 B))) — %(

m 1

S, STYUSY s B))) (7.549)

The next step is to physically fix the still undetermined parameter «. The idea is
to choose « such that the error arising out of the decoupling (7.548) and (7.549)
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remains as small as possible. One recognizes from (7.542) that for « = 0, S is
represented by (7.539). The operator combination %:L(SI-Jr ST — 87 S gives the
fluctuation of SFaround zero. On the other hand our decoupling captures these com-
binations S;” S; and S;” S;. « = 0 would have been a good choice, had these
fluctuations been small, so that the consequent “decoupling error” is not so grave.
Therefore

a=0 for (S*)~0

For o = 1 (7.542) becomes the representation (7.540) for S<. In this case, the oper-
ator product S;” S;" gives the deviation of S? from the value 4 S. Thus, & = 1 would
be the choice if these deviations are small:

a=1 for (SY~hS

With « = —1 we get (7.541) from (7.542). With a corresponding justification, we
can choose

oa=—1 for (S*)~—-h S

Obviously, these three limiting cases will be simultaneously satisfied by the follow-
ing ansatz:

(S°)

hS

as—1/2 = (7.550)

The above considerations are valid exclusively for the case S = 1/2. We will now
generalize to an arbitrary value of S. The relations analogous to (7.539), (7.540) and
(7.541) read as

1
Si=—(StS —S St 7.551
i 2h( i i i i ) ( )
z ! 2 Lo ot
S;=hSS+1) =+ (5 = £(57 D) (7.552)
1 1
Si=-hSES+D+5 (55 + 7580 (7.553)

We again multiply the first equation with (1 — «), the second with « and add both:
1 T oae
S5 =ahS(S+1)+ﬁ(l —a) S S;
L (1+a)s™ §H—2 sy (7.554)
2h i i h i :

Substituting this in the “higher” Green’s functions of the equation of motion (7.538)
and applying the symmetric decouplings (7.544), (7.545), (7.546) and (7.547) we
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again obtain exactly the same expressions (7.548) and (7.549) if we, as an additional
approximation, neglect the fluctuations of the operator (S7)?.

The physical fixing of the parameter « is unfortunately not quite as plausible as
for the case of S = 1/2. For example, we cannot simply assume that the operator
product S, S;’ determines the fluctuation of S; around the value +7/ S. We choose

(7.555)
and justify it in the following way:

1. o should reproduce the ansatz (7.550) for S = 1/2.

2. (7.551) for arbitrary S is identical to (7.539) for S = 1/2, so that with the same
justification as for (7.550), it must be assumed that o« =~ 0 for (S*) ~ 0.

3. For low temperatures, (S°) ~ & S, i.e. the spin wave approximation is valid:

St~ hN2Sa; ST

L

~ hv/2S a)

Then according to (7.23) the following holds:

(S7 SH) (7.556)
When we write (7.554) as
(5 = ahS(S + 1) = Z (S S7) + (1 —a)(SH) = T((5H?)

and substitute on the right-hand side ((S7)*) ~ h? $? and (S7) ~ h S, because of
the low temperatures we get

(57) A~ hS — %(S;S,.ﬂ

With (7.556) we are therefore forced to assume o ~ %

Obviously (7.555) satisfies all the three criteria. With (7.555) in (7.548) and
(7.549), the decoupling is completely determined, so that we can now solve the

approximated equation of motion (7.538).
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(E — g; 15 Bo)G{(E) = hin(a) —
=20 ) dn |G (159)
(5) o
+ 252 K2 (S 5 >>

a : (8%
— GE) ((S )+ oy (S S,J,j))}

(7.557)

We solve this equation by Fourier transforming, wherein we use the following abbre-
viation:

1 ik-(Ri—R)) /a8 ¢— o+
pk, a) = N.Ze D (e S; ST (7.558)
ij
With this one finds the following solution:

1 /- (R—R, hin(a)
GCOE)= - GOE)t®RR) = T 7.559
a (B) NX,: y (B¢ E — E(q) ( )

E(q) =2h(5%) (Jo — J(q@) —

(S%) 1
- — > (Jk+q —JEK)pKk,0)+g; us Bo
LAy

(7.560)

As a consequence of the changed decoupling method, the quasiparticle energies
E(q) are different from the result (7.428) that was obtained with the help of the
RPA decoupling (7.422) by the second term in (7.560). This correction contains the
correlation p(k, a), which we must now try to fix.

For the spectral density S((la), we find using (B.94) along with (7.559)

SY(E) = i n(a) 8(E — E(@)) (7.561)
Then from the spectral theorem (B.95), it follows immediately for g 7% 0

n(a)
)= ——— 7.562
P = BE@) — 1 (7562

We now look for connection with the expectation value (S%) which is what we are
actually interested in. From (7.537) it follows that

n(0) = 2h (S%) (7.563)
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Further, according to (7.558) the following holds:

1
PO =5 D P@.0) = (S 5) = I S(S+1) = h (S = (S}
q

3717

(7.564)

Here again the term ((Sf)z) is disturbing. We eliminate this by looking for and
exploiting a functional relationship among p(a), n(a) and the parameter a. For this

purpose we derive a differential equation for
Q(a) = (exp(a$?))

solve this and build

(§%) = iQ( )
" da a a0

First let us determine 7n(a). With (7.487),
[ )] ={SF —n" =)} st
follows
1
[s7 9] = arlst )

— (e—aﬁ _ 1)eaS§ Sl+

With this we can now give the expectation value n(a) defined in (7.537):

n(@) = 2h (€5 $%) + (7" = 1)(e*S' ST 57)
= 17 S(S+ ™" = DRAa) + (7" + 1)hdi§2(a) _
a

h d?

—a

—(e™" —=1) EQ(a)

In addition, from (7.562) and (7.564) we find

1 z
pl@) == plaa)= (" 7 5%
q

=1 S(S + 1A )—him )—d—29< )
- a da a da? a

Due to (7.562) we can combine the two equations:

p(a) = n(a) ()

(7.565)

(7.566)

(7.567)

(7.568)

(7.569)

(7.570)

(7.571)
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@(S) is defined as in (7.483) but with the “new” quasiparticle energies E(q) given
by (7.560). We eventually get the following differential equation for Q2(a):

d’Q (+¢)+pe ™ do _
e e Nge TS THa=0 (7.572)

This is analogous to the 25 coupled equations (7.489) or (7.505) obtained by the
procedures of Tyablikov and Tahir-Kheli and ter Haar discussed in the last section.
In order to solve this differential equation, we require two boundary conditions. One
follows from the definition (7.565) for Q(a):

Q(0) = 1 (7.573)

The second boundary condition we derive from (7.485):

+S d
I1 (— — hms) Q)| =D, Q0)=0. (7.574)
mg=—=58 da a=0
One defines as an ansatz
eh ax
wkx,a) = ————— 7.575
(x,a) drd)eii—g ( )

and then one gets by substituting in (7.572) that
X=x=88+1)=0
must hold and therefore
w(—S8,a) and w(S + 1, a)

are particular solutions of the differential equation (Problem 7.20). The general solu-
tion then reads as

Qa)=aw(—=S,a)+ B w(S+1,a) (7.576)
The two boundary conditions (7.573) and (7.574) demand that

a+pB=1
aDsw(—S,00+ 8 Ds0(S+1,00)=0

and with that fix & and 8:

Q(a) — w(—=S,a) Dy (S +1,0) —w(S + 1, a) Dy w(—S, 0) 7577
(@)= D, (S + 1,0) — D, a(—5., 0) (7.577)
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This expression can further be somewhat reformulated. With the substitution

y:eha

from (7.574) and (7.575) it follows that

B2S5+1 +S d y
Ds; w(x,a) = ——— 1_[ (y—-"%) B —
¢ my=—S dy 1 - (%) y

For the fraction on the right-hand side we insert the corresponding series expansion,
perform the differentiation and then seta = 0,1i.e. y = 1:

P +S
1+¢’) (p+x —my)
-8

my=

¢
RS+ /1 —Xx 1 p =S
-5 (57) 2(5°) w-m

p=x mg=—S

(7.578)

If we choose x = —S§ then the first (25 + 1) summands vanish because for —§ <
p < +S§ always one of the factors in the product is zero:

K285+l 1+¢)S 00 <1+¢)P
Dyw(—S,0) = — — — — my
(=S, 0) p ( p > p 1;[(,, my)

p=S+1

From this we recognize (putx = S + 1 in (7.578))
1 28+1
D; w(—S,0) = (%) D; (S +1,0) (7.579)

With this the final solution of the differential equation (7.572) reads as

e—haS ¢25+1 _ eha(S+l)(1 +¢)2S+1

(@25 — (1 + @) HI(1 + ¢) e — ¢]

Qa) = (7.580)

The derivative of €(a) with respect to a at a = 0 according to (7.566) provides the
expectation value (S°) that we are looking for:

A+ ¢)»T (S =)+ (S +1+9)

<Sz) =h (1 + ¢)2S+1 _ ¢2S+1

(7.581)
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This result agrees formally exactly with the result (7.498) of the earlier discussed
methods of Tyablikov and Tahir-Kheli and ter Haar. The differences lie in the ¢(5)
due to the different decoupling methods. We will summarize once again the formal
solution of the Callen theory presented in this section:

(a) (S%) from (7.581) as a function of ¢
(b) ¢(S) = + > (exp(BE(@) — 1)

(©) E(Q) = g 15 Bo+ 2h(S)(Jy — J(@) — 75k (T (k + @) — J(K) p(k, 0)

_ 2R (5
(d) p(k, 0) — exp(BEXk))—1
Equations (a) — (d) build a complete system of equations which can be solved
self-consistently for (S*) and E(q).
With the usual restriction to nearest neighbour interactions and a reformulation
analogous to (7.308) we can write the quasiparticle energies E(q) as follows:

SZ
E(q) = g; s Bo + 20 (S*)(Jo — J(q) <1 + (S_2> Q) (7.582)

They differ from the result (7.428) of the simpler RPA procedure of the earlier sec-
tion by a temperature-dependent correction factor:

1 J(K)
0= Nh Jy Xk: exp(BEK)) — 1 (7.583)

The evaluation of the formal solution proceeds exactly in the same manner as in
Sect. 7.6.2 and therefore will not be presented here in detail. One can use exactly
the same series expansion as was done there. Modification of the results are only
due to the factor 1 + ((5%)/S?)Q) in the “new” quasiparticle energies (7.582). The
results can be summarized as in the following [21]:

(a) Low-temperature region: The expansion of (S*) in powers of the reduced tem-
perature ¢ (7.282) gives terms in t°, 132, t3/? and t7/> which agree with the
exact Dyson solution. That also happens to be the case with the solution (7.516)
of the methods of Tahir-Kheli and ter Haar and Tyablikov. The disturbing fact
there is the presence of an additional ¢3 term. This does not appear in the
Callen solution for § > 1/2. Here the next higher terms are proportional to
4, 3532 4354572 The t35+3/2 and 35+5/2 terms are apparently the con-
sequences of the decoupling method. They reproduce the disturbing ¢3 term for
S = 1/2. The t* term differs slightly only in the coefficient from the exact Dyson
result.

On the whole one can say that the solution of the Callen procedure, in the low-
temperature region and for large S, represents a clear improvement over the
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RPA methods of the preceding section. For S = 1/2, no improvements are
recognizable.

(b) Critical region: Here also the expansions and estimates are completely analo-
gous to those in Sect. 7.6.2. There we had in Eq. (7.525)

(kpTc)®"* =k Oc/c_y

where c_; is a structure-dependent number of the order of magnitude of 1
(7.523). 6¢ is the Curie temperature of the molecular field approximation. The
method discussed in this section leads to

L @S+ 1De —(S+1)

kgTe = (kgTo)R?
sTc = (kpT¢) 3. S

(7.584)

The correction factor is somewhat larger than 1 so that the Curie temperature 7¢
in the Callen method lies higher than that in RPA.

(c) High-temperature region: The high-temperature expansion of the susceptibility
is obtained with the same series representation as in the RPA theory (7.535) in
Sect. 7.6.2. The results differ from each other in the coefficient of the 1/ T2 term:

SS+1) | Oc
3kgT T

28 — 1\ [(6c\° 5
+ (1— s )<?> +001/T )} (7.585)

Precisely as in (7.535), the first two terms reproduce the exact 1/¢ expansion
[22]. For very high temperatures, they lead to the Curie—Weiss law (7.147) of
the molecular field theory.

N 2
XT = 1o (g7 mB)

7.7 Problems

Problem 7.1 Let S;, S; be the spin operators corresponding to magnetic moments
at the sites R;, R;. As is well known

ST =587 +iS]
Prove that
Lo[sEosE] = neyst
2 [t 7] =2m8y8;

3. SEST = 12S(S + 1) £ 1S} — (S7)
1 — - Z
4. 8;-8; =§(Si+5j +5i S;r>+SiZSJ
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5. Due to the fact that J;; = Jj;; J; = 0, the Heisenberg Hamiltonian can also be
written as

— - + ¢ z
H=="Jy (SFs7 +5i85)
iJ

Problem 7.2 Verify the following commutators for the spin operators:
1. [(Si_)”, Sf]7 =nhS ) n=12,...

2. [(ST)" (SH?]. = nPRA(S7 )" +2nhSH(S7Ys n=1,2,...

3. (S (SO)"]. = @nhSF+ RPn(n — D)S;) s n=1,2,...

Problem 7.3 For the z-component of the local spin operator S7, with real coeffi-
cients «,(S) the following holds:

28
N\ 28+1 n
(5577 =D anS)(S5)")
n=0
Calculate these coefficients for

3 7
S==,1, =, 2, =
2 2 2

Problem 7.4 EuSe is an antiferromagnet between 2.8 and 4.6 K with a NNSS
sequence of ferromagnetically ordering (111)-planes. Within the framework of
molecular field approximation, calculate the Neél temperature 7y and the param-
agnetic Curie temperature ® as functions of the exchange integrals between the
nearest (J;) and next nearest neighbours (/).

Problem 7.5 1. Calculate the eigenvalues of a tridiagonal matrix:

ab000---00
bab00---00
A= 0bab0---00
00000---ba

2. Using the result of 1. determine the Curie temperature of a Heisenberg film of
d monolayers in the framework of molecular field approximation. How does 7¢
vary with the thickness d of the film?

Problem 7.6 Let |0) be the state in which all the spins are oriented parallel to the
external field By = Bge, (ferromagnetic saturation). Show that this state is an



7.7 Problems 383

eigenstate of the Heisenberg Hamiltonian and calculate the corresponding energy
eigenvalue Ey(By).

Problem 7.7 Let

1
k) = S7(k) |0
k) hm()|>

be the normalized one-magnon state (7.114). Here |0) is the (normalized) magnon
vacuum (ferromagnetic saturation). Show that for the expectation value of the local
spin operator in the state |k) the following holds:

<K — !
(k| S: |k)_h<S N)

Problem 7.8 1. Show that the Holstein—Primakoff transformation preserves the
commutation relations of the spin operators:

(st 57] =2m88;

[Sf, Sﬂ = 408, SE

2. Verify 82 = h2S(S + 1l

Problem 7.9 Repeat the consideration of Problem 7.8 for the Dyson—Maléev trans-
formation.

Problem 7.10 Show that the spin wave approximation

S*(k) ~ li/2SNay
S(k) ~ hv/2SNa™,
S(K) = hSNSo — h Y ad axeq
q
preserves the fundamental commutation relations of the spin operators.

Problem 7.11 Using Dyson—Maléev transformation, transform the Heisenberg Hamil-
tonian into wavenumber representation.

Problem 7.12 In the spin wave approximation, calculate the internal energy and
heat capacity of a ferromagnet at low temperatures.

Problem 7.13 In the linear spin wave approximation the Heisenberg Hamiltonian
reads as

H = Eo(Bo) + ) ho(@ajaq
q
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aIl and a4 are Bose operators for creation and annihilation of magnons with wavenum-
ber q. hw(q) are the magnon energies and E((By) is the field-dependent constant of
Eq. (7.246).

1. Show that
[Aq, (@))?]_ = pla))”

holds where iq = ajaq and p =0, 1,2, ...
2. Show that the product state

) =] J@h 10
q

is an eigenstate of H and find the eigenvalue. |0) is the magnon vacuum and 74
is the eigenvalue of 714 which is the number of magnons with wavenumber q.

Problem 7.14 Calculate the internal energy and the heat capacity of an antiferro-
magnet (ABAB structure) at low temperature in the spin wave approximation.

Problem 7.15 What is the temperature dependence shown by the sub-lattice mag-
netization of an antiferromagnet at low temperature? Assume the anisotropic con-
tributions to be negligible. Apply the spin wave approximation for an ABAB anti-
ferromagnet.

Problem 7.16 Calculate the ground state energy E, of an antiferromagnet (ABAB
structure). For that apply in the spin wave approximation the Bogoliubov transfor-
mation discussed in Sect. 7.4.3:

H = Ea + Z {Ea(q)a;—aq + Eﬂ(q)ﬂ;—ﬂq}
q

(Notation as in Sect. 7.4.3!)

Problem 7.17 Consider Heisenberg spins on a lattice with translational symmetry.
Let the exchange integrals J;; be restricted to nearest neighbours R; and R;. Then
the wavenumber dependence of the magnon properties is determined by the struc-
ture factor

Vq = l Zeiq'RAl

21 A

Here z; is the number of the nearest neighbours, Ry, is a vector from the point of
consideration to one of the nearest neighbouring lattice sites and q is a vector in the
first Brillouin zone. Show that from the translational symmetry it follows that
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Z Ya—a: (fiq,) = Yq Z Yai (fiq,)
qi qi

Here, one has

Problem 7.18 Let the structure factors y, be defined as in Problem 7.17. For high-
temperature expansions of magnetization, expressions like the following are impor-
tant:

1 m
Cm = N;(l _Vq)

Calculate ¢y, ¢, and c3 for a primitive cubic lattice.

Problem 7.19 For a system of localized spins, the dipole interaction

Hp = ZD,-jsi -S; + H,
i,j
Ho=-3Y Dy (Si-e;)(S; )
i,j

represents an anisotropic addition to the Heisenberg exchange. The symbols D;; and
e;; are defined in (7.375) and (7.376).

Express H, for low temperatures in the spin wave approximation. Check this
with Eq. (7.385).

Problem 7.20 The Callen method for an approximate solution of the spontaneous
magnetization in Heisenberg model uses the definition (7.565)

Q(a) = (exp(a$?))
Fiir diese ergibt sich die Bestimmungsgleichung (7.572):

PQ (1 +¢)+ e dQ
" b RBSS+ D=0
da? + (1+¢) —pe " da ¢+

The solution uses the boundary conditions
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QO) =1
+S d
I1 (— - hm) Q@)= = DsQ(0) = 0
da
mg:—S
Show that
( ) eﬁax
wkx,a)= ———
(14 @)eha — ¢

is a solution of the differential equation and find the possible values of x. What is
the general solution?
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Chapter 8
Hubbard Model

8.1 Introduction

The Heisenberg model which was discussed in detail in Chap. 7, cannot be applied
to all classes of ferro-, ferri- or antiferromagnets. Its region of validity is immedi-
ately clear from the derivation in Chap. 5. Heisenberg model presumes the existence
of permanent localized magnetic moments, which, as a consequence of either a
direct or an indirect exchange interaction, order themselves collectively below a crit-
ical temperature 7*. Therefore, Heisenberg model is a good model for most of the
magnetic insulators but, conceptually, it is totally inappropriate for magnetic metals
such as Fe, Co and Ni (band magnets). In order to describe such substances, one
has to use a completely different ansatz. The model which is most often used in this
connection is due to J. Hubbard [1]. It was simultaneously proposed by J. Kanamori
[2] and by M.C. Gutzwiller [3]. This model is the central point of this chapter.

Band magnets are primarily characterized by the fact that one and the same group
of electrons are responsible for both magnetism and electrical conduction. Simple
and very successful (with limitations of course) models for metallic solids are the
Sommerfeld model (Sect. 3.3) and the Jellium model (Sect. 4.1.3). Describing col-
lective magnetism is however beyond the scope of both the models. An important
simplication made in these models is not taking into account the atomic structure of
the solid. For this reason, these models are suitable to describe electrons in broad
energy bands, e.g. electrons in the conduction bands of alkali metals. The quali-
tative discussion in Sect. 5.2.1 makes it clear that the structure of the density of
states of the concerned energy bands should play not an unimportant role in decid-
ing the possibility of collective magnetism. Added to this is the observation that
band magnetism appears primarily in the narrow bands of the transition metals. The
assumption made in the Jellium model, that the ions in the solid are represented only
by a homogeneously smeared out positive charge, is not a good starting point for the
theory of band magnetism. A consequence of this assumption is that the conduction
electrons have a constant probability to exist anywhere in the entire crystal. Narrow
energy band, on the other hand, means a relatively small mobility of the electrons
and therefore sharp peaks around the lattice points for the probability of finding the
electrons. Using plane waves to describe band electrons as is done in the Jellium
model is obviously not appropriate.

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 387
DOI 10.1007/978-3-540-85416-6_8, © Springer-Verlag Berlin Heidelberg 2009
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8.2 Model for Band Magnets

8.2.1 Solid as a Many-Body System

A solid is made up of a large number of particles such as atoms, molecules, clusters,
which are interacting with each other. Ultimately, they are positively charged nuclei
and negatively charged electron shells. One denotes as core electrons, the electrons
which are close to the nucleus and are tightly bound to it, and in general, form closed
shells. The core electrons have little influence on the typical solid state properties.
Valence- and conduction electrons which stem as a rule, from partially filled shells,
are relatively free to move about (itinerant) and are responsible for the bonding of
the solid. They therefore influence the solid state properties in a decisive way. One
defines

Lattice ion = nucleus + core electrons
That leads to a first modelling of a solid:

Solid :

Interacting lattice ions and valence electrons

The Hamiltonian, therefore, has the structure

H = H,+ H; + H,; (8.1)
H, is the electronic part:
Ne o i#] )
P; 1 e
H=T+V,= 4 4+ - D r— 8.2
+ i:12m+2;4ne0|ri—rj| ( )

r; and p; denote the position and momentum of the ith electron.
H; describes the ionic subsystem:

N; aFp
P2 1 ZoZge?
H=T+V;=Y % +-y — % 8.3
- = 2Ma+2aﬁ4neo|Ra—R5| ®3)

R, and P, are the position and momentum of the ion «. The inter-ion interaction
term can be separated into a part Vi(l-o), which represents the rigid lattice Rg)), e.g.
is responsible for the binding energy, and a part V,,, which describes the lattice
dynamics (“phonons”):

Vi=V 4V, (8.4)
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The interaction between the electronic and ionic subsystems is described by
gl Zye?
i By, ®9

Here Ve(lo ' denotes the periodic lattice potential, in which the electrons in the solid
move, and V,, is the electron—phonon interaction term. Up till now our model is
still very general. However, which parts are really important for describing band
magnetism?

8.2.2 Electrons in Narrow Energy Bands

We want to first list a few experimental facts in order to find the essential features
around which an appropriate theoretical model can be built.

1. Band ferromagnetism is produced apparently by electrons in relatively narrow
energy bands, e.g. in 3d-bands of the transition metals.

2. The states in the relatively broad (s, p, - - -) bands can hybridize with the states
in the narrow d-bands, so that, e.g. the number of electrons per lattice site may
become a non-integer. Further, the electrostatic potential of the ions “seen” by
the d-electrons and also the inter- and intra-atomic interaction potentials among
the d-electrons are screened by the substantially “faster” (s, p, - - - )-electrons so
that there is a certain renormalization of the corresponding matrix elements.

3. It appears that the lattice dynamics (V,)) is relatively unimportant for band mag-
netism whereas the lattice structure (V,;) plays an important role.

Therefore, in the first modelling of a band ferromagnetic solid, we will restrict
ourselves to interacting d-electrons in a rigid ion lattice with matrix elements renor-
malized by (s, p, - - - )-electrons:

H = Hy + H, (8.6)

H,; is the Coulomb interaction of the d-electrons which is to be considered later,
while Hy is the kinetic energy T of the d-electrons and their interaction with the
periodic lattice potential Ve?'d.

Hy=T¢ + v (8.7)

We want to represent H in second quantized form and for that purpose ask our-
selves which is the appropriate single-particle basis. Figure 8.1 shows the schematic
behaviour of the potential and the average probability of finding an atomic electron
in an isolated single ion. If N such ions are brought near each other so that the inter-
ionic distance is finite, then the potential hills will overlap and there is a possibility
of hopping of the electron with a finite tunnelling probability. For a narrow energy
band, this tunnelling probability is quite small so that the probability | v | of the
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Fig. 8.1 Schematic plot of
the potential V and the
probability density | ¢, |?
for an electron in the Z-fold
positively charged single ion

Potential V

Fig. 8.2 Schematic plot of ¥

the lattice potential V and the »narrow” energy band »broad" energy band
(Jellium, Sommerfeld)

probability density | ¢, |
for an electron in the narrow
band of a solid

d-electrons has distinct maxima about the nuclei (see Fig. 8.2). Thus the electron
still has a strong reference to the atomic structure. Therefore, the natural choice of
the basis needed for second quantization could be the atomic wavefunctions

Pue(r —Ry) = (r| ¢) (8.8)
_ ! S ikR; ()
oo () = —= jZ:;‘e | o) (8.9)

w denotes the orbital and o is as usual the spin projection. R; is the position of the
nucleus. {¢,,} represents in the subspace of interest a complete one-particle basis.
That means for the one-particle part of the Hamiltonian:

Hy=Y Y "T}"c| i (8.10)

ijo v

The hopping integrals T,

’j‘ " are expressed in terms of the atomic wavefunctions by

h2
T = /d3r ¢, (r —R)) <—EA + V;l.""“) @oo(r — R}) (8.11)
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After Fgurier transforming we obtain the (u, v)-element of the (2/ 4+ 1) x (2/ + 1)-
matrix Ti:

1 .
wo_ L w—ik-(R;—R;)
T = N ZTU e (8.12)
2y
The eigenstates of ?k,
T | ko) = €n(K) | ko) (8.13)

are used to build the unitary matrix

Upd' = (ko | 9o (K)) (8.14)
which diagonalizes Tx:

U Tk U}, = o (8.15)

0 0 ---0e&y1(k)

The diagonal elements ¢,,(K) are the Bloch energies, which provide us the band
structure of the non-interacting electron system. m indexes the sub-bands whose
number is the same as the number of atomic orbitals.

How do the construction operators transform themselves?

o | 0) =l ko) = D | 9o () (10 (K) | i)

= Z (Ui | 90 (0))
ik-R; N}
\/—[ Ze (Uke') €juo 10)
so that for the creation operators holds:

chy = J_ D (2 R (8.16)

b

: 1 y ,
¢l = i e Ryl (8.17)
bk

By taking adjoint one obtains the corresponding annihilation operators.
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Substituting these transformation formulas in (8.10) and exploiting the fact that
the columns and rows of the matrix Uy, are orthonormal, one obtains the one-
particle part of the Hamiltonian (Problem 8.1):

Ho =" en(K) lyy Clomer- (8.18)

kmo

The number of sub-bands corresponds to the number of given orbitals.

The Coulomb interaction which is still remaining must also naturally be formu-
lated in the one-particle basis already fixed by Hy. Since there is no spin dependence,
for the Coulomb matrix element at the moment holds:

U(iualv ]Vaz, ZM,047 kv/03) = 80’]0’4 8(72(73 v(ilu’v ]V; l:u//v kv/) (8'19)

where
v, jv;lu', kv') = //d3rd3r’<pl’jg(r — Ry, (r —R;) %
2

— 0, (r—R)p, (@ — R
* 47180|r—r/|(p” ( DPvor( )

(8.20)

The interaction term in the model Hamiltonian, therefore, has the following form:

1 o S
H, = 3 Z Z Zv(lﬂ,]v;lﬂ,kv )CI.TWc}w,ckv,a,cl#,U (8.21)

ijkl pp/vv' oo’

Up to now everything is still exact, except that we are limiting ourselves to the
subspace fixed by the atomic wavefunctions, namely the d-states. After all, we have
chosen only one special complete one-particle basis.

As a first simplification, one can exploit the fact that the wavefunctions centred
at different lattice sites have a very small overlap so that the intra-atomic matrix
elements surely dominate:

v(pvs ') = v(ip, iviip, iv') (8.22)
All the other matrix elements are neglected:
1 .
Hi=2 30 ) v el ol civercie (8.23)
ioo’ pp/vv’

That is, the interacting partners belong to the same lattice site! One finds that not all
the matrix elements are equally important. The particularly important ones are
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(a) direct terms: These are analogous to classical Coulomb repulsion (© = u'; v =
V')

Uy = v(pv; pv) (8.24)
(b) Exchange terms: These have no classical analogue (u = v'; v = u'):
Juw = v(puv; vi) (8.25)

The other matrix elements, i.e. other index combinations, on the one hand are
smaller compared to the above terms and on the other, appear to not to influence
the magnetic properties in any decisive manner.

Hl = % Z Z [(1 - auvaoa’)Uﬂv NipoNive’

ioco’ v

+(1— 8M)chjwcjm,cmg/c,-m] (8.26)

Nipe = cf o Cino is the occupation number operator.

Inspite of the various simplifications, this operator along with Hy appears to be
a realistic starting point for describing band magnets. This is particularly the case
when the one-particle energies ¢, (k), 7/;" and the matrix elements are suitably
renormalized in order to take into account the effects, that are not covered by the
model, at least in an average manner.

8.2.3 Hubbard Model

If we are primarily interested in a qualitative understanding of magnetism, one
could assume as a first step that the d-band degeneracy is not so decisive. As a
further simplification we then agree to limit ourselves to “narrow” s-bands(— @ =
v=1).

The indexing of the orbitals is then superfluous. Then we have the model Hamil-
tonian named after Hubbard (Fig. 8.3):

1
H =Y Tyclcio+ U > nioni—g (8.27)

ijo
Does this model still have a relation to reality? The model components

e Kkinetic energy

e Coulomb interaction
e Pauli principle

e lattice structure
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N——

Fig. 8.3 Correlated fermions on a lattice

surely represent a minimal set in order to study the electronic correlations on a

lattice.
Let us recall the salient model simplifications:

one orbital per atom (— s-band)

only intra-atomic electron—electron interaction

one atom per unit cell

one-particle basis built out of atomic wavefunctions

The important model parameters, through which the model systems differ from each
other are

the strength of the Coulomb coupling U
bandwidth W of the Bloch band

band occupation: n =), (nis) ; 0 <n <2
crystal structure

Is it really allowed to restrict oneself to intra-atomic Coulomb matrix element U?
J. Hubbard has, in his original work [1], given the numbers for the matrix elements
which are calculated using atomic Ni wavefunctions:

U =v(ii;ii) ~ 20eV
v(ij;ij) ~ 6eV
v(ii;ij) ~ 0.5eV
v(ij;ik) ~ 0.1eV
v(ij; ji) =~ 0.025eV
v(ii; jj) =~ 0.025eV
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The indices i, j, k refer to nearest neighbours in the lattice. Due to screening
effects, the interatomic matrix elements can further reduce by up to 20%. One
should, however, note that the terms which contain the nearest neighbour indices
should be multiplied by the number of nearest neighbours. A logical model extension
which takes into account the influence of v(ij;ij) would be

n.N.

H = Z Tijcl.cjo + %U Znianifa + % Z QijnicNnjs (8.28)
ijo io ijoo’
The extra term for the nearest neighbour interactions, according to the available
approximate investigations, appear to reinforce the tendency towards a ferromag-
netic ground state. However, the generalization to a multi-band model as in (8.26)
should be more important. We will, therefore, not discuss the model extension (8.28)
any further.
What are the most important applications of the model today?

electronic properties of narrow energy band solids (transition metals)
band magnetism (Fe, Co, Ni, etc.)

metal-insulator transitions (Mott transitions)

high-temperature superconductivity

general concepts of Statistical Mechanics

8.3 Stoner Model

The interaction term in the Hubbard Hamiltonian (8.27) prevents, at least in the gen-
eral case, an exact solution of the corresponding many-body problem. As a result,
one is constrained to resort to approximations. We begin with the simplest ansatz,
namely the molecular field approximation. Just as the Weiss model of the ferro-
magnet (Sect. 5.1.2) represents the molecular field approximation of the Heisenberg
model (7.1), one can treat the Stoner model as the molecular field approximation
of the Hubbard model. Just as Weiss could not have been aware of the Heisenberg
model, Stoner’s original proposal of his model was before the Hubbard model was
introduced. Stoner could demonstrate a band magnetic phase transition by construct-
ing a self-consistent phenomenological exchange field.

8.3.1 Stoner Ansatz (Ferromagnet)

We use the molecular field approximation in the form (7.121) for the interaction
term of the Hubbard Hamiltonian:

Nighj—g = (nia>ni—a + nis (ni—a) - (nia)(ni—o) (829)
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With this the operator (8.27) becomes a one-particle operator:

H — Hs =Y (Tij + Ulni_o)8;j) clycjo + Ds(T) (8.30)

ijo

The relatively unimportant c-number
1
D(T) = —5U .Xaj<n,»a><n,-fa> (8.31)

will not play any role in the following considerations. Since we are concerned here
exclusively with ferro- and paramagnetism, we can exploit translational symmetry.
That means the expectation values of the occupation number operators are indepen-
dent of the lattice site:

(nip) = ny Vi (8.32)

Then the Stoner approximation of the Hubbard model reads as

Hs = Z (T + U n_s8;) cjacja + Ds(T) (8.33)
ijo
= Zsaclacka + Ds(T) (8.34)
ko
Dg(T) = —-NUngsn_, (8.35)

After transforming into k-space, the Stoner Hamiltonian becomes diagonal and
describes non-interacting Fermions with renormalized one-particle energies:

ss(k)y=¢ek)+Un_, (8.36)
n_, has to be determined self-consistently. We further introduce
'polarization’ m(T,n) =n; —n, (8.37)
and
'particle density’ n =ny +n, (8.38)

and write the Stoner energies as

(k) = <8(k) + %U n) — z”%Um 3 (2o = 861 — 84y) (8.39)
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c A c A c A U=0
° ° °l m=0
U#(()) %U(n+m)
m=
U=0 %Un %Un
%U(nfm)
k k k

L L L
> > >

Fig. 8.4 Stoner energies as functions of the wavevector for (a) U = 0, (b) U # 0,m = 0, (¢)
U#0,m#0

The analogy to the Weiss ferromagnet (Sect. 5.1.2) becomes obvious when we
define as (spin-dependent) exchange field

U U
By = —n_o=—([0n—2z,m) (8.40)

175 2up
— &;(k) = e(k) + upBy" (8.41)

As soon as the exchange field exhibits a real spin dependence, the Bloch dis-
persion e(k) splits into two spin dispersions which are rigidly shifted with respect
to each other by the exchange splitting AE,, = Um . The splitting is temperature
dependent and vanishes above T¢.

8.3.2 Stoner Excitations

According to (8.39) the Stoner model permits the following electronic excitations
(Fig. 8.4):

, 1
hop” (@) = ek + q) — &5(K) = e(k + q) — e(k) — FUme —20)  (842)

If such an excitation takes place within the same spin band, i.e. without a spin flip
(0 = o’), then, because of the rigid band splitting, this is identical to an excitation
in the free system. For a spherically symmetric Fermi body (e(k) = h?k?/2m*), the
excitation continuum lies then in between the following curves (Fig. 8.5):

2

ho" (q) = 242k 8.43

k(@) o4t 2kr9) (8.43)
) 2 (q* = 2kpq) if g > 2k

hap™(q) = (8.44)
0 otherwise

Excitations with spin flip mean transitions between the two spin bands:

hol' = e(k+q) — (k) + Um (8.45)
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Fig. 8.5 “Stoner excitation
continuum” for electron
excitations without spin flip
(shaded region)

(al

- L

al " al

Fig. 8.6 “Stoner excitation continuum” for electron excitations with spin flip (shaded region): (a)
Um < ep; (b)Um > e

If U m is greater than the Fermi energy e then it is called strong ferromagnetism
(Fig. 8.6b) and if U m < ¢ it is called weak ferromagnetism (Fig. 8.6a).

8.3.3 Magnetic Phase Transition

A finite magnetization m # 0 is possible only if there is a preferential spin orien-
tation in the relevant partially filled band. According to (8.39), this is the case only
when U # 0 and m # 0. Thus, m must be determined self-consistently. This can
be further understood from the quasiparticle density of states p,(E) which for the
Stoner electrons is not significantly different from the Bloch density of states py(E)
of the free electrons

1
Po(E) = ; S(E — &(k)) (8.46)

1
po(E) = — ; S(E — £,(K)) = po(E — Un_,) (8.47)

It is, of course, dependent on temperature and particle density.
For U = 0, the two spin bands are naturally degenerate (Fig. 8.7a). This is also
the case for U # 0, m = 0 (Fig. 8.7b). The two sub-bands are together shifted by
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%U n. On the other hand, if m # 0 (Fig. 8.7¢) there is a rigid spin-dependent shift.

The 4-band is shifted by U(n — m) and the |-band by 1U(n + m). When the

two sub-bands are filled up to the common Fermi energy, then there will be more

1- than |-electrons resulting in a non-zero polarization m # 0. One should pay

attention that in order to get a spin-dependent shift (exchange splitting) one has to

assume m # 0 in the first place. Therefore, m has to be determined self-consistently.
We therefore ask the question, under what conditions is

m(T, n) # 07

In order to answer that we need the spin-dependent occupation numbers n, and n_, .
If f_(E) is the Fermi function then holds

+00
Ny = / dEf_(E)p,(E) = %Z (eﬂ(é(kH*Unfu*lfv) + 1)_1 (8.48)

© Kk

If we replace o by —o in this equation, we obtain a second equation which along
with (8.48) constitute a system of implicit equations for n, and n_, or for n and m.
As an abbreviation we define

g(B,n,m;e(k)) = [Cosh (/3(8(k) + %Un - M))
-1
+ cosh (%ﬁUm)} (8.49)

so that for the particle density, which fixes the chemical potential, we get
1 —B(e(R)—p+1Un) 1
n=—> e wEIUM 4 cosh(=BUm) | - g(B, n, m; e(K)) (8.50)
N < 2

The temperature dependence on the right-hand side is only formal. It is compensated
by the chemical potential. n is naturally temperature independent. This, however, is
not the case for the polarization m:

m(T,n) = sinh(%ﬁUm)% Zg(ﬁ, n, m; e(k)) (8.51)
Kk

Since the k-dependence plays a role only through the Bloch energies e(k), the k-
summation can be replaced by a simple energy integration over the Bloch density
of states (8.46), which, any way we always assume to be known:
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(a) U=0

(b) U=0, m=0
Pa

]

|

0
pY

3U(n-m)  Lu(n+m)

oY

Fig. 8.7 Schematic plot of the spin-dependent quasiparticle density of states of the Stoner model:
@U=0,b)U#0,m=0,(c)U #0,m#0
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m(T,n) = sinh(%ﬂUm) *

/+°° po(x)
* dx ; ;
—w  cosh(B(x 4+ $Un — p)) + cosh (3 8Um)

(8.52)

We want to examine this expression in a little more detail.
1. Paramagnetism (m = 0)

e Since sinh(0) = 0, we have m = 0 so that paramagnetism is always a solution.

e Incase an additional ferromagnetic solution m; > 0 exists, so since sinh(—x) =
—sinh(x), —m,; < 0 is also a solution. Then there are three mathematical
solutions to (8.52) and the free energy F(T, m) must decide which of them
is the stable one. With the same justification as for the Weiss ferromagnet
discussed in Sect. 5.1.2 (see Fig. 5.5), we conclude that the ferromagnetic
solution, when it exists, is the stable one.

2. High-temperature behaviour: For T — oo, i.e. for B — 0, we can expand the
hyperbolic functions in (8.52):

1
sinh(x) = x + —x> + - -

3!
L,
cosh(x) = 1+5x + -
and obtain
1 oo 1
m~ 5 pUm /_OO dx @ = JBUm (8.53)

Thus at high temperatures, only the non-magnetic solution m = 0 exists. That
means the system is paramagnetic.

3. Low-temperature behaviour: If at all a ferromagnetic solution appears, then
because of 2., it can be only below a critical temperature T¢.

T<Tce & m=>0 (8.54)

In the neighbourhood of T¢ (8.52) then simplifies to

1 oo Po(x)
1~ d 8.55
Fhet /_oo * 1+ cosh (Be(x + LUn — p)) (8:53)
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_ 1
(lBC B kBTC)

In order to find a criterion for ferromagnetism, let us consider the most
unfavourable situation: Tc = 07. This means B¢ — oo.

Hoe .1 Bc
1>~U dx pp(x) lim — : (8.56)
o pe—00 2 1 4 cosh (Bc(x + FUn — )

We use the following representation of the §-function which we prove as Prob-
lem 8.5:

1
5(x) = lim =—— > (8.57)
a—o0 2 1 4+ cosh(ax)

and exploit
1
,LL(T = O+) =¢&r + EU” (858)

where e is the Fermi energy of the free system. Then, we can read off from
(8.56) the following criterion for ferromagnetism

1 <U poler) (8.59)

In case the so-called Stoner criterion is fulfilled, a spontaneous polarization of
the band electrons appears. We have, already in the qualitative discussion of
band ferromagnetism in Sect. 5.2.1, more or less guessed this criterion. It is
qualitatively confirmed by the observed trends in the periodic table.

e Inarow of the transition metals in the periodic table the number of electrons in
the d-shell increases from left to right and therefore also the p(ef) for typical
d-density of states.

e In a column of the periodic table, the total electron number increases from top
to bottom and therefore also the screening of the Coulomb interaction, which
means U becomes smaller.

According to Stoner criterion, ferromagnetism should be stabler as we go from
left to right in a row and from bottom to top in a column. As a result good
ferromagnets should be found in the top right corner of the transition metals.
This is in fact roughly qualitatively confirmed.

4. Curie Temperature: If the Stoner criterion is fulfilled, then the numerical evalua-
tion of the transcendental equation (8.52) for m(T, n) gives the well-known and
typical temperature dependence (Fig. 8.8).

Let us estimate the order of magnitude of the transition temperature to be
expected from (8.55). For that we choose a particularly simple Bloch density
of states (Fig. 8.9).
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Fig. 8.8 Spontaneous
magnetization in the Stoner
model

ol
Tc -
Fig. 8.9 Rectangular Bloch %)
density of states
X
W2 m +W/2

5 if =¥ <x<+4¥%
po(x) = (8.60)
0 otherwise

We can approximate u(7¢) >~ e + %U n and then have from (8.56):

1 1
1>~ -

+W
cU—/ dx
2 W w 1 4+ cosh(Bc(x — eF))

+¥ 1
= — U— d.x
2PV /_w cosh® (L Be(x — &)

2W /VZV dx—tanh( ,BC(x—ep))

U 1 w
W |:tanh <5ﬁ6(7 - SF))

1
~ tanh (Eﬂc(—g - eF)ﬂ

Through the Fermi energy the Curie temperature is obviously dependent on the
particle number also. In order to have an estimate let us consider the special case
of the half-filled band so that we can set e = 0. Then we obtain

w w
— = tanh
U (4kB TC>

w
4 arctanh(%)

— kBTC =
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Already for % < 0.5, we can replace arctanh(x) to a good approximation by
its argument x so that we get

U
kpTe = - (8.61)

Is it realistic? Because of the Stoner criterion, we must anyway have U > 2W.
Band widths are in the range of a few electron volts (W = 1 — 10eV). Therefore
U must be greater than 2 — 20 eV. That means

Te > 10°K (8.62)

which is obviously an absurd result. The conclusion is that the molecular field
approximation of the Hubbard model clearly overestimates the possibility and
stability of ferromagnetism which appears to be a general characteristic of
molecular field approximations.

5. Critical behaviour: In the neighbourhood of T¢, m = 0 holds so that we can
expand the implicit equation (8.52) as follows:

L(BUmY’

1
= (=pU -
m (2/3 m +

oo Po(x)
* d 1 (BUm)? 1
— + 357 + -4 cosh (B(x + 3Un — p))

1 1 (BUmY
2 6 8 +>*
Po(x)

x
1
BUm +
+00
* / dx : *
o 1+ cosh (B(x + 3Un — )

LUy ! o
2 4 1+Cosh(ﬂ(x+%Un—u))

For abbreviation, we define the surely non-critical quantity J:

+00

B / 4 Po(x)
= X
oo (1 +cosh (B(x + $Un — w)))>
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so that along with (8.56) we have

~ (! i S
m >~ (2,3Um+48(/3Um) + )*

(i_l Um)? J)
i BcU 8('3 "

B <ﬁ3U2 P

1~ —
T e T\ a6

._]+...>+...

Since T < T¢, the quantity in the parenthesis must necessarily be negative
(—y~2). Thus the polarization m (magnetization) shows a power law behaviour:

1

Tc 2
m~y T 1 (8.63)

As in the case of the molecular field approximation of the Heisenberg ferromag-
net (Sect. 7.3.1), for the critical exponent of the order parameter, we get the value
which is expected from classical theories:

B=- (8.64)

6. Summary: In conclusion we can state that the Stoner model describes the ground
state properties qualitatively quite well but at finite temperatures exhibits a num-
ber of unrealistic features. The Curie temperature is extremely overestimated.
Ferromagnetism is permitted in all lattice dimensions which is a violation of the
Mermin—Wagner theorem which is valid also for the Hubbard model as we will
show later. The Stoner model is furthermore, of course, overstrained to account
for collective excitations (spin waves). Therefore, the molecular field approxi-
mation of the Hubbard model is surely too rough for quantitative comparison
with experiment. In particular, the electronic correlations, which are responsible
for many phenomena, are suppressed.

8.3.4 Static Susceptibility

An important indicator for magnetic phase transitions is the static susceptibility.
If one calculates this for a paramagnetic system, then its singularities signal the
instabilities of the paramagnetic state against ferromagnetism. As we are going to
use the susceptibility at various places later, we shall first derive a general expression
for the susceptibility x of an interacting electron system so that we can apply it to
the Stoner model. We can, from y, derive criteria for the possibility of spontaneous
magnetization.
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According to (1.68), the static susceptibility is defined as follows:

N
X = MoMB - v X (8.65)
om
X = <—> (8.66)
9Bo/ 1,8,0
where
m=ny—n,=2n, —n=n-—2n, (8.67)

is the dimensionless magnetization per lattice site. We want to first express )
through the one-electron spectral density Sk, (E). According to spectral theorem
(B.95) holds

11

noe =3 Z / dE f-(E)Sio(E — ) (8.68)

1
o kZ / dE f_(E)Sks(E — 1) (8.69)

With (8.66) it follows:

+00
1 df (E)
—th:/dE { 7B ;zaskg(E—u)+
+1- (E)Zza ko (E - u)} (8.70)
By=0

In the following, we will always calculate x for the paramagnetic phase. Therefore,

!Zzaskg(E—m} =0 8.71)
o 0

In (8.70) there remains only the second summand:

+00
1 ol
N7 kE.a / dE f(E)zo {B_BOSka(E - M)}O (8.72)

How does the spectral density in the presence of an external field By look? First, the
energies contain the extra Zeeman term (—z, i g By). In addition all the equal-time
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correlations still get an implicit field dependence. In the case which is frequently
encountered, namely that these equal-time correlations are exclusively occupation
numbers n_, (or ny, = n — n_,), we can write

Sko(E) = Sko(E + 2o Bo; n_q(By)) (8.73)

That means in (8.72)

(08Ske (E — 14))g = Zo B (OF Sko (£ — 1))

+ (381-5)0(0n_, Sko (E — 1)o) (8.74)
Now we have
opn =0 < 0pne = —0pn_, (8.75)
so that
(Opn—g)y = _%Za)_( = —(38n5)o (8.76)

For (8.72), the first summand in (8.74) gives the contribution:

+00
1
2,13% Z / dE (f-(E)3gSko(E — 1))y =
k —00

+00
1
= 2y 3 [ 4E (£ESun(E ~ ),
k s

In the integration by parts performed here, the term integrated out vanishes at the
two limits £00. We define

+00
1 /
7= Ek: / dE {Ss(E — ) fL(E)},

+00

= - / dE {ps(E)fL(E)}, (8.77)

—00

+00
-
N=onn g f dE (f-(E)d,_, Sk (E — 1)), (8.78)
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The static susceptibility then reads as

VA
X =2up- =7 (8.79)
In the interaction-free case (U = 0),
Sl = h8(E + 1t — e(K))
N vanishes and what remains is the Pauli susceptibility (4.2):
+00
Yo=2uaZo = ~2un [ dE p(ENF(E) (8.80)
o0

The denominator (1 + N) in (8.79) expresses essentially the influence of the
electron—electron interaction. Naturally the numerator also changes by switching
on of the interaction.

Now we want to calculate the susceptibility for the Stoner model, which is the
molecular field approximation of the Hubbard model.

With the quasiparticle energies (8.36)

go(k)=e(k)+ Un_, (8.81)
the spectral density simply reads as

Sko (E) = h3(E + p — £5(K))
< po(E) = po(E —Un_s) (8.82)

So that for (8.77) and (8.78) because of

~ U +oo d 1
Ng=—— / dE f(E)——8 (E — —Un-— s(k))
+00 1
—+U | f(E)p (E - 5Un>

—00

we get the following expression:

+00

I ~ 1
Zs = —5Ns =~ / dn f’ <77 + EUn> po(1n) (8.83)

—00

Since in the Stoner model the quasiparticle bands are only rigidly shifted by %U n
with respect to the free Bloch bands, it holds

L
n=p +§Un (8.84)
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where 1 © is the chemical potential of the ideal Fermi gas. With this Zg becomes
identical to Z; in (8.80) and we recover the well-known RPA result for the static
susceptibility:

Zy

—_ 8.85
Mp UZs (8.85)

Xs =2

Therefore, the paramagnetic state becomes unstable against ferromagnetism if

1=UZ, (8.86)
or expressed in more detail
+00

1L v [ dE pEresE)

vl E

_ B / a5 — L)

4 cosh’ (L f(E — n©))
| +00 (E)
! £0
1=-8U | dE 8.87
< 2ﬁ / 1+ cosh(B(E — @) (857
—00

This equations determines 7,. We have already derived it in (8.55) in another way.
For the most unfavourable case T. = 07 (8, — o0), with (8.57) and u (T = 0) =
er we get the Stoner criterion:

1 < Upo(er) (8.88)

Thus the static susceptibility as far as the magnetic phase transition is concerned
makes the same statement as the directly calculated magnetization curve.

8.4 Exact Statements and General Properties

Without claiming any completeness, in this section, we will derive a few exact
results which are possible for the Hubbard model. For a model which cannot be
rigorously exactly solved in the general case, exactly calculable special cases are of
extreme value in assessing the reliability of the unavoidable approximations. Apart
from that, a lot of physical information about the model is contained in these exact
results.
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8.4.1 Mermin—Wagner Theorem

The aim of the following considerations is to derive the condition for spontaneous
magnetization in the Hubbard model. Can the model describe band ferromagnetism?
The Stoner model certainly predicts ferromagnetism but as a molecular field approx-
imation, it is too favourable for spontaneous ferromagnetic ordering. Therefore, in
this first subsection we will prove the Mermin—Wagner theorem [4] which we have
already inspected in Sect. 7.2.1. The statement made in that section that the isotropic
Heisenberg model in one and two dimensions does not show any spontaneous col-
lective magnetism, can also be proved in the case of the Hubbard model. Since the
proof follows similar lines as for the Heisenberg model, we will skip to a large extent
the calculational details.

We consider the interacting electron system in the presence of a homogeneous
magnetic field By = Bye,:

H =3 Tyclein+ 30U Yomoni o —usBo Y omy (859
ijo io io

Zg = (854 — 85y) is only a sign factor. We use the spin operators introduced in
(5.98), (5.99) and (5.100) (which are dimensionless here!):

_ : _
o = E(nm —niy); cr;r = Cchii ;0] = CLCM (8.90)
We also need the wavevector-dependent Fourier-transformed operators:

o _ a —ikR; . o __ o ik-R;
o (k) = §i o e Do = §k o*(K)e (8.91)
oa==+,x,9,2

whose commutation relations can easily be calculated from those for the position-
dependent spin operators:

[0F k), 07 (ko)]_ =20%(k; + ko) (8.92)
[0°(k1), o5 (k)] = £ (k| + k2) (8.93)

We now rewrite the Hamiltonian (8.89) as far as possible in terms of these operators.
For that we use

oi-0; =00 + (Giz)2 —of =

_ T 1 , | _
= Cj4CiyC Cir + Z(nm —niy)” — E(Vlm —niy) =
3 3

3
= ZniT + Znii — EniTnil
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Here we have exploited the relation nl-z(7 = n;, which is valid for Fermions. With the
operator for the total electron number

N = an (8.94)

obviously holds

Zo,? = Zﬁ — %annw (8.95)

so that the Hamiltonian (8.89) reads as

2 1
H:ZTijCjang—gUZG[Z-l—EUN—Q/LBBQZOiZ (8.96)
ijo i i

After Fourier transformation it becomes

2 1~
H=Y e}, cu - oid Y o) -o(—k) + SUN —2u5B00*(0)  (8.97)
ko k

In the following, we will need both the versions (8.96) and (8.97). In addition, we
will assume that the hopping integrals T;; fall off sufficiently fast with increasing
distance R;;:

1
tj

As T;; are overlap integrals, this is only a very weak condition.
Our aim is to calculate the magnetization:

1 21
M(T. Bo) = 2pp Xi:(af) = TB(UZ(O)) (8.99)
From this we obtain the spontaneous magnetization M¢(T) by taking the limit By —
0. We can, without any loss of generality, assume that M (T, By) > 0.

As in Sect. 7.2.1, the starting point for the proof is the Bogoliubov inequality
(7.62):

[IC. A1) [P < = 8([A, AT )([ic. H1-. ¢']) (8.100)

N —

Here A and B are arbitrary operators; H is the Hamiltonian of the system and as
usual g = kBLT We recall that from the derivation of this formula via the Schwarz
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inequality, we see that the expectation value of the double commutator on the right-
hand side must be positive definite.

In order to estimate the magnetization with the help of the Bogoliubov inequality,
it is found that the following operators are convenient:

C=0"k) < C'=0"(-k) (8.101)
A=o0"(-k) (8.102)

We will now evaluate stepwise the individual terms in the inequality (8.100). The
left-hand side is simple:

N
(IC, A]L) =2(c%(0)) = EM(T’ By) (8.103)

Further holds

PN REDIILAC SREACIW

k K
=N Z(ofaf + Ui+‘75_>
=N Z(CLCMC;(TCN + C}LTCNCLQH
=N Y (niy(1 = nip) + nip(1 = ;)

=N Z(("M —n;)%)

In the last step we have again used n?, = n;,. Since the electrons move in an s-band,
the thermodynamic expectation value on the right-hand side is certainly not greater
than one. So we have

Y ([A. Al = N? (8.104)
k

In the inequality (8.100), we divide by the positive double commutator and sum over
all the wavevectors. Then with (8.103) and (8.104) we get the intermediate result

2
M7, Bo) > ! 1,3 (8.105)

i3 (o0, HI, o-(—k)] ) ~ 2

What remains is the evaluation of the double commutator, which needs somewhat
more effort. We leave it as an excercise to the reader to verify the correctness of the
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following commutators (Problem 8.6):

[OﬂL(k)a Z Tmncjngcna:| = Z Tinn (eiik‘Rm — eiik‘R") CjnTC’W

[o*(kx Y o o(—p)} =0
P _

] =0

]7 —

=—0"(k)

[6F (), N
[oF k), o%(0)

These can be summarized into (Problem 8.6):

[07(®). H] =2u5Boo (K)+ Y T (e ™® —e ™)l 0,y (8.106)

Finally, the double commutator needed in (8.105) is found to be
o0, H]_. o™ (k)]
= 4pupByo*(0) + Z Tonn (e"z”k'(R"fR’”) —1) cl Cno

mn,o

(8.107)

From this we have to build the thermodynamic expectation value. In doing this we
can exploit the fact that due to translational symmetry and the triangular inequality
it must hold

1 —
| (chocno) 1= 55 D 1™ @R 1| o) |
k

Since surely | (nks) |< 1, we can assume
| {CpoCno) 11

This we use for the estimate in (8.107)
([[o* a0, H]_. o~ (=k0] )

<4upBo | (0 O) |+ Y | Ty || KRR 1

mn,o

< 4upBo | (©°(O0) [ +2) | Ty || cosk - (R, —R,) — 1|

mn

<4upBy | (0%(0) | +k*NQ
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With this we have found

<[[a+(k), H] . a’(—k)]_) < KN Q +2NByM(T, By) (8.108)

This we substitute in the inequality (8.105):

5>M2 ! Z ! (8.109)
T up NS BoM + 50k '

The sum we evaluate in the thermodynamic limit

1 Vg d
— - —— [ d%k (8.110)
Na 5 Qm)d

Here d is the dimension of the system and v; = V;/N,; < oo is the finite volume per
particle. The summand on the right-hand side of the inequality (8.109) is positive
definite. We can therefore instead of integrating over the full Brillouin zone, limit
ourselves to integrate over a sphere of radius ko which lies completely inside the
Brillouin zone. By doing this the inequality is only further strengthened.

(8.111)

8> M? v,Q, /ko dk k4!
T oy Qo) o BoM + 10k?

Because of the above assumption, the integration over the angle can be directly
performed. €2, is the surface of the d-dimensional unit sphere (Problem 3.4):

(S

2
(%)

Q=2 Q=21 Q=41 Q= (8.112)

—

We will evaluate the inequality (8.111) explicitly:

e d = 1: With the standard integral

/ dx 1 . ax n
—— = —arctan — +c¢
a’x24+b*  ab b

and arctan 0 = O follows

Mm? 1
B> o arctan (ko Q )

= T2 A_
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For By — 0, arctan(...) approaches 7 /2. So that the temperature and field
dependence of the magnetization for small fields (By — 0) is given by

1/3

M(T; By) S const. (8.113)

T2/3

This, however, means that the spontaneous magnetization vanishes for finite tem-
peratures:

Ms(T)=0 for T #0andd = 1 (8.114)

In one-dimensional Hubbard lattice there is no ferromagnetism!
e d = 2: We now use the integral

dx x 1 22 1n

So that we get the following inequality

M? 1 BoM + 1 Qk?
/3__2_1 BoM + ;0K (8.116)
2 Q B()M
That means for By — 0:
M(T: By) > const. (8.117)
$ 0 T - (—In BoM) '

Thus for finite temperatures, in two-dimensional lattice also there is no sponta-
neous magnetization:

Mg(T)=0forT #0andd =2 (8.118)

In two-dimensional Hubbard lattice there is no spontaneous magnetization!

8.4.2 The Infinitely Narrow Band

Ferromagnetism is certainly a phenomenon of strong coupling U/ W . This is already
indicated by the Stoner criterion (8.59). Perhaps something can be learnt from the
extreme case of infinitely narrow band (W — 0), which can be handled mathemat-
ically rigorously.

W—0:ek =T, Yk (8.119)
T =T 5y (8.120)
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We understand this to be a limiting process, i.e. an energy band of the solid with
vanishing dispersion. This, however, does not mean an isolated atom! In order to
solve this problem we use the equation of motion method of the Green’s functions

(see Appendix B). The starting point is the retarded one-electron Green’s function
in the position- (Wannier-) representation:

Gijo(E) = ({Cigs ¢l (8.121)

For the equation of motion (B.83) we need the commutator of ¢;, with the (grand
canonical) Hubbard Hamiltonian (8.27):

~ 1
H=H — /,LN = Z(TU — /_L(S,'j)Cja,ng + EU Zn,’gl’li,g (8122)

ijo io
N is the particle number operator. One finds

[cio» Hl- = Y (Tim = 18im)emo + Uni_Cio (8.123)

The second summand on the right-hand side leads to a higher Green’s function:

Fitmsjo(E) = ((¢]_yCimotmoichy)) e (8.124)

So that the equation of motion reads as

(E+ wGijo(E) = héij + Z TimGujo(E) + U Ty jo (E) (8.125)

A direct solution of the problem is not possible because of the higher Green’s func-
tion on the right-hand side. Therefore, we write down the equation of motion for the
higher Green’s function also. For that we need

[ni—ocia’ HO]_

= Z(Tlm - Malm) [ni—uci(rs C}Lo—fcm(r’]
Imo’ B

= Z(Tlm - M(Slm) <8i1800’ni—acma’ - 8i180—a/cjfgciacma’
Imo’

4
_8im80—a’clg/ci—acio)

= Z(Tim - ,U«(szm) (nifacma + Cj_gcmfocia - CLfgCifaCia)
m
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[ni—ocio, Hi]_

1
= EUZ [ni—o'ciﬂv nma’nm—a’]_

mao’

1
EU Z ni_g [Cia» nmo’nm—a’],
mao’

1
EU Z ni_o (S[MSO'O"CMO"nm*O" + Simaafo’nma’cmfa’)

mo’

=U Cioli—o

In the last step, we have used the relation niza = n;, valid for Fermions. Then, we
have the equation of motion

(E+pu—U)Tiijjo = héijn_q + Z Tim {Tiimjo + TCimisjo — Umiizjo}  (8.126)

Up to this point everything is still exact where, however, we have assumed again
translational symmetry ((n;_,) = n_, Vi).

We will now concentrate on the limiting case of infinitely narrow band for which
we can exploit (8.119) and (8.120) so that (8.126) simplifies to

(E4+p—To—=U)lijj;jo(E) = héijn_s
and can be solved easily:

hn_g
o (E) "E4+u—Ty—U+i0* (6127

We substitute the solution (8.127) in (8.125) and obtain for the one-particle Green’s
function of the Hubbard model being necessarily “local” in the zero-bandwidth
limit:

1—n_, N_y
Giis(E)=h . . 8.128
(£) <E+M—To+10++E+M—T0—U+10+> ( )

Giis(E) thus has two poles representing the possible excitation energies measured
with respect to the chemical potential u:

Ew=To=E, (8.129)
Ey =To+U=E>_, (8.130)

The quasiparticle energies are spin independent but the respective spectral weights
are spin dependent:

Ao =1 =Ny, g =n_g (8.131)
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They are a measure of the probability that a test electron of spin o encounters a
(—o)-electron at a lattice site (o, ) or it does not («1, ). If the electron finds such an
interaction partner then it costs an extra Coulomb energy U. The Bloch band, which
becomes a contracted N-fold degenerate level Tj in the limit (8.119), is split into
two infinitely narrow sub-bands at 7y and Ty + U with degrees of degeneracies,

8lo = al(TN = (1 _n—n)N , 820 = 052(7N = n—aN (8132)

Due to lack of dispersion, in this special case, the quasiparticle density of states is
identical to the local one-electron spectral density

() = — > Siio(E ) = S0 (E — )
IO(T _Nhl 1o I'L_hll(f l’l’

2
1
= ——ImGiig(E = ) = h ) _ajod(E — Ejo)
j=1

0o(E) = (1 —n_)8(E — To) + n_o8(E — Ty — U) (8.133)

The two §-functions represent the two infinitely narrow subbands (Fig. 8.10).

The Green’s function (8.128) for the infinitely narrow band (W = 0) is some-
times also called, somewhat less appropriately, atomic limit. It is interesting to com-
pare it with the general structure of Green’s functions (B.149):

Giig(E) =h(E +p— Ty — V="(E) +i0%)" (8.134)
That implies the atomic-limit self-energy

SV=0(E) = Un_, Etn-To (8.135)
o Etnu—To—U(l—n_)

which we will come across again in connection with the so-called Hubbard-I solu-
tion (Sect. 8.5.1) and as a result of the interpolation method (Sect. 8.5.2)

Sko | 1-n_g

Fig. 8.10 Spectral density
(=quasiparticle density of
states) of the Hubbard model
for the zero-bandwidth case

TO T0+ U E



8.4 Exact Statements and General Properties 419

In order to completely determine the quasiparticle density of states or the Green’s
function, we still need the expectation value n_, = (n;,_.), which has to be self-
consistently determined with the help of the spectral theorem (B.95). We can couple
this job with the question:

Does a finite spontaneous magnetization exist?

From the spectral theorem we have

1 [T i
. z_/ g Si-o(E)
hJ_ s exp(BE) + 1

neg = (1 —ne)f-(To) + no f-(To + U) (8.136)

Here again f_(E) is the Fermi function. By reversing the spin in (8.136) we get the
corresponding equation for n, which can in turn be substituted in (8.136). Then we
finally get

Sf-(To)

= =n, (8.137)
1= (f(To+U)— f_(Tv))

n_g

In the limiting case of infinitely narrow band it therefore always holds
z (8.138)
Ng =N_g = = .
2

Ferromagnetism is excluded in this limiting case.
We will finally calculate the static susceptibility for the limiting case of infinitely
narrow band. With (8.133), the spectral density is available exactly:

So(E) =M1 —n_s)8(E+upu—"To) +hn_o0(E+p—Ty—U) (8.139)

Now we need that for the paramagnetic electron system:

1
Ny =N_g5 = zn (8.140)

Further, we will assume a half-filled band (n = 1). From (8.137) one reads off
(Problem 8.7):

1
win =1 =T+ U (8.141)
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Equation (8.139) in (8.77) and (8.78) gives

—0=—f(To)+ f(To+U)
1
- —E(fi(To)-I—fi(To-f-U))

=
T
I

N

=

L
|

These two expressions can easily be evaluated (Problem 8.8):

Nw=o

— tanh <%,B U) (8.142)

. B
Zweo = T —5 7o 50) (8.143)

So that the susceptibility yw—o is given by

Aw=0 = %/3#3 (1 + tanh (%ﬁU)) (8.144)

Xw=o0 can never be singular for 7 > 0, i.e. the paramagnetic state is always stable.
As we already know, spontaneous magnetization is not possible in the atomic Hub-
bard model. On the other hand, the important Curie law (1.72) of the paramagnet is
obviously fulfilled.

8.4.3 The Two-Site Model

In the last section, we have seen that the infinitely narrow band Ty, because of the
Coulomb interaction U splits into two subbands. We want now, with the help of a
very simple model, gain certain insight about how the kinetic energy modifies this
picture. What happens when the electrons are no more frozen on their lattice sites
but can hop from site to site? To answer this we consider a simple system made up
of two lattice sites so that it can hold a maximum of four s-electrons. This system is
described by the following simplified Hamiltonian:

. 1
H=Y" [t(cigczg + Chpc10) + SUGgn1 o + nzanza)] (8.145)

We will again first assume ¢t = 0. The possible energy levels with their degeneracies
are depicted in Fig. 8.11 (T, = 0). The degeneracies occur for the total of five
possible configurations mainly because of the equivalence of the two lattice sites.

We are interested in the quasiparticle density of states which is very sensitively
dependent on the electron concentration. We want to determine the quasiparticle
density of states for the special case that the system contains exactly one electron
with spin (—o). According to (B.188) it holds
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Fig. 8.11 Energy levels and Energy
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(8.146)

The averaging is over the energy eigenstates of the system, which contains exactly
one (—o)-electron. That is, there is no o-electron. Therefore clearly a o-electron
cannot be annihilated. As a result, only one term in the anticommutator in (8.146)
is non-zero. With simple reformulations which correspond to those used for the
spectral representations in Appendix B (e.g. (B.86)), one gets the following spectral
representation of the quasiparticle density of states (8.146):

s 1 _gr®
pSONE) = ~ Y IED [el, |ED) P e P58 (E—(EP — EM)  (8.147)

| EY) denotes an i-particle energy state. Z is the canonical partition function.

Because of (8.146) we could have also chosen c;a instead of cl{a. Fort =0, (8.147)

can easily be evaluated. The following one-particle states and one-particle energies
are possible:

ey =cl 10) < V=0 (8.148)
ey =cl__10) < &P =0 (8.149)

For the two-particle system consisting of a o- and a (—o)-electron, there are four
possible eigenstates:

&) =clycl, 10) < &P =0 (8.150)

lo
1eP)y=cl el 10y & &P =0 (8.151)
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leP)y=cl el 10) & P =U (8.152)
lePy=clel 10y o P =U (8.153)

In these formulas | 0) denotes the electron vacuum. Out of the eight matrix elements
in (8.147) evidently only two are non-zero:

€ el 16y = (0] erperoclycl , 10) (8.154)
=01 (1=nyg)1—n1p) | 0) =1

€D el 16y =01 erpernel, el , 10) (8.155)
= (0] (=) —n1p) | 0) =1

Application of the occupation number operator on the electron vacuum |0) results
naturally in zero. We require in addition the partition function Z:

Z{—o) = (" [P | V) 4 (e | P | 6y =2 (8.156)

Substituting (8.148) to (8.156) in (8.147) we get
_ 1 1
P, (Est =0) = EB(E) + ES(E —-U) (8.157)

This according to (8.139) is of course the expected result.
How does the density of states change when electron hopping is allowed?

t#0, t KU (narrow band) (8.158)

One should expect the degeneracy of the levels in Fig. 8.11 to be lifted. Because of
t # 0, the states in (8.148) to (8.153) are no more the eigenstates. But we can use
them as complete basis to represent the energy matrix which is to be diagonalized.
One can expect that the degeneracy of the levels will be lifted.

For the one-particle system (—o-electron) H is a (2 x 2)-matrix,

0t
M _
HY = <t 0) (8.159)

which can easily be diagonalized. One finds the following eigenstates and eigenval-
ues (see Problem 8.9):

1, y
| EY)) = — (d_ —ch_ ) 10); BV = —1 (8.160)
ﬁ o g
1
| ESY) = WG (CL, +CL,) 10); E = 41 (8.161)



8.4 Exact Statements and General Properties 423

For the two-particle system (o, —o) H is a (4 x 4)-matrix. With the basis states
(8.150), (8.151), (8.152) and (8.153) one gets

00 ¢ ¢
001+t ¢
ttU 0
tt 0OU

H? = (8.162)

This matrix too can be exactly diagonalized (Problem 8.10). From
dettH® —E-1)= E(E—U)E(E—-U)—4t)=0
we get the eigenenergies

E(2) E_, E(2) =0, E(Z) U,

(2) 1 1 2 2
E E+w1thEi_§U:|: ZU + 4t (8.163)

The corresponding eigenstates are (Problem 8.10)

1 . .
(2) Tor i
| EYY) = —(cl(,cz_(, + 3414

V2L +92)
+y_2 el g> (8.164)

1
| E?) = 7 (clocty = clyel, ) 100 (8.165)
1
| E?) = = (cloel s —clyel ) 10) (8.166)
1 .
15 = = clocl, + el
V2 +y5)
+y+2cm ¢ G) (8.167)
.y (8.168)
Y+ = 2 .

When the electron hopping is switched on, indeed, the degeneracy which was
present at t = 0 is completely lifted (Fig. 8.12).

With the states (8.160) and (8.161) for the one-electron system and (8.164),
(8.165), (8.166) and (8.167) for the two-electron system, we can calculate the matrix
elements required for the quasiparticle density of states (8.147). The partition func-



424 8 Hubbard Model

Fig. 8.12 Energy levels for Ene rgy
the two-site Hubbard model
for the case that there is a

single —o electron and for
the case that there are a o and — E.
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tion Z which is also to be substituted is given with (8.160) and (8.161) by
Z=eP 4P (8.169)

The quasiparticle density of states consists of a total of eight terms (Problem 8.10):

pSNE) = pi " (E) + py (E) (8.170)
o)y — 1 A=y
Pro (E)—4(1+672ﬂ,) { T, S(E —(E_+1)
+8(E — 1)
(1+V7)2 Y _ _
T S(E — (E_ — 1))
+e PIS(E + t)} (8.171)
(—0) 1 =y’
Puo (E)—4(1+e_2ﬁt) { T, 8(E — (E; +1))

+3(E — (U +1))

(1+y4)’

281
e PS(E — (E, — 1))
1+ 3 '

+e PIS(E — (U — z))} (8.172)
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With the assumption + < U, the two parts of the quasiparticle density of states
,o,(; ?N(E) and p}ff)(E) are energetically distinctly separated. The four poles of
,0,(; G)(E ) lie near the energy 0, constituting a lower sub-band and the four poles
of ,og/_aa)(E ) constituting a upper sub-band lie near the energy U. Thus the spectrum
clearly consists of two quasiparticle sub-bands which are separated from each other
by about U.

We obtain the statistical weights of the individual sub-bands when we integrate
pS9)(E) over the energy range which includes, respectively, either only the lower
or the upper sub-band:

Ay = / dE py ) (E) (8.173)

One finds with (8.171) and (8.172)

A=ty i 1z (8.174)
T2 AR L ER L e '
Ap =L 1B 1= (8.175)
UT2 4 EX 1y '
With this the sum rule
+00
A+ Ay = / dE pS(E) = 1 (8.176)
—00

is obviously fulfilled. Equations (8.174) and (8.175) contain for = 0 the special
case of the infinitely narrow band: A;:o = A’U:() = % (8.157). Otherwise, for finite
hopping this value is attained only for T — oo. For finite temperatures a weight
transfer between the sub-bands occurs which is decisively induced by the hopping
integral t.

Finally, we want to consider for our simple two-site model one more important
special case, namely the situation where there is one electron per atom (half-filled
s-band). For the sake of simplicity, we set T = 0. In the case of the infinitely narrow
band (¢ = 0), there are two infinitely narrow sub-bands out of which the lower one is
occupied and the upper one is empty. What happens when the hopping is switched
on? We have seen above that the weights of the sub-bands which correspond to
the area under the partial densities of states change with ¢. That would mean that
quasiparticle states shift from one sub-band to the other. For the special case, that
we are now considering, consequently the sub-bands would no longer be full and
empty, respectively. The system would change from an insulator to a metal. We
will, however, see that at T = 0, and for one electron per lattice site, the weights
A,y are independent of t so that in this special case the Hubbard system remains an
insulator.
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Because of T = 0, we can perform the average required for the quasiparticle den-

sity of states with the ground state of the two-electron system. This state according
to Fig. 8.12is | E\*) with the energy E_:

POOE) = I(ED I cl, | EY) P S(E = (EY — E-))
+D IHED Leig | EP) P 8(E — (E- — EW))
' (8.177)
We have calculated the one-electron states | E,(”')) in (8.160) and (8.161) and
the two-electron states | Eﬁz)) in (8.164), (8.165), (8.166), (8.167) and (8.168).

The three-electron states | E,(f)) which have not yet been determined can almost
be guessed. In Problem 8.11 we show that

1 )

| E®) = 7 (el =l ) elochy 100 (8.178)
1 . )

| ED) = % (ely + b)) cloch, 10) (8.179)

are the eigenstates with energies:
E=U—-1t; EY =U+1 (8.180)
Now we have everything to evaluate p* =) (E):

Py (E)
=y
41+
(I1+y-)?
41+ y2)

{(6(E—U—-t—E_)+8§(E—(E_+1))}

+ ((E-—U+t—E_)+6(E—(E_-—1))}

(8.181)

Because of t < U, we have E_ = t; i.e. now also we have the total spectrum split
into two sub-bands which are separated by about U'. In this special case the weights
of the two sub-bands are equal and importantly are independent of ¢:

1
A, = Ay (T=y )+ +y)) = 3 (8.182)

~ A1+ 2

They have the same value as in the atomic limit (8.157). The independence from ¢
is, of course, valid only for this special case in which the system contains exactly
one electron per lattice site. The lower sub-band is fully occupied and the upper
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one is empty. This corresponds to an insulator since the electrons in the lower sub-
band must overcome an energy gap in order to reach unoccupied states. This feature
transfers, as we shall see, to the full three-dimensional situation and represents a
characteristic correlation effect. The strong Coulomb interaction sees to it that the
Hubbard crystal is an insulator even though the s-band is only half-filled. According
to the elementary band theory such a system should show metallic behaviour.

In the next section also we will consider the special properties of the half-filled
band.

8.4.4 The Exactly Half-Filled Band

Sometimes, one can gain valuable physical information when one transforms the
actual Hamiltonian into an equivalent effective operator. An interesting possibility
in this context is the Hubbard model for the special case of an exactly half-filled
energy band. In the Hubbard model the system is considered to be a lattice of atoms
with a single orbital which can be occupied by a maximum of two electrons with
opposite spins. That means

half — filled band < n =1

In the special case of infinitely narrow band (W — 0), in the ground state, every
lattice point is occupied by exactly one electron. Then the only variable is the elec-
tron spin (o =%, |). Therefore, the ground state energy is 2" -fold degenerate. The
ground state does not have any double occupation. If now the hopping is switched
on, the band electrons in the limit of strong coupling

W K U (strong — coupling limit)

remain localized to a large extent. However, virfual changes of sites as in the case
of superexchange of the Heisenberg model (Sect. 5.3.2) cause an indirect coupling
between the electron spins on different lattice sites. These changes of sites are called
virtual because they are associated with energy cost.

With the help of an elementary perturbation theory, we want to show, for the
half-filled band, in the strong-coupling regime, an equivalence of the Hubbard and
Heisenberg models. For that we treat the electron hopping as perturbation.

H = Hy+ H, (8.183)
1
Hy =T, Xajni,, +5U ;niani,g (8.184)
i#j
Hy =Y Tycl,cio (8.185)

ijo
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We consider only the ground state. All the eigenvalues and eigenstates of H are
characterized by d = number of doubly occupied lattice sites The states with the
same d are highly degenerate since there are many ways in which N, o-electrons
can be arranged on N lattice sites. Let the corresponding indexing be through Greek
letters o, B,y - - -.

Hy | da)® = EQ | da)® = (NTy 4 dU) | da)® (8.186)

| 0a)© is the ground state which is 2V-fold degenerate due to n = 1. First order
perturbation theory requires the solution of the secular equation

det (V(0a’ | Hy | 00)0 — E’8,00) £ 0 (8.187)

with 2% solutions E(()B One can easily see that since every summand of H; produces
an empty and a doubly occupied site, it holds

da' | Hy | 0)® = 0 at the most for d = 1 (8.188)

Because of this the perturbation matrix in (8.187) consists of elements which are
all zeros. Therefore, all the energy corrections in the first order E(()L) vanish; the
degeneracy remains unaffected.

Second order perturbation theory requires the solution of the following system
of equations:

&0’ | Hy | dy)® O (dy | H, | 0a)©
AP

© _ L0
EO - Ed

— EP8u { =0 (8.189)
o dy

We interpret this as eigenvalue equation of an “effective” Hamiltonian, whose eigen-
value corresponds to the second order correction and whose matrix elements are
given by

& dy)© Oqay |

0) /
(0o | H‘Z £O _ O
dy 0 d

Hy | 0o)© =

l /
= PH0o | H| 30 1y Otdy | ] Hi |0 =
dy

1
=-z 00" | HE | 0a)© (8.190)
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In the first step we have used (8.188) so that
(B9 - E)) — (E” - E) =v

and the limitation d # 0 can be done away with. The second step follows from the
completeness relation of the unperturbed states | dy)©. The effective Hamiltonian
then reads as

H2
Hepp = Po (—71) Py (8.191)

where P is the projection operator onto the d = 0 subspace. What have we gained
from this? In order to see that, we express this effective operator in terms of spin
operators. We first substitute (8.185):

i#j m#n
l 1
Hep = =7 Po SN T Tunel,cjachpcuor | Po (8.192)

ijo mno’

Because of Py in the multiple sum only the terms i = n and j = m contribute.
Therefore, what remains is

i
1 l
Herp = _EPO Z EjTjiCjacjacj'a’CiU’ Po
ijoo’
1 i#]
(B0 e e 2
ijoo’
1 i#]
= _EPO Z | Tij |2 (nig — Nighjo — C;[aci*ffcj'—acﬂ’) Po
ijo

(8.193)

We now use the spin operators from (5.98) and (5.101), which, as was shown in
Problem 5.1, fulfil the conventional commutation relations.

h
S,Z = 5 Zzania (zo = 80? - (SU\L)

Sla = hcj—aci,O- (SZT = Sl+ 5 S;L = Sii)
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It then holds:

. h?
Py {SfS}] =7 ZZng’PO{nionja’}PO

h2
vy {Polnionjo} Po — Polnionj—q}Po}
hZ
= 7 2 {Polnionjo} Po = Pofnio (1 = njo} Po}

As an intermediate result we have:

1
Py {Znianﬁ,} Py = {h25f55+ 211} (8.194)

o

where in particular

PQ {Znig} P() = P()IlPo

has been used, which is correct of course only for our special case n = 1. Directly
from the above definition of the spin operators it further follows:

P(){ CTC, UC}LO, }PO_PO{EZZSU }Poz
’#J X QX Y QY
Po{hz(SS +SS)}
(8.195)

Substituting (8.194) and (8.195) in the effective operator (8.193) and using the (actu-
ally unimportant) constant,

i#]
Z | T 17 (8.196)

one recognizes that H,ss has the same structure as the Heisenberg Hamiltonian:
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i#]
Hepp =Py yn— Z-Iijsi -S;t P (8.197)
ij
The “exchange integrals”
2|1, P
Jij:—ﬁT (8.198)

are always negative, and therefore mediate an antiferromagnetic coupling between
the electron spins. Therefore, for half-filled band (n = 1), within the framework of
Hubbard model, antiferromagnetism is to be expected, at least in the strong-coupling
regime U/ W. This will be confirmed also by later analysis. The Hubbard model in
this special case is equivalent to Heisenberg model, where in this special case, the
exchange integrals acquire a well-defined microscopic meaning.

According to (8.193) the second order perturbation theory contains the jump
processes of the electron from lattice site R; to lattice site R; and back (see Fig.
8.13). According to (8.193), these jump processes lead to an energy gain. The jump
probability is proportional to 7;; and is maximum between the nearest neighbours
since T;; is as arule of short range. The more are the jumps, the larger is the decrease
in the energy. In a “saturated” ferromagnet the virfual hopping is forbidden due to
the Pauli’s principle. In contrast, in an antiferromagnet, not all the neighbouring
spins are parallel so that virfual hopping is allowed. This is a qualitative explanation
for the negative exchange integrals (8.198). Ultimately it is of course the free energy
that decides the stability of a magnetic phase.

8.4.5 Strong-Coupling Regime

We have seen in Sect. 8.4.2 that for infinitely narrow band case (W — 0) the den-
sity of states and the spectral density of the Hubbard model is made up of two
d-functions at Ty and Ty + U. In this case the number of doubly occupied sites d is
a conserved quantity because

[niani—oa H0]7 =0

i o}
To+U——— _— T 1
. i -
W - D
Rm R R;

Fig. 8.13 Virtual electron hopping in the strongly correlated Hubbard model at half-filling (n = 1)
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It is equal to zero in the ground state of a less than half-filled band (n < 1). Fer-
romagnetism turned out to be impossible. What happens now when the hopping is
switched on?? For this we will assume

W#0 WU (strong — coupling limit) (8.199)

We can get the first indications from the discussion on the two-site model in
Sect. 8.4.3. The kinetic energy lifts the degeneracies of both the quasiparticle levels.
The new energies, however, group around the energies 7y and Ty 4 U, indicating the
formation of two quasiparticle sub-bands. Therefore, for the full lattice one should

expect:

Smearing out of the §-peaks in the spectral densities.

Shifting of the centres of gravity of the peaks.

Shifting of the spectral weight(= area under the respective peak).
Appearance of satellite peaks at energies

To+pU:p=—1,-2,;p=2.3, -

as a consequence of multiple processes (see Fig. 8.14).

By multiple processes we mean the situations in which, when an additional electron
is introduced, because of the finite hopping probability in the Hubbard system, the
number of double occupations d, which is no more a conserved quantity, changes.
Large energy shifts are involved in this so that such processes in the strong-coupling
limit (8.199) should be relatively improbable. Therefore, the corresponding satellite
peaks will carry relatively small spectral weights.

Even in the limit (8.199) the difficult many-body problem of the Hubbard model
cannot be exactly solved. But nevertheless, certain rigorously valid statements can

Skc 1 |'(ﬂ":
E! |II I,' /\II
| b
= b
|| L
!| ;i | | /
| | Lo
PN N N y -
E+pu

Fig. 8.14 Schematic representation of the single-electron spectral density of the Hubbard model
in the strong-coupling regime as function of energy (W < U)
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be made. A few of these are due to the pioneering work of Harris and Lange [5],
which we will briefly mention, without going into the detailed presentation of partly
very involved derivations. For more details, the reader is referred to the original
work [5].

The main idea is based on the splitting of the construction operators,

Cio =Y Ciop i Cly =D b, (8.200)
P )4

in such a way that the new operators couple the states with each other, whose W —
0-energies are different by p U. That means

(Eb | Cio,p | Ea) =0
(Eq | ¢}y, | Ep) =0
ifnot : E,—Ey=pU+OW) (8.201)

This ansatz is meaningful only in the strong-coupling regime where the spectral

density has the structure shown in Fig. 8.14. One should note that ¢;,,, and ciTU, p are
]

not adjoint of each other. Rather what holds is Ciop = (Cio.— p)T. As an example let
us consider the simple special case W = 0. In the decomposition

Cic =Ni_oCioc + (1 — nifo)cio (8202)

the first summand annihilates a doubly occupied site and the second annihilates a
singly occupied one. That means

Cioo = (1 = ni_¢)Cix
Cio,—~1 = Ni—Cio (8.203)
Cio,p =0 for p#0,—1

Analogously it follows from

CiTo = n,',gCJ»La +1 - ni*(f)cja

(8.204)

the separation:

T . T
Cia,O - (1 - nl—d)cia
cf =n_gc
io,+1 — "Mi—0o%jo

¢y, =0 for p#0,1
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For finite bandwidth but with W <« U, the one-electron spectral density also can be
correspondingly decomposed:

Sijo(E) =Y Sijo.p(E) (8.205)
P

where S;j,, ,(E) is non-zero only in a narrow energy region around Tp + p U.
Because of the assumption (8.199) no mixed p, p’-terms appear. The spectral
density peak at 7Ty + pU is completely described by the partial spectral density
Sijo,p(E), which is formally defined exactly in the same way as the normal spectral
density S;js(E), except that the new construction operators of (8.200) appear

1 oo i ’ -*—
Sijo.p(E) = 5— /_oo d(t — 1) ewte=0 (I:Cio,—p(t)v C,-a,p(t’)])

(8.206)

Then we can define the quite normal spectral moments corresponding to these
partial spectral densities, which provide information about the individual spectral
density peaks:

|
m(n) = —/ dE(E—To_pU)nSijo,p(E):

ijo,p Bt s

(8.207)

., 0 ! T ’
= (lha — Ty — p U) (I:Ci(r,—p(t)’ C}g’p(t )]>
n=0,1,2,---

t=t’

The n = 0 moment gives the spectral weight (area under the curve) of the corre-
sponding peak while the » = 1 moment fixes the centre of gravity.

The main question now is, how does one find the p-separation (8.200) of the
construction operators? Harris and Lange have developed a unitary transformation
on the new construction operators, which has exactly the required properties, and
with these they could, via the spectral moments (8.207), analyse the individual peaks
of the spectral density. The procedure can in principle be iterated to any required
orderin W/U.

This confirms the expectation of Fig. 8.14 that in strong-coupling regime (8.199),
the (wavenumber-dependent) spectral density of the Hubbard model is made up of
two main peaks at Ty and Ty + U and additional satellite peaks near the energies
To+ p U. The spectral weights of the satellite peaks, however, decrease rapidly with
the increase in distance from the main peaks. Already the immediately neighbouring
peaks (p = —1, +2) have spectral weights of the order of (W/U)*, so that in the
strong-coupling regime they are relatively unimportant. Therefore, for U > W, the
spectral density has mainly a two-peak structure. The exact shape of the peaks is not
known, but using the first two spectral moments one can make statements regarding
the positions of the centres of gravity of the peaks 77 5, (k) and the corresponding
spectral weights o 2, (K):
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w4
Tio(k) = To + (1 — n_s)(e(k) — To) + n—o Bk + O (U)

(8.208)

w4

To(k)=To+U +n_o(ek) —To) + (1 —n_)Bk—yg + O (U)

(8.209)

w

agk) =1 —n_o)+0 (U) =1 —a(k) (8.210)

We have again assumed translational symmetry. Therefore, the thermodynamic
expectation values of the occupation numbers are as in (8.32) independent of the
lattice site index. Basically, the centres of gravity of the peaks can also possess
a spin dependence which results in an additional exchange splitting of the main
peaks (Fig. 8.15), which is a fundamental basic requirement for ferromagnetism.
The question, whether such a correlation-induced spin asymmetry appears or not,
as the following investigation will show, is to a large extent determined by the band
correction By_,:

Bio = By + Fiy (8.211)

The wavevector independent, local term B_, shall be called in the following as band
shift. It describes a correlated electron hopping:

| i#

n_o(l —n_g)B_g = — Y Tijlc]_,cj—s@nig — 1) (8.212)
ij

N &

For U > W and for less than half-filled bands, double occupations are very improb-
able, so that the second term in the parenthesis dominates over the first term. Then
we see that the possible shift of the o -spectrum correlates with the negative kinetic
energy of the (—o)-electron.

ofyz1-<n,>
Skc

Fig. 8.15 Exchange-split single-electron spectral density of the Hubbard model in the strong-
coupling regime (U > W) as function of energy
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The k-dependent part Fi_, of the band correction (8.211), which we will in the
following call bandwidth correction consists of terms which can be easily inter-
preted, namely a density correlation, a double-hopping term and a spin-flip correla-
tion:

i#]
n—a(l - n—a)Fk—a = Z Tijeilk(Riin)<((ni—anj—a> - nz_a‘) +
ij
+ (c}_gc‘;gci*(’cia) + (C;aCj,ng_(’Cig>)

(8.213)

Just as the band shift B_,, Fx_, also vanishes in the limit of infinitely narrow band
(W — 0) and has in addition no direct influence on the centres of gravity 7; », of
the two quasiparticle sub-bands (Hubbard bands), which are obtained from the two
main peaks of the spectral density (Fig. 8.15) after summing over the wavevectors
of the first Brillouin zone:

1
T, = N Ek Tio(k)=To+n_oB_, (8.214)
1
Ty = v Ek The(K)y=Ty+U+ (1 —n_,)B_, (8.215)
Here we have used
1
— Fs=0 8.216
N Ek k ( )

This is because the k-summation in the bandwidth correction results in a Kronecker
delta §;;, so that the sum over i and j vanishes. The bandwidth correction should be
of less importance than the band shift B_, as far as the possibility of ferromagnetism
in the Hubbard model is concerned. However, Fk_, can lead to a spin-dependent
bandwidth correction and in this sense can compete with the pre-factors of (e(k) —
Tp) in (8.208) and (8.209). This has to be still investigated.

For later concrete evaluations it will turn out important and also advantageous
that the spin-dependent band shift can be exactly expressed in terms of the one-
electron spectral density or the corresponding Green’s function, even though it is
made up of higher correlation functions. We prove this as Problem 8.12:

1
no(l=no)By=—m ;(zxk) — Tp) *

+00 2
* / dE f_(E) (U(E —e(k)) — 1) %

oo

*Sk—o(E — 1) (8.217)
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f-(E) is the Fermi function. Unfortunately, the bandwidth correction Fg_, cannot
be expressed in a similar manner in terms of one-electron spectral density.

8.4.6 Spectral Moments

The spectral moments (Sect. B.3.4) are of great value in the context of assessing
unavoidable approximations and also for fixing free parameters in respective trial
functions.

) 1 +00
M® = - dE E" S;je(E); n=0,1,2, - (8.218)

ijo i ~

Using the equations of motion of the Heisenberg operators in terms of which the
spectral density is constructed, one can derive an equivalent expression for the
moments (B.100):

My = ([ lem Ml L [T cl)o 1| ) (8219)

ijo

(n—p)—fold p—fold

p is an integer between 0 and n. With H from (8.122), one can calculate, in principle,
all the moments exactly, that, too, independently (!) of the corresponding spectral
density. In practice, however, only a few moments can be determined without pro-
hibitively large effort. In addition, with increasing order n, there appear more and
more higher expectation values in the spectral moments which are unknown and
cannot be self-consistently determined using the spectral density.

However, with the help of the moments, certain general statements can still be
made which will be listed out here without proof:

o Centre of gravity of the energy spectrum: The spin-dependent centre of gravity
of the total energy spectrum,
] —+o0 “+00
T, = — dE ESxo(E — ) = dE Ep,(E 8.220
hNij/oo ko (E — 1) LO pa(E)  (8.220)

are correctly recovered, if the first two wavevector-dependent moments
(. _
Mg, ;n=0,1

are fulfilled.

e Hubbard bands: Typical for the strong-coupling regime of the Hubbard model,
as we will later see and also as it was already indicated in Sects. 8.4.2 and 8.4.3,
is the splitting of the original Bloch density of states into two quasiparticle sub-
bands (Fig. 8.16) with an energy separation of U.

A necessary condition for that is the first three moments should be fulfilled.
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pi 0 To+U

Fig. 8.16 Schematic representation of the strong-coupling quasiparticle sub-bands of the Hubbard
model (Hubbard bands)

M n=0,1,2

The condition is however not sufficient. The self-consistent second order pertur-
bation theory in U for infinite lattice dimensions (d = 00) satisfies the first three
moments but does not give the above-mentioned Hubbard splitting.

e “Strong-coupling” behaviour: The correct behaviour in the strong-coupling regime
according to the theory of Sect. 8.4.5 is based on two conditions. First, for
W « U, the Hubbard bands (Fig. 8.16) must exist. One can show that this
is guaranteed by every theory which correctly reproduces the limit of infinitely
narrow band (Sect. 8.4.2). The second condition is that the first four spectral
moments

MY n=0,1,2,3

must be satisfied. These two conditions guarantee the correct centres of gravity
(8.208) and (8.209) of the spin-dependent spectral density and the correct spectral
weights (8.210) of both the main peaks.

The calculation of the first four spectral moments requires some effort, but does not
encounter any principal difficulties (Problem 8.13):

M) =1 (8.221)
MY =e(k)—pn+Un_, (8.222)
M = (e(k) — w)* +2(e(K) — Un_o + U?n_, (8.223)

M) = (e(k) — 1) +3(e(k) — 1> Un_g + (e(k) — )Un_5 (2 +n_y)
+Un 5 +UPn_o(1 = n_o)(To + Bio — 11) (8.224)
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The fourth moment (n = 3) contains the important band correction Bx_,, which

is made up of the higher correlation functions (8.211) and proves to be one of the
decisive factors for the possibility of spontaneous ferromagnetism.

8.4.7 High-Energy Expansions
There exists a very close connection between the spectral moments and the high-

energy expansion of the one-electron Green’s function whose spectral representation
(B.91)

e Sk (E))
Gro (E) = dE X 8.225
ko (E) /_ BT (8.225)

can also be written as follows:

Sin(E) _

+00
Gio(E) = —/ dE’'

1 & [F E'\"
= Z/ dE’ (E) Sko (E))
n=0"Y ~®

In this expression one recognizes the spectral moments (8.218), so that the following
important relationship holds:

My
Gy (E) = Z P (8.226)

A completely analogous high-energy expansion can be performed also for the
self-energy:

o0 (m)

Tio(E) =) S (8.227)

Em
m=0

The coefficients c,i’g) are determined using the generally valid Dyson equation
(B.152):

E Gy (E) = h+ (e(k) — it + Xio (E)) Gro (E)

Here we insert the high-energy expansions (8.226) and (8.227):
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h

(n)
Entl Mk“

o0 h o0
D oMo =t R — ) Y
n=0 n=0
> i
(m) 3 7(n)
+ Z Em+n+l Cka MkU
m,n=0

Comparing the coefficients of the same powers of % one reads off:

Cio = My — (k) + 1t (8228)
2
cw = Mg — (M) (8.229)
3
€ = M) — M) + (m) (8.230)

2
O _ 1 oy 1 3@ (30
o) =M —2mIMy) + 32 (M)

- (Mé?)z - (M,g))“ (8.231)

We substitute the moments (8.221), (8.222), (8.223) and (8.224) here and obtain
specially for the Hubbard model:

c¥=un, (8.232)
) =U%n_o(0—n_,) (8.233)
Gl = Un_o(1 = n_o)(Ty + Bx—o — 10)

+ Un_o(1 —n_y)? (8.234)

Every analytical, normally of course approximate expression for the self-energy can
be tested with the help of these exact relations by an expansion with respect to %
If the moments up to m = 3 or the coefficients C{Q) up to m = 2 are satisfied,
then one can be sure that the strong-coupling behaviour of Sect. 8.4.5 is correctly
reproduced.

It is quite instructive to use these general results for a first estimate of the elec-
tronic self-energy. In the high-energy region one can write

(1 (2)

C
Eka(E):C]((?T)‘F%'Fﬁ'F”':

C(l) C(2)

0) o o

:Ck(,—l—% 1+C(1'§E +
ko
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Uzn—a(l —n_g)
E+u—To— Bk —U(l—n_)

=Un_, +

So that we have found an approximate expression for the self-energy:

E+p—To— Bey
S (E)~ Un_, i To~ B (8.235)
E+M_T0_Bk—a _U(l _n—a)

This expression has formally the same structure as the W — 0-self-energy (8.135)
when we set the band correction Bg_, equal to zero. We will encounter this result
later once more and show it to be identical to the approximate self-energy which
results from the physically justifiable Spectral density ansatz (SDA) (Sect. 8.5.6).
The approximation is particularly attractive if one has the grounds to make a local
ansatz (Xx, — Xy ; Bk—e = B_s; Fx—o =~ 0) acceptable, for example, in the case
of infinite lattice dimensions (d — o¢). In that case, the correlation functions n_,,
and B_, appearing in (8.235) can be exactly expressed in terms of the one-electron
spectral density (8.217) and therefore in terms of the self-energy. We then have a
closed system of equations which can be solved self-consistently. The result will
certainly have the correct behaviour in the regime of strong coupling .

8.4.8 Weak-Coupling Regime

So far we discussed only the strong-coupling regime because ferromagnetism is
expected above all in systems with strong coupling (U > W). Therefore, it is
interesting to question whether the correct weak-coupling behaviour and the right
low-energy properties can influence the strong-coupling phenomenon of ferromag-
netism in a decisive way. Perturbation theories should be successful in the limit

U/W L1
In order to investigate this limit we want to use a diagrammatic representation.
In Fig. 8.17 the full-Matsubara propagator, the free-Matsubara propagator and

the electron self-energy are diagrammatically represented. Here E,, is the Fermionic
Matsubara energy:

En=(2n+1)%;n=~--,—1,0,1.~-- (8.236)

The Dyson equation for the one-electron Green’s function has then the diagram-
matic structure shown in Fig. 8.18:
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—i Gijo(iE,) —=a=— full propagator
E

n

—iGE?(),(iE7L) —a—— free propagator

n

. N\
_ﬁzija(iEn) selfenergy

n

Fig. 8.17 Diagrammatic parts of the Dyson equation

- = -¢ +—1—@=

Fig. 8.18 Diagrammatic Dyson equation

1
Gijo (i En) = Gijy (En) + ) Giig (i En)3 Zimo (E)Gjo G En)  (8.237)
Im

Actually to make contact with experiment it is necessary to consider the retarded
Green’s function, which, however, cannot be handled diagrammatically. But it can
be obtained from the Matsubara function in a simple way by taking the limit

iE, > E+i0"

One can show that the self-energy is the sum of all the dressed skeleton diagrams.
By skeleton diagram we mean a self-energy diagram which is built up of only (free)
propagators which contain no self-energy parts. A self-energy part is a diagram part
of a one-electron Matsubara function which is connected by two propagators with
the rest of the diagram. If in a skeleton diagram the free propagators are replaced by
full ones then we get a dressed skeleton diagram.

e Hartree-Fock approximation: In the lowest order for the self-energy, one has to
evaluate the diagrams shown in Fig. 8.19.
The Fock-part vanishes in the case of Hubbard model because there have to be
oppositely oriented spins at the two ends of the vertex. The Hartree-part gives

XA =6,U(ni_y) (8.238)

ijo
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@ — E + // \\\\
‘ ‘=‘

(Hartree) (Fock)

Fig. 8.19 Hartree—Fock self-energy diagrams

In this approximation, the Hubbard model is identical to the Stoner model of
Sect. 8.3 which, as we have seen, overestimates the possibility of ferromag-
netism. The Hartree—Fock approximation satisfies the first two spectral moments
and therefore according to (8.220) gives the correct spin-dependent centres of
gravity T, of the total energy spectrum. Actually (8.238) is not yet a real solution
since (n;_,) = n_, has to be self-consistently determined with the help of the
spectral theorem either from the full one-particle Matsubara function or from the
corresponding spectral density. For U — 0, (8.238) is exact.

e Second order self-consistent perturbation theory: According to the diagrammatic
perturbation theory, which we cannot develop in detail here, the self-energy dia-
grams shown in Fig. 8.20 have to be evaluated.

One can easily see that the second and the fourth diagrams do not contribute in
the special case of the Hubbard model. Inclusion of the third diagram gives the
correct weak-coupling expansion of the self-energy:

T =8 Un_q + UPSHVE) + O(UP) (8.239)

ijo ijo

With this, the second order contribution can be calculated with the help of the
conventional rules of the diagram technique, with some effort, but without any
principal problems to give

N

A
A

<
7 /<\ \\\
7/ d
+ ’ N N
I} 1
I I \ \

Fig. 8.20 Skeleton diagrams of the electronic self-energy up to second order in the interaction
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2:(50c>( E)=

ijo

_l lJG(x)Sjt U(y)Slj U(Z)
_h3fffdxdd r—

*(fO)f(=)f () + f(=0) f()f(=2))

(8.240)

Here f(x) is the Fermi function for £ = 0 (f(—x) = 1 — f(x)). S is the full
spectral density, which has to be calculated self-consistently. The self-energy
contribution in second order comes out to be non-local, energy dependent and in
general complex. In case that it is claimed to be exact up to terms in U?, the spec-
tral density on the right-hand side can be interpreted as that of the interaction-free
or of the Stoner model (Slig(E )) (Hartree—Fock approximation (8.238)):

SO(E) = Z S(E + 11 — (k) e*®RR) (8.241)
SHa(E) = Sf]";(E un') (8.242)

The upper index (1) indicates that the particle density n(_l(), has to be determined
self-consistently within the framework of the Hartree—Fock approximation. If in
(8.240) the full (free) spectral density is used then it is called self-consistent (non-
self-consistent) second order perturbation theory. On the other hand, if Sl(]1 (),(E ) is
used then it is called perturbation theory around Hartree—Fock.

8.4.9 Infinite Dimensions

It is possible to make interesting and wide ranging exact statements about the many-
body problem of the Hubbard model in infinite lattice dimensions d — oo [6]. Even
though at first it appears exotic, it is of great direct relevance. Naturally the limit
d — oo has to be taken in a physically meaningful sense. For example, the kinetic
energy must be appropriately rescaled. If the hopping integral between the nearest
neighbours were taken to be ¢ = const., then the kinetic energy per particle would
grow without limit for d — oo whereas the potential energy remains constant.

= —t Z cmc](, + — Uan Ni—o (8.243)

<ij>o

As a result, the physical properties would be trivially identical to those of an ideal
Fermi gas. Therefore, one demands that
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/% ZSZ(k) = finite ford — oo (8.244)
k

That means for a hypercubic lattice, e.g. for that each lattice site has 2d nearest
neighbours:

—Ze (k) = ZT,,TJ,—Zdt Y finite

This is possible only for

o % (8.245)

‘We now want to exploit this fact in order to see how the corresponding Bloch density
of states looks like.

a?

po(E) = Z S(E — e(K)) = Y / dk 8(E — e(k)) (8.246)

a is the lattice constant and K is the d-dimensional wavevector.

d
e(k) = —2¢ Z cos(k;a) (8.247)

i=1
k=(k17k2a"' ’kd); _ﬂfklaf-l-ﬂ’

Substituting (8.247) in (8.246), one obtains after Fourier transformation:

+r
po(E) = <]_[/ dki “)3 E—i-ZIZcos(ka) =

j=1

1 +ood ’i l_[ /+7‘[ dx, 2lt
= — TeE — €X —I1COSX; T
mh ) m TP\ h

(8.248)

The x;-integral can be estimated (¢ o< d’%, d — o0) as follows:

/+ﬂ dx,- 21[
— ex —tcosx; T | =
_x 27 P h *

/de’ 1+2t 2t22 Zxi +
= TCOSX; — —1°T°COS™ Xx; + + -+
_x 2w h h?
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o, 4
= 1— '+ 0t

2,
A exp —ﬁr (8.249)

Here we have used the definite integral

L 5 1
-— X; COS™ X; = —
27 J_» 2

Then we arrive at the following expression for the Bloch density of states:

+00 i

1 ?,
,oO(E)%E - dtexp(EEr—ﬁt d)

The integral can be performed elementarily.

") 1 ( E? )f+°°d . i E\°
A~ —— exp(——— texp| —|-tVd — -—=
Po 272h TP a2 | P\7\n 21Jd

L exp(= 2oyt /md (—?)
= —exp(——)——= exp(—
h P aed v ga L, R
EZ

1
= exp(— )
2t/dm P 4a

Thus for a hypercubic lattice in the case of infinite dimensions for the Bloch density
of states holds

2

2t*2

E)= ! exp(— ) (8.250)

t*¥/2m

For a non-trivial density of states, one must therefore require
!
t* =t ~2d = finite (8.251)

This agrees with (8.245). With this scaling it is guaranteed that the competition
between kinetic and potential energies and also the physically relevant correlation
effects are properly taken into account.

Now we want to discuss an important consequence of this scaling. By construc-
tion, the kinetic energy per particle is a finite quantity:

1 .
~ (Ho) =~ 3 (eleio)? = finite (8.252)

<ij>o
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The sum runs over the 2d nearest neighbours of the ith lattice site. Because of

(8.251) it must therefore hold

(clycja)® =0 (%) i#j (8.253)

Because of the spectral theorem, this order of magnitude is reflected in the spectral
density and the Green’s function:

1 1
sh=0() o =0(g) i* 0

The effect on the self-energy is obvious [6] as one can see from the diagram pre-
sented in Fig. 8.21.
The three propagators that appear in the diagram contribute in the form

3
62 (E)GY _(E)GY (E)= 0O d.(L) :O(L)
; O (E)GY (E)GY)_(E) ( 7 -

which obviously vanish for d — oo. That is valid for all the non-diagonal terms in
the self-energy [7]. With this we obtain the important result that the self-energy of
the Hubbard model in the case of infinite dimensions is local:

Sijo(E) = £,(E)&;; ; d — o0 (8.255)

This exact result can be used in many ways as we will see later. The next section
discusses a special application.

—0
1 J
| |
| |
| |
I —0 |
| |
| |
| |
| |
Fig. 8.21 Self-energy . ‘ < ‘
diagram of second order ? g J
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8.4.10 Effective “impurity”-Problem

In this section, we want to assume that the self-energy of the Hubbard model is local,
which is shown in the last section to be exact in the case of infinite dimensions
d — oo. There are indications that even for finite dimension (d = 3), a local
self-energy can be an acceptable approximation. Then the Dyson equation for the
local propagator simplifies to:

Giig(Ey) = (O)(IE)+ZG(°)(1E) o En)G jio (i Ey) (8.256)

iioc ijo

The diagrammatic representation of the Dyson equation is shown in Fig. 8.22. We
now define a new Matsubara function which is different from the old one (8.256) by
removing the diagonal term j = i from the sum:

JF#
1
Fiio(i Ey) = Gy Ey) + Z Gljo i En) 3 B0 (i En) Fiio (i Ey) (8.257)

ll(T ljo

We want to connect this function with G;;, (i E,). For that we consider
. o] . .
Fiig G En) = Glig G En) + ) Gljo ( En) 2o En) Fjio (i En)
J

_go®

lio

( En)%xtr(iEn)Fiia(iEn) (8258)

We perform Fourier transformation of G lm(lE ) and Fj;, (i E,), but not F;;n (i E,),
so that we get the following relation:

Fka(iEn)

Gl En) = ———— e :
1 + ﬁza(lEn)Fka(l En) - ﬁza(lEn)Fiia(lEn)

(8.259)

We substitute this in the normal Dyson equation (8.237)

+ ZH—@—<—° +
I j j i

Fig. 8.22 Dyson equation for the local propagator
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1
Gio (i En) = Gl Ey) + G/ En)3 B (i )G (i Ey) (8.260)
so that what remains is
1
Guo (i En) = Fio (i Ey) + Fiig( E) 2o (1 Ey)Gro (i Ey) (8.261)

After summing over all the wavenumbers, it follows (G;;, = 1/N Zk Gxo):

1
Giia(iEn) = Fiitr(iEn) + th(lEn)ﬁ Za(iEn)Giid(iEn) (8262)

We represent the propagator Fj;, (i E,) by a wavy line as in Fig. 8.23, so that (8.262)
can be represented as shown in Fig. 8.24.

We will consider now the self-energy diagrams for the special case where only
the scattering centre at R; is switched on. Then we obtain impurity self-energy dia-
grams (ISD) shown in Fig. 8.25. These define a special diagram class Cy:

NN Eig(E)
1 3

Fig. 8.23 Graphical representation of the local propagator from (8.262)

7 1 i i 7 1 ] 7
+ . . . . . . + t
1 1 1 1 i 7

Fig. 8.24 Modified Dyson equation for the local propagator

;o : : : :
.' l|, ! | 1

. .
P ———9
i

&.,___@

1 2

Fig. 8.25 Impurity self-energy diagrams
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SISPGE,) = C, [{GE?;(iEn)} , U] (8.263)

C, is independent of the special way of realizing the diagrams through the free
propagator G, (i E,).

We now investigate, which of the diagrams contribute to the d — oo-self-energy
of the Hubbard model. Naturally, these are, first, all the local diagrams for which all
the lattice indices belong to the same site i. These are actually the diagrams shown in
Fig. 8.25. We have, however, also to count certain non-local diagrams which acquire
the non-locality from a self-energy insertion as, for example shown in Fig. 8.26.

Their contribution does not vanish for d — o0, since the two Matsubara func-
tions,

1
O Oy (L
GinGE,) G (E,) O(d)

are outweighed by the extra summation,
> = 0@
J

Obviously we obtain all the self-energy diagrams when we replace in the ISD dia-
grams in Fig. 8.25 the free propagator by the modified propagator of Fig. 8.23.
According to (8.263) this means

Yo (i Ey) = Co {Fiig((Ep)}, U] (8.264)

With this we have expressed the d — oo-self-energy of the Hubbard model in
terms of the diagrammatic functional C, of the impurity scattering (Fig. 8.27). This
result forms the basis of the Dynamical mean-field theory (DMFT), which will be
discussed later.

i i i i

Fig. 8.26 Local self-energy diagram with non-locality contribution by a self-energy insertion
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)

Fig. 8.27 Local self-energy diagrams of the d — oo Hubbard model

8.5 Magnetism and Electronic Correlations

In this section we want to investigate, within the framework of the Hubbard model,
the possibility of band ferromagnetism, as is observed in the classical ferromagnets
Fe, Co and Ni. The decisive question in this context will be whether the Hubbard
model is at all capable of describing a spontaneous magnetization of itinerant band
electrons? One has to be circumspect about the prediction made by the Hartree—Fock
approximation of the Hubbard (Stoner model) with respect to spontaneous ferro-
magnetism in view of the fact that molecular field approximations always grossly
overestimate the possibility of ferromagnetism.

We have discussed in Sect. 8.4.2 the limiting case of the infinitely narrow band
which one can imagine to be realized by lattice sites which are infinitely apart from
each other. The main result of this case is that the original atomic level Tj is split due
to the Coulomb interaction U into two quasiparticle levels Ty and Ty 4+ U with for-
mally spin-dependent spectral weights 1 —n_, and n_,. Now it has to be inspected
what happens when the ions of the solid are brought nearer to each other so that
the separation between them is finite so that the atomic wavefunctions begin to
overlap and consequently the hopping probability of the band electrons is non-zero.
From the two-site model discussed in Sect. 8.4.3 we can already get certain trends.
From this we can expect that at least in the case of strong coupling (U > W,
Sect. 8.4.5) the two atomic quasiparticle levels spread out into two quasiparticle
sub-bands which are clearly separated from each other by about U and which have
densities of states strongly dependent on temperature and band occupation. This
feature is to be investigated in more detail which will be done from now on, based
certainly necessarily on approximate theories.

8.5.1 Hubbard-I Approximation

The first proposal for a theory that takes into account electronic correlations was
developed by Hubbard himself in his pioneering work [1]. He used the equation of
motion method for the (retarded) Green’s function. The starting point is the exact
equation of motion (8.125) of the one-electron Green’s function G, (E) (8.121).
This is not exactly solvable due to the presence of the higher Green’s function
Liiisjo (E) (8.124). The same is true for the equation of motion (8.126) of I'y;;, j» (E).
Hubbard proposed an approximation consisting of a mean field decoupling (7.120)
of the Green’s function on the right-hand side of (8.126) for i # m:
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Fiim;j(r(E) — N ij(r(E) (8265)
Timisjo(E) = (¢ cn_o) Gijo(E) (8.266)
Tiizjo (E) = (ch_oCimg) Gijo(E) (8.267)

In this decoupling, the particle number and spin are conserved. On substituting in
(8.126), the terms (8.266) and (8.267)

m##i
Z Tim (Timizjo (E) — Thiizjo (E)) —
m

- G,,U<E>Zr,m( ¢l aCn-o) = (chqCio))

do not contribute due to the assumed translational symmetry:

Z Tim ( Ci_Cm— o) — <C)1;170'Cl'*0'>) =
m

= — Zsz ( CigCm—c) = <cj”*“'ci70>) -

Z_Z(T;m_ ml) Ci Gcm ‘7>:

=0 (8.268)
Then what remains as the equation of motion for I';;;; o (E) is

m#i
(E+p—To—U) Tiiisjo(E) = h&ijn_o +n_5 Y TinGjo(E)

This can easily be solved for I';;;.j» (E) and is then substituted in the equation of
motion (8.125) for G (E):

m##i
(E+p—To) Gijo(E) = (haij +y Timejg(E)) *
Un_,
¥ [14+ ———F——
( E+u—T— U)

The complete solution is obtained by Fourier transformation to wavenumbers.
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E —To—-U(l—n_,
+u—"To (I-n_,) Gio(E)
E4+pn—-Ty—-U
_hE+u—%—UU—mﬁ
B E4+u—-Ty—-U

PE+M—%%%db—%)

FE+M—RME+M—%—U)

Etpn—To—U0-ny 07 To)} Gio(E) =h

Let us recall the general structure of one-electron Green’s function,

h

Gio(E) =
ko (E) E+p—e(k)— DFI(E)+i0+

(8.269)

then we have a self-energy which agrees exactly with the limiting case of the
infinitely narrow band (8.135):

E+pu—T
S E) = SE) = U 8.270
ka‘( ) a( ) n E+H—T0—U(1_n—a) ( )

A certain physical support of the Hubbard decouplings (8.265), (8.266), and (8.267),
which at first glance appear completely arbitrary, is derived from the fact that it
reproduces both the limiting cases

o U — 0 band limit
o W — 0 atomic limit

e satisfies the spectral moments Ml(((;’l’z)

One should note that the Hartree—Fock solution (8.47) (Stoner model),
s E) =D =un, (8.271)

satisfies the band limit and the first two moments Mlig’ D only.

In contrast, the fourth moment M]((? is violated by the Hubbard-I approximation
which means that the correct strong-coupling behaviour cannot be expected from
it. From the point of view of the possibility of ferromagnetism, this proves to be a
serious limitation. Before we analyse this in more detail, we want to reproduce the
Hubbard-I solution with the help of a simple interpolation method, which does not
need the problematic decouplings and therefore has a little more to say about the
real worth of the Hubbard approximation.
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8.5.2 Interpolation Method

The Hubbard problem can be exactly solved in two limits, namely the band limit
(U = 0) and the limit of infinitely narrow band (W — 0, Sect. 8.4.2). We want to
construct a solution which interpolates between these limits.

e Band limit: The solution for the one-electron Green’s function is known:

h
(©) —
G, (E)= JE—— (8.272)

This can be formally written as a Dyson equation,
1
G\ (E) = Goo(E) + Goo( E) - 5" Gi(E) (8.273)

where the corresponding free Green’s function Goy(E) should be interpreted as
the one for the infinitely narrow band:

h
Go(E) = —— 8.274
00(E) JE—— ( )
Then the self-energy of the band limit is given by
o _ _
¥ =ek) —Tp (8.275)

e Atomic limit: The solution again is known from (8.134) and can be written as
Dyson equation as follows:

Gy =UE) = Goo(E) + Goo(E)%ElV ~UE) GE) (8.276)

e “Full” problem: This is not exactly solvable. Formal Dyson equations can be
written with the two limiting cases as the free parts, then of course with different
self-energies:

G (E) = GO(E) + G;O)(E)%z,’{;O(E)GkU(E) (8.277)

Gxo(E) = GY=%(E) + GY =°(E)%2.2V =UE)Gxo(E)

(o)

(8.278)

The self-energies XY =°(E) and Z/=(E) are, however, not exactly known. It
appears reasonable to use in (8.277) a self-energy approximation, which is con-
vincing in the W = 0 limit, since in the other limit (U = 0) the free function
is already correct. In contrast, in the ansatz (8.278) the self-energy is to be so



8.5 Magnetism and Electronic Correlations 455

chosen that it is useful in the U = 0 limit, since in this case the free function
already takes care for the correct W = 0 behaviour. Therefore, we replace in
(8.277) the self-energy by the exact expression (8.135) of the infinitely narrow
band:

E4u—T
T (E) » ZVUE)=Un_, bl (8.279)
Etpu—To—U(l—n_)

and in (8.278) the self-energy by the one of the band limit (8.275):
SWUE) - B =)~ Ty (8.280)

These replacements give in both the cases exactly the same result:

-1

Gu®)~ | (6®) " - ;28|

-1
G (E) ~ [(Gﬁv ()" - %Eﬁ”}

This results in both cases in the Hubbard-I solution (8.269). The decoupling
method proposed by Hubbard (8.265), (8.266), and (8.267), which at first sight
appears to be somewhat arbitrary, can therefore be considered to be an inter-
polation method which interpolates between the two limiting cases (8.275) and
(8.279). The result obtains further weight from the fact that both the interpolation
paths lead to the same approximate result.

8.5.3 Correlation Effects and Ferromagnetism
The self-energy (8.270) of the Hubbard-I solution is real and wavenumber inde-

pendent and therefore describes quasiparticles of infinite lifetime. From (8.269) and
with the help of the Dirac identity (B.92), we get for the spectral density

Sko(E) = 18 (E + n — e(k) — = (E)) (8.281)

Then the quasiparticle density of states p,(E) can be expressed in terms of Bloch
density of states of the non-interacting system po(E):

1
po(E) = = ; Sko(E — 1) =

po (E — ZHNE — ) (8.282)
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An important speciality of the Hubbard-I solution and also of the W = 0 self-energy
is that the function (E — ¥/(E — 1)) has a singularity at

E=Ey=To+U(l —n_y) (8.283)

As discussed in detail in Appendix B, such a singularity always leads to a split-
ting of the energy band for each spin direction into two quasiparticle sub-bands.
(Fig. 8.28). Thus the solution (8.282) reproduces the main results of the two-site
model (Sect. 8.4.3). The Coulomb interaction U causes the splitting, whose origin
can be understood as follows. If the electron is moving in the upper sub-band, then
it hops mainly onto such lattice points where, there already exists another electron
with oppositely oriented spin. On the other hand, the electron in the lower sub-
band prefers the lattice sites which are empty. This leads to an energy separation
of U between the two sub-bands. For comparison, if the Stoner model (Hartree—
Fock approximation (8.271)) is considered, one recognizes that the energy- and
wavenumber-independent self-energy Un_, neither deforms nor splits the spin
bands. For ny # n, however, a shift of the spin-bands relative to each other takes
place (Fig. 8.29).

The one-electron Green’s function (8.269), as can be easily seen, represents a
two-pole function:

2
Gi(E)=hY %o (K) (8.284)
Jj=1

~ E+pu—E;,®

Here the (real) quasiparticle energies are given by (j = 1, 2):

Po

P5(E)

Fig. 8.28 Schematic plot of the energy band splitting into two quasiparticle sub-bands according
to the Hubbard-I solution (8.282)
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Fig. 8.29 As comparison to Fig. 8.28, a schematic plot of the origin of the energy shift of the spin
sub-bands of the Hubbard model in the Hartree—Fock approximation (Stoner model)

1
Ejo®) = 3(To + e +

+ U+ (=1 Ty =200+ UF +4Un 00— To) )

(8.285)
and the corresponding spectral weights by
gl = S PO o 8280
Thus the spectral density is a sum of two weighted §-functions:
2
Sko (E) = hZoz oK) (E + o — Ejo(K)) (8.287)

Jj=1

The band splitting inducing singularity E, (8.283), however, is also responsible
for a serious shortcoming of the Hubbard-I solution. From physical grounds one
should expect that with decreasing U/ W, the originally separate sub-bands should
gradually overlap. But, from (8.283) one sees that for arbitrarily small couplings
there is always a singularity and therewith a band gap.

8.5.4 Criterion for Ferromagnetism

The actually interesting question is about the possibility of ferromagnetism in a
system of band electrons. It is reasonable to assume that for a given band occupa-
tion n = n, + n_,, for weak coupling U, the paramagnetic state is preferred and
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ferromagnetism, if at all, probably can appear only beyond a critical value of U, (n).
This is already indicated by the Stoner criterion (8.59). In the strong-coupling limit
U > W, the quasiparticle energies (8.285) of the Hubbard-I solution simplify to

Eio®) = (1 —n_p)e®) +n_oTy+ O (%) (8.288)
W
Es(K) = U +n_pe®) + (1 —n_,)To + O (5) (8.289)

As a comparison with the exact result (8.210) shows, the corresponding spectral
weights turn out to be correct in the strong-coupling limit:

ala(k) ~1 - n_q; a2(r(k) NNn_o (8290)

In this limit it is meaningful to define, for the two energetically separated Hubbard
bands, partial density of states which can be connected to the free Bloch density of
states in a simple way:

E—n_,T
Pl (E) A po (#) (8.291)
1—n_,
E—-U—-(—-n_sT
PP (E) ~ po ( d=no) 0) (8.292)
n—g
The two bands have spin-independent centres of gravity:
1
_ lower — — —
Ty, = / dE E plove"(E) = v Xk: Eip(K) =Ty = Ti—o (8.293)

1
T2o- = f dEE,ngper(E) = — E Ego(k) = T() +U = Tz_(, (8294)
N k

The strong-coupling result of the Hubbard-I theory is schematically shown in
Fig. 8.16. The spin independence of the centres of gravity turns out to be the decisive
disadvantage for the possibility of ferromagnetism. A comparison with (8.214) and
(8.215) also shows that the Hubbard-I solution does not have the correct strong-
coupling behaviour.

Ferromagnetism presumes a spontaneous preferential spin orientation, i.e. ny #
n,, which in turn requires a spin asymmetry of the sub-bands in Fig. 8.28. Formally,
of course the quasiparticle energies (8.288) and (8.289) and also the spectral weights
(8.290) are spin dependent so that such an asymmetry is in principle conceivable.
But it must be the result of a self-consistent calculation. For the average occupation
number per lattice site and spin, according to the spectral theorem (B.95) holds for
T =0:
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Ep Er
ne(T' =0) = / dEp;(E) = / dEpy (E — Xs(E — ) (8.295)

o0 —0Q

EF is the Fermi energy. If there is a solution with n} # n* , then on symmetry
grounds, in addition to n}; < n/2, n — n} should also be a solution. That means
there exist either none or two magnetic solutions. Strictly speaking, four, six, ...,
solutions are conceivable which, however, we are excluding here. From the fact
that two magnetic solutions must be available, we want to derive a criterion for
ferromagnetism. In Fig. 8.30 the two positive definite sides of (8.295) are plotted
formally as functions of n,,.

The left-hand side is simply the bisectrix. Since paramagnetismn, =n_, = n/2
is always a mathematical solution, the right-hand side of (8.295) must intersect the
bisectrix exactly at three places as is shown by the continuous lines in Fig. 8.30.
The dashed line does not come into question since it leads to further solutions at the
most at n; = 0. As the coupling U decreases, the two magnetic solutions collapse
to the point n, = 5. For U < U.(n), the curve representing the right-hand side of
(8.295) touches the straight line at n, = 35, which means at that point it has a slope
equal to 1. We then establish a criterion for ferromagnetism to be that the right-hand
side of (8.295) as a function of n, should have a slope greater than 1 atn, = 5:

d Er
1 < |: / dE,o(,(E):| (8.296)
dn, J_

e8] ng:%

This is still rather generally valid. We evaluate the criterion for the Hubbard solution
(8.284) under the condition n < 1 and U > W and therefore we can use the
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Fig. 8.30 Schematic representation of the two sides of (8.295) as functions of n, to derive a crite-
rion for ferromagnetism in the correlated electron system
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expression (8.291) for the quasiparticle density of states:

d Er E—(n—n,)Ty
1< dEpy | ——M— (8.297)
dns J_o 1—n+n, no=1

With the substitution

E—(}’l—na)T()
1—n+n,

No s NFe = na(E = EF)

which results in
dE =1 —n+ ny)dn,

the criterion (8.297) reads as

d NFo
1 < |:d (1 _n+na)/ dn(rp()(n(r)i| =

o Ne=

Iz

NFo dn -
= |:f dne po(e) + (1 —n +ns)po(Nrs) dF ] =
—00 Ny ne=1

n 1 Ep—3To\ (dnrs
— 1——
Py 2")"0( [ )(dng

ne=>5

Finally with

dnrs _ Ty — Ef
dn, ), . (1—57

—_n
-2

the Hubbard-I criterion for ferromagnetism is given by

(8.298)

2Ep —nT !
1—n+<EF—To)po(M> <0

2—n

In comparison to the Stoner criterion (8.59), this is considerably sharper. In particu-
lar, it puts a condition also on the band occupation n. Since (1 — n) and the density
of states py are non-negative quantities, for the appearance of ferromagnetism, it is
necessary that (Er — Tp) < 0. Since according to (8.293) T coincides with the
centre of gravity of the lower band, the criterion can be fulfilled only for small band
occupations. The origin for this apparently implausible condition should be searched
in the missing of a (formal) spin dependence of the centres of gravity of the bands
(8.293) and (8.294). On the other hand, this is what is to be expected from the
exact strong-coupling result (8.214) and (8.215). We will consider the significance
of spin-dependent band shift in detail in the next section.
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Before that let us investigate the criterion (8.298), as an example, for the simple
rectangular density of states shown in Fig. 8.9.

po(x) = , (8.299)
0 otherwise

The Stoner criterion (8.59) demands only U > W and gives an extremely high Curie
temperature (8.61). In contrast, according to (8.298), we have to require

jonq ErmTo Ly (8.300)
—n —_— .
o

Here one has to note that the Fermi energy E is, for an interacting electron sys-
tem, a function of the band occupation, which, however, can be easily determined
here:

n /EFdEl L Er—E) (T =0)
Ng — — = _——= — —_ u =
2 Je wowo

E, is the lower band edge for which holds:

w , E,— 5T w
T-— 220 S E=Th-—(1-1)
2 1t 202

That means

Er="wair -1+ (3,1
F—2 u — 10 2 2”

If this is substituted in (8.300), we get the unsatisfiable condition
2<n (8.301)

Thus in contrast to the Stoner model, in the Hubbard-I theory, there is no ferromag-
netism for the rectangular density of states.

8.5.5 Static Susceptibility and Ferromagnetism

Before we elaborate the obviously very important spin-dependent band shift, we
want to make further checks on the possibility of ferromagnetism in the Hubbard-I
theory by calculating the static paramagnetic susceptibility y . For this we assume a
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slightly less than half-filled band and a strong Coulomb interaction.
n<l1 ; U>>W (8.302)

Then the Fermi energy is definitely in the lower quasiparticle band (8.291). Hence
we can limit ourselves to the quasiparticle density of states of the lower sub-band
(8.291):

lower E - n—o TO
Py (E)=po\ ———— (8.303)

po is as usual the Bloch density of states. Therewith the numerator (8.77) of the
static susceptibility reads as

—+00

Zu =~ [ dE () f (Ey
_+Oo
2F — I’lT()
- / dE po (—) F(E) (8.304)
2—n
For (T = 0), f'(E) is a §-function:
FIU(E; T =0)=—8(E — Er) (8.305)
That means
Zu(T =0) = po (M> (8.306)
2—n

For the denominator of the susceptibility we need

Si"(E = p) = —h8(E — (1 — n_o)e(k) —n_To) +

on_gq
+ (1 —n_g)(e(k) — To) *
% 8'(E — (1 —n_g)e(k) —n_,Tp)

that gives in (8.78):
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+00
Nu = —%Xk: / dE f(E)$ (E - (1 - g)g(k) = %To) +

+00
1 n
+ 5 Xk: (1 - 5)_[ dE f_(E)(e(k) — Tp) *

8 (E— (1-%)8(1()—%0)

2FE nT()
=7 f dE f-(E)py (—n) -

2
+00
f 2F — I’lT() 2F — nT()
- |dEf(E)\——— Do )po| ———
2—n 2—n
-0
We finally get
+00
n 2 , 2E —nTy
Ny =—5—— = [ dE f/(EXE — To)po [ “—— (8.307)
2—n 2-—n 2—
—0o0

With this the static paramagnetic susceptibility is completely determined:

+o00

_ f 2F —nTO
XH = —HUB / dE [ (E)po (ﬁ) 2—n)x
- +00 -1
, 2E —l’lT()
*x | 1—n-— / dE f_(E)E — To)po (ﬁ)

(8.308)

The instability of the paramagnetism against ferromagnetic ordering is given by the
zero of the denominator:

(8.309)

2FE —nT()
0—1—”—/f (EXE — To)Po(—)

2

For the most unfavourable case of T, = 0%, we can use (8.305). That gives the
following criterion for ferromagnetism:

(8.310)

2Er —nTy
O=1—-n+(Er—Topo| ————

2—n
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This result agrees with (8.298). Therefore, we can take over the discussion presented
there and avoid repetition.

8.5.6 Spin-Dependent Band Shift

The approximate evaluation of the Hubbard model as discussed in the preceding
section led to the criterion (8.298) for the existence of ferromagnetism, which is
obviously only very difficult to fulfil as was demonstrated for a special case. The
possible reason for that is clear from Fig. 8.16. The centres of gravity of the 1- and
J-spectra coincide so that a spontaneous magnetization, which presumes a pref-
erential spin orientation, appears to be possible only for small band occupation.
The Hubbard-I solution satisfies the first three spectral moments but not the fourth.
Therefore, it is not correct in the strong-coupling regime, which happens to be the
regime where ferromagnetism is expected in the first place. Therefore, the appear-
ance of a spin-dependent band shift will be essential for a spontaneous ordering of
electron moments.

A distinct improvement from this point of view is provided by moment method
which is conceptually very simple and non-perturbative. It consists of two steps [8]:
First, one tries to guess the general structure of the spectral density, i.e. one makes
a spectral density ansatz (SDA), whereby, one is guided by exactly solvable limits,
exact spectral representations, sum rules and also by plausibility and intuition. A
comparison with already existing reliable theories also certainly helps. The zero-
bandwidth limit (Sect. 8.4.2), the two-site model (Sect. 8.4.3), the exact strong-
coupling behaviour and also the approximate Hubbard-I solution (8.287) altogether
make a two-pole ansatz [9] meaningful:

2
Sko (E) = hZaja(k)é (E + u — Ejo(K)) (8.311)
j=1

The spectral weights o, (k) and the quasiparticle energies E j, (k) are treated in the
beginning as free parameters.

In the second step of the procedure, using the relation (8.218), these free param-
eters are fitted with the exactly calculated spectral moments of the Hubbard model
(8.221), (8.222), (8.223), and (8.224). After simple reformulations, one obtains real
quasiparticle energies (j = 1, 2)

1 .
Eja®) = 3(To + By + 200 + U +(=1) %

Ty 4 Bey — 600+ UY +4Un_, (09— Ty — Bi_,))
(8.312)

with spectral weights of the form
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Ev@) —To—Bio U =no) | _ (8.313)
Ela‘(k) - EZa(k) ” .

ala(k) =

This result implies the SDA self-energy:

SSPAE) = Un_, Etu=To= Bio (8.314)
o E+p—To—Bey—U(l—n_)

The SDA self-energy has the same structure as the one of Hubbard-I solution, what
is new is only the term Bx_,, which we already got to know in Sect. 8.4.5 as the
“band correction” (8.211). This is made up of two terms, namely the band shift B_,
(8.212) and the band width correction Fx_, (8.213). It is interesting to note that
the SDA self-energy agrees exactly with the expression (8.235) which is obtained
as the leading term of the general high-energy expansion. With this it is particularly
clear that the solution (8.314) will have the correct strong-coupling behaviour. By
construction, the SDA solution satisfies the first four spectral moments.

Because of the presence of Bk_, and also because of n_,, the many-body prob-
lem with (8.314) is not yet completely solved. The important band shift B_, can
be expressed according to (8.217) exactly by the one-electron Green’s function
or spectral density and therefore does not need any further approximation. The
wavenumber-dependent band width correction Fx_,, on the other hand, cannot be
fixed directly using the one-electron functions. Investigations, which we do not want
to go into in detail here, have however shown that this part of the band correction, as
far as ferromagnetism is concerned, in contrast to the band shift, does not play such
a decisive role. Therefore, one might assume that in a first approximation it can be
neglected.

However, going beyond this, it would be consistent to determine the “higher”
correlation functions appearing in Fix_, also by a moment method. Here we will
briefly discuss the method developed in [10]. First, it can be shown that in case of
translational symmetry and restriction to nearest neighbour electron hopping, the
wavenumber dependence of the bandwidth correction can be separated into

3
n_o(l=n_g)Fio = (e(k) = To) Y F (8.315)

i=1

According to (8.213) the three summands have the meaning

Fil(z =nj_oNj_o) — nz_(7 density correlation (8.316)
Fizg = — ;ch_gc,-_gcm) double — hopping correlation (8.317)
Fg = —(ct.acj_acj,gc,'a) spin — flip correlation (8.318)

i and j number the nearest neighbour lattice sites. As a result, the expectation values
are not explicitly dependent on the lattice sites. We will demonstrate the procedure
on the correlation Fi? We can first write
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F == 8(cl, et nCimaCivas) (8.319)
l

Here the index A represents the lattice vector that connects two neighbouring lattice
sites R; and R; with each other. Due to the assumed translational symmetry, F 9(3 is
the same expression for all the nearest neighbours. We will now introduce a suitable,
higher spectral density,

/ l !
S (1.1 = E([c}%ﬂ,q_ac aa(), )L) (8.320)

whose Fourier transform Sl(j,)(E ) using the spectral theorem (B.95) gives the corre-
lation that we are looking for

+o00
FY) = —% Z/ dEf_(E)SS(E — 1) (8.321)
Kk —0o0

The poles of SS;(E), as can be seen from the definition (8.320), belong to the
one-particle excitation spectrum of the Hubbard system. By comparing the spectral
representation (B.86) of Sl(j,(E ) with that of the starting function (8.311), one can
to a good approximation assume that the pole structure of the two functions is the
same. Therefore, the difference should be only in the spectral weights. That is why
in analogy to (8.311) it is reasonable to make the following ansatz for the higher

spectral density:

2
SeNE) =1 Bio®S(E + t — Ejq(K) (8.322)

J=1

where the quasiparticle energies E (k) are the same as in (8.311) or (8.312). Thus,
only the spectral weights B, (k) are the unknowns. They are fixed by the first two
exactly calculated spectral moments of the higher spectral density Slg (E) and the
correlation FS,) is then determined through (8.321).

The correlation terms Ffla) and Ffzg are handled in an analogous way, i.e. with
two-pole ansatz similar to (8.322), for suitably chosen higher spectral densities. It
should not remain unmentioned that the same procedure can be applied also for the
higher correlation (n,-gcj_oc_,-_a) that appears in the band shift B_, (8.212) which
leads to the exact result (8.217). This can be seen as a strong support for the method.

Figure 8.31 shows a typical result of the SDA for a strongly coupled band elec-
tron system on a bec lattice. In the figure the quasiparticle density of states is plotted
as a function of energy for different band occupations n and at temperature 7 = 0.
For band occupations n < 0.55 there does not exist any ferromagnetic solution
(ny # ny). There is no spin asymmetry of the density of states (o, (E) = p_(E)).
We, however, observe a splitting into the so-called Hubbard bands which are shifted
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Fig. 8.31 Quasiparticle density of states in the SDA for the Hubbard model as function of the
energy for various band occupations. Parameters: bec lattice, U = SeV, W = 2¢V, T = 0K.
Solid lines for 0 =1, broken lines for o =|,

with respect to each other by about U and whose physical meaning has already been
discussed. We want to call this splitting the quasiparticle splitting. The areas under
the partial density of states scale roughly with the probability that a propagating
electron finds at a lattice point an interaction partner (n_,, upper band) or does not
(1 — n_,, lower band). For n > 0.58 an additional spin-splitting sets in for each of
the sub-bands (exchange splitting). The lower | -band becomes narrower and shifts
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to higher energies. The states are occupied by electrons up to a common Fermi edge.
Therefore, the system shows a spontaneous spin polarization m = ny—n # 0. With
increasing particle density, the width of the | -band further decreases and the centre
of gravity moves to higher energies. For band occupations n > 0.78 the | -band lies
completely above the Fermi edge and is therefore empty. The system finds itself in
ferromagnetic saturation.

Obviously we have to differentiate between two correlation-induced splittings.
This is because in the strong-coupling regime, there appears the quasiparticle split-
ting of the Hubbard bands practically for all the parameter constellations. Added
to this, under certain conditions, there is an exchange splitting, which creates the
spontaneous magnetization in the ferromagnetic phase. A more detailed analysis
shows that a spontaneous polarization of the band electrons sets in exactly when
the band correction Bk_, (8.211), in particular the band shift B_, (8.212), has
a real spin dependence. This term is missing in the Hubbard-I solution (8.269)
which again explains why ferromagnetism is extremely difficult to realize in that
theory.

The quasiparticle density of states shows a characteristic temperature depen-
dence, from which finally the magnetization curve, typical for ferromagnets, results.
The density of states for a band occupation n = 0.65 is plotted in Fig. 8.32 for
different temperatures. According to Fig. 8.31 (second picture from above), for this
particle concentration, the system is ferromagnetic and at 7 = 0 near to saturation
(m = 0.56). With increasing temperature, the |-band moves to lower energies and
becomes broader such that at 7 = 550K it coincides with the 1-band. At this point,
the spin asymmetry and exchange splitting vanish. The system is in its paramagnetic
phase. By multiplying the spin-dependent density of states with the Fermi func-
tion and integrating, we obtain the spin-dependent average occupation numbers and
therewith the electron polarization m. Dividing by the total particle density (m/n)
results in a temperature dependence which is similar to the magnetization curve of
Fig. 8.8 with an obviously realistic Curie temperature.

These results can again be verified partly by the static susceptibility (8.65). In
Fig. 8.33, the inverse paramagnetic susceptibility for an sc lattice is plotted as
a function of band occupation for different coupling strengths U/W. The zeroes
provide us the instabilities of the paramagnetic state against ferromagnetism. The
appearance of two zeroes, i.e. two instabilities, at first glance seems to be a special
feature of the SDA. How far, possibly, this is a property of the Hubbard model itself
is not clear. It turns out that always the solution starting at the lower band occupation
is stable. This approaches, in contrast to the second solution, saturation m = n for
higher band occupations.

An interesting point is the influence of the non-locality of the electronic self-
energy (8.314) which is given by the wavenumber-dependent bandwidth correc-
tion Fx—, in (8.315). Part (b) of Fig. 8.33 gives us an idea. The critical coupling
U/ W increases from about 4 to about 14. For a primitive cubic lattice, apparently
the bandwidth correction cannot be neglected. Detailed investigation, however, has
shown that the influence of Fg_, on the magnetic stability considerably decreases
with increasing coordination number (sc—bcc— fcc). What in principle is decisive
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Fig. 8.32 Quasiparticle density of states in the SDA for the Hubbard model as function of the
energy for various temperatures. Parameters: bec lattice, U = 5e¢V, W = 2¢eV, n = 0.65. Solid
lines for o =1, broken lines for o =),

for the possibility of ferromagnetism in the Hubbard model is the spin-dependent
band shift B_,.

The SDA (spectral density approach), presented in this section, gives a qual-
itatively convincing picture of the band ferromagnetism of correlated electrons.
It shows that the spin-dependent band shift and the lattice structure are the most
important components for a ferromagnetic ordering. At the same time it is also very
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Fig. 8.33 Inverse paramagnetic static susceptibility x ' for a sc lattice as a function of the ban-
doccupation for various values of the coupling U/ W at T = 0K. The curves are found within
the SDA [11].(a) System with the full k-dependent self-energy (8.275). (b) System with a local
self-energy, i.e. for Fx_, = 0 (8.276)

clear, where the disadvantages of the method lie. First, by ansatz (8.311), the quasi-
particle energies (8.312) are real. Quasiparticle damping, which can be expected
to destabilize to a certain degree the ferromagnetic ordering, is excluded from the
beginning . In addition, the SDA result does not possess the expected behaviour in
the weak-coupling regime (Sect. 8.4.8). How strongly these two factors influence
the magnetic properties of the Hubbard model will be investigated in the following
sections.

8.5.7 Quasiparticle Damping

More or less by definition, the SDA self-energy (8.314) is a real quantity. It has a
pole at

E=To+ Bk +U(l—n_s)—n

which leads to a §-peak in the imaginary part of the self-energy Im Sy, (E +iO™).
This, of course, has no influence since the pole always lies in the band gap. As a
result, the quasiparticles are stable from the beginning. One can see in this a seri-
ous shortcoming of the moment method of the last section. Therefore, one should
look for a theory which retains the advantages of the SDA and at the same time, in
addition, allows for finite lifetimes of quasiparticles. The question we are interested
in this section is the influence of quasiparticle damping on the magnetic stability of
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the Hubbard model. As a preparation for this, we start with an alloy analogy of the
Hubbard model suggested by Hubbard himself [12].

The starting point is the idea that the o -electron propagates through a crystal with
(—o)-electrons frozen at certain lattice sites which are statistically distributed over
the lattice. When the o-electron lands at a certain lattice site there are two possi-
bilities. It either finds a (—o)-electron there or it does not. This can be understood
as motion through a fictitious binary alloy. The two alloy components have atomic
levels E, and E,, and appear with concentrations xi, and x5 (X1 + X1 = 1).
The coherent potential approximation (CPA) is a standard method with which a con-
figurational average over the statistically distributed positions of the frozen (—o)-
electron can be performed [13]. The resulting self-energy of the o-electron obeys
the following equation:

Ep(r - E(I(E) - TO

0= Zi:l Xpo 1
1- }—_LGU(E)(E,JG — X (E) — To)
(8.323)
_ 1 _ —+00 ,OO(X)
GU(E) - N Zk GkG(E) - ffoo de _ EU(E) —x

po(x) is again the Bloch density of states of the non-interacting electron system.
The CPA is a single-site approximation and therefore the self-energy is wavenumber
independent. Now to be concrete, we have to specify the fictitious alloy. The first
choice (conventional alloy analogy (CAA)) would be the use of the results of the
infinitely narrow band case ((8.129), (8.130), and (8.131), atomic limit)

El(rZTO ;xlzf:l_n—a

Ey =To+U ; x26 =n_4 (8324)

Substituting this in (8.323) one gets a self-energy LS44(E), which is in general
complex and therefore includes quasiparticle damping. On the other hand, it could
be shown that this self-energy excludes in any case spontaneous ferromagnetism.
This is a crude contradiction to the result of SDA of the last section. Then one has
to ask oneself whether the damping (finite lifetime) of the quasiparticles which was
neglected in SDA has really such a destabilizing effect on collective magnetism.
This is a question which has to be taken seriously. It could be shown [14] that in
infinite dimensional lattice (Sect. 8.4.9), CPA is an exact (!) theory of the alloy prob-
lem. On the other hand, the CAA self-energy violates the correct strong-coupling
behaviour (8.227) as well as the limit of weak coupling (8.239). If the CPA theory
is exact for the alloy problem at least for d — o0, then the contradiction can be
resolved only by assuming that the conventional alloy analogy (8.324) is not the
correct starting point. In particular, the picture of frozen (—o)-electrons is surely
not acceptable.
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The form of the fictitious alloy is indeed by no means predetermined. Therefore,
we will now treat the energies E », and the concentrations x; », of the still to be
found “optimal” fictitious alloy, as free parameters. In order to fix them, we will
substitute the high-energy expansions (8.226) and (8.227) in the CPA equation and
gather the powers of é In view of the single-site aspect of CPA, we limit the band
correction Bg_ toits local part B_, . This gives the following determining equations
for the energies and concentrations:

2
E Xpo =1
p=1

2

pra(Epd - Ti)) =Un_,
p=1

2
pra(Epa - TO)2 = U2 n_o
p=1

2
> xpo(Epe —T0) = U n_g + U B_gn_o(1—n_,) (8.325)
p=1

When the energies and concentrations of a modified alloy analogy (MAA) are deter-
mined from these relations, it is automatically guaranteed that the first four spectral
moments are fulfilled from which a correct strong-coupling behaviour results. One
finds

1
E%AA =Ty + E<U +B_, — \/(U + B_,)? — 4Un,aB,g>

(8.326)
1
EMAA 74 E(U + By +V(U+B_y)P— 4Un_<,B_a>
(8.327)
MAA _ EMAY —Ty—B_, —U(l —n_,) ] MAA
lo E%AA — E%AA 20
(8.328)

Interestingly, the weights and the energies coincide with the results (8.312) and
(8.313) of SDA if the band energies (k) and the band corrections Bi_,, are replaced
by their corresponding centres of gravity 7y and B_,, respectively. Therefore, one
can understand the following choice as optimal alloy analogy p = 1, 2:

EMA = (ESPAI0) gy = Fo(To. Usng Bg) (8.329)

A = (@S2 K0), 4o = &p(To. Ui, B—y) (8.330)
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Substituting this alloy analogy in the CPA equation (8.323) one obtains the MAA
self-energy for all energies E with which all the interesting quantities can be
derived.

e Asa CPA result, MAA includes quasiparticle damping (Im Z¥44(E) # 0) with-
out sacrificing the advantages of SDA.

e The thermodynamic averages n_, and B_, can be determined self-consistently
with the help of the spectral theorem (8.136) and (8.217) and providing there-
with, in principle, particle density-, temperature- and spin-dependent atomic data
(8.329) and (8.330) of the two components of the alloy. The important thing here
is that through B_, in some sense the itineracy of the (—o )-electrons is included
in the calculation (correlated electron hopping). Contrary to the conventional
alloy analogy CAA (8.324) they are not seen as frozen on the lattice sites.

e By definition the first four spectral moments are fulfilled so that the correct
strong-coupling behaviour is taken care of.

o The strong-coupling behaviour can also be tested with the help of an exact result
of the general CPA theory [15] in the so-called split-band regime U > W .
According to this the spectral density should consist of two separated peaks with
centres of gravity at

T,,CUPA =FEpe +xp5(e(k=Tp) ; p=1,2 (8.331)

Substituting (8.329) and (8.330) in this equation we get for U > W the correct
result (8.208) and (8.209) when we further replace Bx_, by B_,. This can be
seen as a strong support for the modified alloy analogy.

e For us the most important fact, however, is that in contrast to CAA, the MAA
allows spontaneous ferromagnetism!

Figures 8.34 and 8.35 show the typical results of the MAA theory for two different
temperatures for the spectral density Sk, (E) of a strongly correlated electron system
(U/W = 5) on an fcc lattice. As Bloch density of states a tight-binding version [16]
is chosen. For less than half-filled bands (n < 1) the system is paramagnetic; a spon-
taneous spin asymmetry does not appear. The band occupation used in Figs. 8.34 and
8.35, n = 1.6 allows ferromagnetism provided the Coulomb interaction U exceeds
a critical value. As already observed in the results of SDA (Figs. 8.31 and 8.32),
two different splittings appear. The spectral density consists for each k-vector of a
high-energy and a low-energy peaks (quasiparticle splitting), which are separated
from each other by about U. The finite widths of the peaks are consequences of
the quasiparticle damping, which displays a clear energy-, wavenumber-, spin- and
temperature-dependence. The spectral weight of the low-energy peak, given by the
area under the curve, scales with the probability that the (k, o)-electron propagating
in the more than half-filled band finds an empty lattice site. On the other hand, the
weight of the upper peak corresponds to the probability that the electron meets an
electron with opposite spin. We have already established in connection with the
SDA results (Figs. 8.31 and 8.32) that this quasiparticle splitting is not tied to the
ferromagnetic phase. It represents the correct strong-coupling behaviour (Fig. 8.15).
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Ferromagnetism appears exactly then, when in addition to the quasiparticle splitting
there sets in an extra exchange splitting of each of the two spectral density peaks.
At low temperatures as in Fig. 8.34 (T' = 100K), the system is practically in fer-
romagnetic saturation (m = 2 — n), i.e. almost all 4-states are occupied so that a
J-electron finds an interacting partner at almost every lattice site. Consequently, the
low-energy peak of the | spectral density vanishes. The high-energy peak is very
sharp indicating a long-lived quasiparticle. A |-hole has no chance to be scattered
by a 1-hole. At higher temperatures as in Fig. 8.35, due to partial demagnetization,
i.e. due to a finite hole density in the 1-spectrum, there appears again a low-energy
J-peak.

The exchange splitting has an interesting dependence on wavenumber. At the
upper end of the spectrum (X-point: (0, 0, 2r)) we find a normal splitting, i.e. the
J-peak lies above the 1-peak. At the lower end (I'-point: (0,0,0)) it is exactly the
opposite, namely the |-peak lies below the 1-peak. The quasiparticle dispersions
intersect each other as functions of k. This is the result of two competing correlation
effects. One leads to a spin-dependent exchange shift of the centres of gravity of the
quasiparticle subbands (8.214) and (8.215) with respect to each other in the normal
sense and the other to a spin-dependent bandwidth reduction, which overcompen-
sates the normal shift at the band bottom.
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An example of the temperature dependence of the quasiparticle density of states
is demonstrated in Fig. 8.36. The qualitative interpretation is the same as that for the
SDA results presented in Fig. 8.32 and therefore need not be repeated. On the whole
the curves are rounder compared to those in SDA due to quasiparticle damping. We
will see in Sect. 8.5.10 that this damping leads to an appreciable destabilization of
ferromagnetism compared to the SDA. A main reason for this is a finite overlap
of the spectral density peaks which clearly weakens the self-consistently calculated
ferromagnetic solution compared to the paramagnetic solution. In summary one may
say that because of the inclusion of the quasiparticle damping, the MAA is a system-
atic improvement of the SDA without loosing its advantage (spin-dependent band
shift!). The second shortcoming of the SDA mentioned above, namely the incorrect
weak-coupling behaviour, however, remains even in the MAA. This will be a point
to ponder in the next section.

8.5.8 Dynamical Mean Field Theory

Neither the SDA self-energy nor the MAA self-energy satisfy the correct weak-
coupling behaviour (8.239). Therefore, we now search for a method which in a
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reasonable way interpolates between the rigorous results of the weak and strong
coupling. This is achieved by the recently developed and extraordinarily success-
ful dynamical mean field theory (DMFT) [17]. First, we start with a wavenumber-
independent (local) self-energy. According to (8.255) this is exact in the case of
a lattice of infinite dimension d. Let us assume that this is an acceptable starting
point even for finite dimensions. We have shown for this case in Sect. 8.4.10 (8.264)
that the self-energy in the Hubbard model can be expressed by the diagrammatic
functional C, of an impurity scattering (8.263). This fact will now be exploited
together with an investigation of a well-known impurity problem [18].

The starting point is the “single-impurity” Anderson model (SIAM). The model
describes a partially filled energy band which hybridizes with a localized correlated
impurity (d) level and therefore is described by the following Hamiltonian:

H =" (ea = Wnao + y_((k) — jt)ns +

ko

1
+ 3 (Viachyoho + Varclycao ) + SUY nagnas  (8332)
ko o
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CZU (cqo) 1s the creation (annihilation) operator of an electron with spin o in a single
localized d-level (impurity level) and correspondingly cfw(ck(,) for a band electron
with the wavevector k. n;, = chacd(7 is the occupation number operator for the

impurity level and ng, = cfw Cko for the band states. Vig(= V) is the hybridization
matrix element and U is the Coulomb repulsion on the d-level.
The equation of motion of the d-impurity Green’s function

Gao(E) = ((Cao ; ) (8.333)

is formally solved by introducing a corresponding d-self-energy ¥,,(E) using

1
<< [cdg LU annd} ; cj,(,>> = %45 (E)Gao(E) (8.334)

and by defining a hybridization function

_ | Vial?
A(E) = Xk: yRrap— (8.335)

which absorbs the band energies ¢(k) and the hybridization matrix element Vi,
(Problem 8.16):

h
Gao(E) = 5= e AT (8.336)

With the respective free Green’s function

GO(E) = f (8.337)
do E+u—es— A(E)

Equation (8.336) can also be written as Dyson equation:
© P
Gao(E) = G4 (E) + Gdg(E)£EdU(E)GdU(E) (8.338)

This equation has the same structure as the version (8.262) for the Hubbard model.
The corresponding self-energy diagrams belong to the class C, (8.263) of impurity
diagrams

Sus(E) = C, [{GSQ(E)] , U] : (8.339)

provided it is assumed that U has the same meaning as in (8.263).
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We now choose in (8.337) the hybridization function A(E) such that it holds

GO(E) = Fiio(E) (8.340)

Fiis(E) is defined in (8.257) (I = i). One can show that (8.340) can be realized only
when the chemical potential p is same for both the systems and formally one sets

ea =T (8.341)
Comparing (8.264) with (8.339) and (8.340), we get
Yo (E) = Yo (E) (8.342)
and then due to (8.338) and (8.262):
Giio(E) = Gyo(E) (8.343)
With this the Hubbard model is ascribed to the simpler SIAM.

We want to summarize the results once more. Equation (8.262) can be written as
follows:

Fil(E) = GLY(E)+ 3 2, (E)
With (8.340) this means
(69) ™ = 2(E + 10— AED = GiL(E) + 25, (E)
and leads with (8.341) to the following self-consistent equation:
AE)=E +u —Ty — Z,(E) — hG; ;. (E) (8.344)

Due to the k-independence of the self-energy the propagator G;;,(E) can be
expressed in terms of the in general known free Bloch density of states po(E).

I po(x)
Giig(E)—h[w de~|—,u—x—E<,(E) (8.345)

The DMFT solves the many-body problem of the Hubbard model finally through
the following selfconsistency cycle:

e Choose a starting value for X, (E), e.g., X,(E) = 0!
e Using (8.345) calculate G;;,(E)!
e Determine A(E) using (8.344)
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e Solve the SIAM problem (8.336) with the obtained A(E), i.e. find ¥, (E)!
e Use (8.342) for a new starting value of X, (E)!

The remaining job lies in the solution of SIAM in the fourth step. This is certainly
not a trivial problem but very much better worked out than the original Hubbard
problem. With the help of Quantum Monte Carlo methods [19] it is possible to
find a numerically essentially exact solution of the SIAM which can be used in the
DMEFT cycle to solve the Hubbard problem [20]. In the next section, as an example,
we want to discuss an analytical theory of the SIAM problem, then apply it to the
Hubbard model via DMFT to finally obtain statements about band ferromagnetism
in the Hubbard model.

8.5.9 Modified Perturbation Theory

We are looking for a theory of the single-impurity Anderson model, which on
implanting in the DMFT procedure reproduces the correct weak-coupling behaviour
of the Hubbard model (Sect. 8.4.8) without loosing the advantages of the methods
discussed in Sects. 8.5.6 and 8.5.7. That means a self-energy has to be found which
reproduces the exact results in the strong as well as weak-coupling regimes. Most
interesting question here is how far does the weak-coupling physics influence the
possibility of band ferromagnetism in the Hubbard model.

A first step in answering this consists of a second order perturbation theory for
the SIAM

SSOPT(E) = Ung_p 4+ U500 (8.346)

The procedure is same as described in Sect. 8.4.8 for the Hubbard model. Figure 8.37
shows the corresponding second order skeleton diagram for STAM. Evaluation of
this diagram gives an expression which is completely analogous to (8.240), the
only difference being one has to replace the single-electron spectral density of the
Hubbard model by the impurity spectral density of the Anderson model:

contribution to the

Ilo
|
self-energy of the

|
|
|
single-impurity Anderson ¢ =l
model g

Fig. 8.37 Second order

"
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(1) (1)

1 SV SY (s (z)
(So0C) do d—o d—o
Py (E)=ﬁ///dxdydz E—xty—2z *

*(fO) (=0 f@)+ f(=0) f(y)f(=2) (8.347)

It was found convenient to choose here the perturbation theory around Hartree—
Fock (see (8.242)). The corresponding spectral density Sy”) is determined from the
reduced Dyson equation presented in Fig. 8.38 which takes into account only the
skeleton diagrams of first order. Combining this perturbation theory result already
with the DMFT, leads to iterative perturbation theory (ITP) [18], from which one
can show that for the half-filled band (n = 1) it gives excellent result. For n # 1,
however, it turns out to be insufficient particularly from the point of view of collec-
tive magnetic ordering. The strong-coupling behaviour is not correctly reproduced
by this approximation. More promising is therefore the following interpolating self-
energy ansatz [21]:

a, UPESCO(E)
1— b, U2SS(E)

Yo (E)=Ung—o + (8.348)

A high-energy expansion for the SIAM, analogous to the one for the Hubbard
model in Sect. 8.4.7, is used in order to fix the unknown parameters a, and b, .
The explicit calculation shows that the first two spectral moments are automatically
satisfied by the ansatz so that the third and fourth moments are needed for fixing the
parameters. One finds

ng—s(1 —ng4_g)

a(r =
(1) (1)
nd—o(l - nd—a)

(8.349)
By — By, —(n— @)+ Ul —2n4_,)
b, = 0 o (8.350)
Un;,_,(1 —=mn,; )

Here By, is a spin-dependent band shift,

nio(1 = 14 )(Bas — £4) = Y Vel @na—e — 1)) (8.351)
k

‘ =
a

SV
+

Fig. 8.38 Hartree—Fock—Dyson equation for the impurity Green’s function of the single-impurity
Anderson model
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completely analogous to the one for the Hubbard model (8.212). How this higher
correlation function can be expressed by the single-impurity Green’s function is
shown in Problem 8.17:

1
i (1 = g\ Bag = &0) = —Im f dEf(E)AE — 1) *

2
* (1 - Ezdo*(E - M)) Gao(E — ) (8.352)
B;]U) is the mean-field analogue:
n1 —nD)BY — ey = (2@}36 - 1) 3 Vialely can)® (8.353)
k

The occupation number n;l; is to be correspondingly interpreted. The parameter [t

is further introduced in order to fulfil the Luttinger sum rule [22], about which we
will not discuss further here. It is eventually fixed by the condition

n) = ngq (8.354)

The modified perturbation theory presented here has a number of advantages so
that the approximation, inspite of the seemingly arbitrarily proposed ansatz (8.348),
appears to be quite reliable.

1. Correct weak-coupling behaviour up to U? terms.

2. Correct Fermi liquid behaviour for arbitrary band occupations n (not investigated
in detail here!).

3. Luttinger theorem (7" = 0) is satisfied for band occupations not far from half-

filling (n = 1).

Appearance of a Kondo resonance for low temperatures.

W — 0 limit exact for all n.

Correct behaviour for strong coupling.

Spontaneous band ferromagnetism possible!

N s

Figure 8.39 shows a typical result of the MPT for the local spectral density
1/hS;is(E) = ps(E + p), calculated for a hypercubic lattice with the density of
states (8.250) and band occupation n = 0.94 for different temperatures. The energy
units are so chosen that in (8.251) r* = 1/+/2 is valid. One recognizes clearly the
two strong-coupling structures (Hubbard bands) separated from each other by about
U. Striking however is a resonant quasiparticle structure at the chemical potential .
It is very revealing to observe that the resonance begins to appear exactly when the
static susceptibility starts to deviate from the Curie-like behaviour. This indicates a
suppression of the average local moment due to the antiferromagnetic correlations
of the itinerant electrons at the Fermi edge. The striking structure at p, which did
not appear in the other methods discussed so far, can therefore be interpreted as
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N

©
o

Kondo-type resonance. Apparently this can be captured only by such theories of
the Hubbard model which possess the correct weak-coupling behaviour. For tem-
peratures at which x has the Curie-like behaviour (e.g. kg7 = 0.259 in Fig. 8.39)
there is no Kondo resonance at the Fermi edge. On the other hand with decreasing
temperatures, the resonance grows larger approaching the value of the free density
of states (local spectral density) at 7T = 0. Although not discussed in detail here,
it means according to [22] that the theory (MPT) satisfies the important Luttinger
sum rule: S;;,(E = 0) < S;?i(E = 0) (d = 00). Assessing from the number of the
exact results to the Hubbard model reproduced, the MPT appears to be an optimal
analytical approach to the many-body problem of the Hubbard model. In the next
section, we want to compare the results of MPT for band ferromagnetism with those
of the theories discussed earlier.

8.5.10 Curie Temperature, Magnetization and Static Susceptibility

All the theories discussed in the earlier sections exclude spontaneous band ferro-
magnetism for the hypercubic lattice with the density of states (8.250) shown in
Fig. 8.39. It appears that a distinctly more asymmetric density of states is necessary
for collective magnetism. Therefore, we take a d = 3 fcc density of states gener-

alized to d = oo, which was also used in the Quantum Monte Carlo calculation in
[20]:

po(E) = (8.355)
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The energy units are so fixed that it holds

t* =12dd — 1) =1 (8.356)

For this density of states, all the theories presented predict ferromagnetism only
for more than half-filled band. That is why in Fig. 8.40 by band filling we mean
the hole concentration. The corresponding hole density of states is given from
(8.355) by t* — —t*. The figure shows the Curie temperature as a function of
hole concentration n. The electron concentration in this case is 2 — n. The results
of the analytical methods SDA, MAA and MPT are compared with the numerically
essentially exact Quantum Monte Carlo results which can hold as a yardstick of
the reliability of the proposed theories. The T¢ curves for all the methods look
qualitatively similar. The role of the spin-dependent band shift B_, (8.212) and
(8.217), which was discussed earlier, becomes strikingly clear when we compare
the results displayed for the individual theories with the results of the corresponding
approximations which differ exactly by the missing of such a band shift from SDA,
MAA and MPT. The counterpart of SDA in this sense is the Hubbard-I solution
(Sect. 8.5.1) which allows ferromagnetism only for a very asymmetric density of
states. For the density of states (8.355) it indeed has ferromagnetic solutions but in
a very narrow range of n values. The band shift B_,, which takes finite values in
SDA apparently causes a drastic increase of the ferromagnetic stability. It becomes
still more clear if we compare the modified alloy analogy (MAA) with its B_, =
0 counterpart. This is the conventional alloy analogy CAA (8.323) and (8.324)
which excludes ferromagnetism in all cases, i.e. for all coupling strengths U and
band occupations n [23].

I | I I | I | I
kgT,
B'C U=4
0.25 — ]
SDA
0.20 — ]
0.15 — ) ]
MAA

0.10— ) T —
Fig. 8.40 Curie temperature _ MPT
as a function of band “filling” 0.05 — 3 s \; ~
(hole concentration) for an 3 ES aMm CI I\\.
fee-type d = oo-lattice ,.": T T

(8.355). The points with error 0-000 0 02 0d 06 08 1o
bars are the Quantum Monte ’ ’ ’ . ’ ’ :
Carlo results from [20] band filling n
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The comparison of SDA and MAA gives information about the quasiparticle
damping, which is present in MAA but not in SDA. The ferromagnetic coupling
seems to be considerably weakened by the finite lifetimes of the quasiparticles. The
Curie temperatures are distinctly lower. The correct capture of the weak-coupling
behaviour in the MPT leads to a further reduction of T¢. The possible reason could
be the tendency to screen the effective magnetic moments mediated by the Kondo
resonance. The Curie temperatures of MPT are nearest to those of QMC. We con-
clude that the strong-coupling phenomenon of ferromagnetism is also influenced
not inappreciably by the weak-coupling aspects.

Figure 8.41 demonstrates the qualitative equivalence of the theories of the Hub-
bard model that are discussed here, by considering the spontaneous magnetization
(spin polarization of the band electrons) and the inverse static susceptibility as
functions of reduced temperature 7/ T¢. All the magnetization curves can be well
approximated by Brillouin function and reach saturation at 7 = 0 (a small deviation
for MPT). There appear, at least for the parameters chosen, exclusively second order
phase transitions at critical point. The static paramagnetic susceptibility follows for
all theories the Curie-Weiss law: y = C(T — ©)~!, where in all cases the paramag-

Aupgndeosns asianul

magnetization m

Fig. 8.41 Electron spin
polarization m and inverse
static susceptibility x ~! as
function of the reduced
temperature 7'/ T¢. Bottom
figure: QMC results, dashed
lineforT/Tc < 1:

S = 1/2-Brillouin function.
Parameters: U = 4, n = 0.58
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netic Curie temperature ® coincides with the Curie temperature 7. Even the Curie
constant C itself is roughly the same (= 0.5) for the different theories.

The foregoing considerations have shown that band ferromagnetism is possible
in the Hubbard model depending on the following central parameters:

lattice structure,
band occupation,
Coulomb interaction,
temperature.

Our comparison of many analytical procedures has shown as important factors for
magnetic stability, in a positive sense, a self-consistent, spin-dependent band shift,
which through an effective exchange splitting leads to a ferromagnetic phase, and in
a negative sense, a finite lifetime of the quasiparticles which may drastically reduce
the effective ferromagnetic coupling strength. An additional inclusion of the correct
weak-coupling properties (Fermi fluid) eventually provides a convincing description
of band ferromagnetism in the Hubbard model.

8.6 Problems

Problem 8.1 Consider non-interacting electrons in a periodic crystal potential:

_ wo+ ) .
Hy = E E T ¢yoCive W, v: band indices

ijo pv

After Fourier transformation for the (u, v)-elememt of the (2] + 1) x (2/ + 1)-matrix
Ti holds

1 .
"= N Z Ti‘;ve”k(R"’Ri) N; : number of lattice sites
i
ij

The eigenstates of Ti
7,\-‘k |umka> = 8m(k) |umka)
build the unitary matrix 01“7’ which diagonalizes Tk.
eik) ... 0 0
N 0 &k 0
Uko Tk Uy, = . . .
0 0o ... 82[+1(k)

Then the construction operators are transformed as follows:
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1 :
KR, (prmm)*
Cipe = —F— E R (U)o
juo ko mo
VN! '~

Then prove that

HO = Z Em (k)cltmg Ckmo

kmo

Problem 8.2 How does the Hubbard Hamiltonian appear in the Bloch representa-
tion?

Problem 8.3 Check whether the Stoner approximation (Sect. 8.3.1) correctly repro-
duces the exact limiting cases of the band limit (U — 0) and the infinitely narrow
band limit (e(k) — Ty VK).

Problem 8.4 Consider a band antiferromagnet within the framework of the Stoner
model:

H = Z Egﬂ(k)claackﬁ“
ko,a,B

Let the antiferromagnet be made up of two ferromagnetically ordered sub-lattices A
and B:

1 1
g5 (k) = e(k) + zUVl - EZJUma —u
e (k) = t(k) = 24*(k)

mp = —mp =n =npp — Ny

n=ngt + Ny

1. Calculate the quasiparticle energies. Show that they are independent of electron
spin o.
2. Determine the quasiparticle density of states!

Problem 8.5 Verify the following representation of the §-function:

8(x) = % li b

M eshgny A0

Problem 8.6 Let

Uk =Y ofe R, (@=z,x.y)
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be the electron spin operators:

+

1 _
of = 5(”1'T —n;); o0 = c;cii; o = citcm

Calculate for the Hubbard model in a homogeneous external field

By = Bye, the following commutators:

L. [a*(k) , H]_

2 [[o*0. H]_ . o= (-K)]

Problem 8.7 Calculate the chemical potential  of the Hubbard model at half-filling
in the zero-bandwidth limit (Sect. 8.4.2)!

Problem 8.8 Using (8.79) calculate the static susceptibility of the Hubbard model
at half-filling (n = 1) in the zero-bandwidth limit.

Problem 8.9 Consider the two-site model (Sect. 8.4.3). The system contains exactly
one o-electron which can hop in either direction between the two sites. Calculate
the energy eigenvalues and the eigenstates of the electron.

Problem 8.10 Let the two-site Hubbard model

2
1
H = tZ (CLCZU + czgcld> + EU Zzni“ni—"
o i=1 o

be occupied by two electrons with opposite spins. Use the exact eigenstates for r = 0
as the basis states:

=c e 100 (00)=1

. Show that the states 8§2)

2. Calculate the Hamiltonian matrix

—_

> are orthonormal.

=) s

)

(O8]

. Calculate the eigenvalues and eigenstates of the two-site Hamiltonian!
. Using the above results calculate the quasiparticle density of states (8.147):

~
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—0)(F) = ! @ o o0y pBED
Po ( )_EZ<8m}Cla|8n> ¢ *
n,m

5 (E - (E2 - ED))

Problem 8.11 1. Consider the two-site Hubbard model in the case of two o-
electrons and one (—o )-electron. Show that

1
‘E(13)> - (CLG — gﬂ) cloclo 10)

1
) = — (el + by ) elocdy 100

V2

are the eigenstates and calculate the corresponding eigenvalues.
2. Calculate the density of states p((;’"")(E ) for the case where the two-site model
is occupied by one o- and one (—o)-elctron.

Problem 8.12 Particularly important for the possibility of ferromagnetism in Hub-
bard model is the spin-dependent band shift:

i#j
T
ne(l=n_g)B_y = 5 > Ty (el ymrnig = 1)
LJ

Show that this higher correlation <cj_{7 Ci—o(2njs — 1)> is expressible in terms of the

one-electron spectral density Sk, (E).

Problem 8.13 Calculate the first four one-electron spectral moments of the Hubbard
model. Compare your results with (8.221), (8.222), (8.223) and (8.224).

Problem 8.14 The determinant built by the one-electron spectral moments Mli';)
0) (r)

Mko e Mko’

(r) _ .

Aka - . .
(r) (2r)

M ko "7 M ko

allows statements to be made about the structure of the one-electron spectral density
[24]. That is exactly an n-pole function,

Sie(E) =Ny a0 8(E + i — Eig(K)
i=l

when
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(n) _
ALY =0
AD#£0  forO<r<n-—1

Using this theorem, prove that for the case of the Stoner model, the spectral density
is a one-pole function.

Problem 8.15 Consider the Hubbard model in the limit of infinitely narrow band:

Ti_j = T()(S,‘j <> S(k) = TQ Yk

1. Show that for the one-electron spectral moments holds

M) = (T — ' + [(To+ U — )" = (Ty — "] n
n :O’ 1’2’ ..

2. Use the theorem from Problem 8.14 to show that the one-electron spectral density
is a two-pole function, i.e. a linear combination of two §-functions.
3. Calculate the quasiparticle energies and their spectral weights.

Problem 8.16 Determine the Green’s function
Gao(E) = ((cars chy )

of the Anderson model (SIAM). Show that it holds

h

GdG(E) = E+M_8d — A(E)_ Edo'(E)

where A(E) is the hybridization function defined in (8.335) and ¥, (E) is the self-
energy fixed by (8.334).

Problem 8.17 Show that the spin-dependent band shift of the Anderson impurity
model

Nao (1 —n4s)(Bas — €4) = Z Via <Clgcda(2nd—a — 1))
k

can be expressed in terms of the impurity Green’s function G4, as follows:

+00
1
Nao (1 = n4o)(Bag — €4) = o im / dE f(E)A(E — ) *

—00

2
* Gyo(E — ) <EZdU(E - ) - 1)

The notations correspond to the ones in Sects. 8.5.8 and 8.5.9.
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Appendix A
Second Quantization

An exact description of an interacting many-body system requires the solving of
the corresponding many-body Schrodinger equations. The formalism of second
quantization leads to a substantial simplification in the description of such a many-
body system, but it should be noted that it is only a reformulation of the original
Schrodinger equation but not yet a solution. The essential step in the second quanti-
zation is the introduction of so-called creation and annihilation operators. By doing
this, we eliminate the need for the laborious construction, respectively, of the sym-
metrized or the anti-symmetrized N-particle wavefunctions from the single-particle
wavefunctions. The entire statistics is contained in fundamental commutation rela-
tions of these operators. Forces and interactions are expressed in terms of these
“creation” and “annihilation” operators.

How does one handle an N-particle system? In case the particles are distinguish-
able, that is, if they are enumerable, then the method of description follows directly
the general postulates of quantum mechanics:

H\": Hilbert space of the ith particle with the orthonormal basis {|¢{)}:

(@105") = dup (A1)
‘H y: Hilbert space of the N-particle system
Hy=H"OoH" ® - -@H" (A2)
with the basis {|¢y)}:
on) = 10005 - $) = 195) 1¢)) -~ 1650 ) (A3)

An arbitrary N-particle state |y ),

[¥n) = / Y clar-an)gle? - 40)) (A4)

ooy

underlies the same statistical interpretation as in the case of a 1-particle system. The
dynamics of the N-particle system results from the formally unchanged Schrodinger
equation:

W. Nolting, A. Ramakanth, Quantum Theory of Magnetism, 491
DOI 10.1007/978-3-540-85416-6_BM2, © Springer-Verlag Berlin Heidelberg 2009
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p 2w
ot

=H |y) (A.5)

The handling of the many-body problem in quantum mechanics, in the case of
distinguishable particles, confronts exactly the same difficulties as in the classical
physics, simply because of the large number of degrees of freedom. There are no
extra, typically quantum mechanical complications.

A.1 Identical Particles

What are “identical particles”? To avoid misunderstandings let us strictly separate
“particle properties” from “measured quantities of particle observables”. “Parti-
cle properties” as e.g. mass, spin, charge, magnetic moment, etc. are in principle
unchangeable intrinsic characteristics of the particle. The “measured values of par-
ticle observables” as e.g. position, momentum, angular momentum, spin projection,
etc., on the other hand, can always change with time. We define “identical particles”
in the quantum mechanical sense as particles which agree in all their particle prop-
erties. Identical particles are therefore particles, which behave exactly in the same
manner under the same physical conditions, i.e. no measurement can differentiate
one from the other. Identical particles also exist in classical mechanics. However, if
the initial conditions are known, the state of the system for all times is determined
by the Hamilton’s equations of motion. Thus the particles are always identifiable!
In quantum mechanics, on the contrary, there is the principle of indistinguishability,
which says that, identical particles are intrinsically indistinguishable. In quantum
mechanics, in some sense, identical particles lose their individuality. This originates
from the fact that there do not exist sharp particle trajectories (only “spreading”
wave packets!). The regions, where the probability of finding the particle is unequal
to zero, overlap for different particles. Any question whose answer requires the
observation of one single particle is physically meaningless.

We face now the problem, that, essentially for calculational purposes, we can-
not avoid, to number the particles. Then, however, the numbering must be so that
all physically relevant statements, that are made, are absolutely invariant under a
change of this particle labelling. How to manage this is the subject of the following
considerations.

We introduce the permutation operator P, which, in the N-particle state, inter-
changes the particle indices:

p|¢<1>¢<2> ¢(N>> |¢(ll)¢(12) ¢<l~>> (A.6)

Every permutation operator can be written as a product of transposition operators
P;;. On application of P;; to a state of identical particles, results, according to the
principle of indistinguishability, in a state, which, at the most, is different from the
initial state by an unimportant phase factor A = exp(in):
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Pij| . ¢(l) ¢(J) Y= ¢(j) ¢(l) 2
Ml dl) P ) (A7)

Since P2 = 1, it is necessary that A = =£1. Therefore, a system of identical particles
must be elther symmetric or antisymmetric against interchange of particles! This
defines two different Hilbert spaces:

HE\T): the space of symmetric states |y )™

Pij 1Y) = |yw) ™ (A8)
H\,”: the space of antisymmetric states |1/y)
Pij lyw) T =~y (A9)

In these spaces, P;; are Hermitian and unitary!
What are the propertles the observables must have for a system of identical par-
ticles? They must necessarily depend on the coordinates of all the particles

A=AQ1,2,---, N) (A.10)
and must commute with all the transpositions (permutations)
[P, A]_=0 (A.11)

This is valid specially for the Hamiltonian H and therefore also for the time evolu-
tion operator

U(t, o) = exp (—%H(t - to)) ;. (H#FH@) (A.12)

[P, U]_=0 (A.13)
That means the symmetry character of an N-particle state remains unchanged for
all times!

Which Hilbert space out of H™ and H™) is applicable for which type of
particles is established in relativistic quantum field theory. We will take over the
spin-statistics theorem from there, without any proof.

Hl(\f) : Space of symmetric states of N identical particles with integral spin. These
particles are called Bosons.

Hl({): Space of antisymmetric states of N identical particles with half-integral
spin. These particles are called Fermions.
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A.2 Continuous Fock Representation
A.2.1 Symmetrized Many-Particle States

Let ’ng) be the Hilbert space of a system of N identical particles. Here

{—i— . Bosons
E =

— @ Fermions (A-14)

Let ?ﬁ be a 1-particle observable (or a set of 1-particle observables) with a continuous
spectrum, ¢, being a particular eigenvalue corresponding to the 1-particle eigenstate

|bo):

b |Pu) = b |6a) (A.15)
(balp) = 8(¢a — Pp) (= 8(a — B)) (A.16)
[d¢a|¢a><¢a| = linH, (A.17)

A basis of Hgs) is constructed from the following (anti-) symmetrized N-particle
states:

|Gy + Py <8>——Zef’7> {lo)162) -+ [¢) ) (A.18)

p is the number of transpositions in P. The summation runs over all the possible
permutations P. The sequence of the 1-particle states in the ket on the left-hand
side of (A.18) is called the standard ordering. It is arbitrary, but has to be fixed right
at the beginning. Interchange of two 1-particle symbols on the left means only a
constant factor ¢ on the right.

One can easily prove the following relations for the above introduced N-particle
states:

Scalar product:

(6)(‘15/31 o | Py ...)<€)
PPy {8(¢p, — pu)) -+ 8(dbpy — Pay)} (A.19)

Y
Pa

The index « shall indicate that P, permutes only the ¢,,’s.
Completeness relation:

[ [don-asnion 01 = (A20)
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This leads to a formal representation of an observable of the N-particle system,
which will be used later a few times:

Z=/"'/d¢m"'d¢axvd¢ﬁl"'d¢’ﬂN*
* | o, _._)(s) (s)(¢al |Z 65, _._)(s) (S)(¢ﬁ| .
(A.21)

A.2.2 Construction Operators

We want to build up the basis states of HS), step by step, from the vacuum state |0)
({0]0) = 1) with the help of the operator

clm cl

These operators are defined by their action on the states:

¢l 10) = V1lge)® e H (A22)
c16a) = V2$ur¢0,)® € HY (A.23)
Or, in general
Ch1bay + bay)© = VN + 1 dpta, -~ Pay)© (A.24)
<HY eH

c; is called the creation operator. It creates an extra particle in the N-particle state.

The relation (A.24) is obviously reversible:

[
|y Par Pecs ~ - b)) = T G -cl 10) (A.25)

The N-particle state |@g, - - - ) can be built up from the vacuum state |0) by apply-
ing a sequence of N creation operators, where the order of the operators is to be
strictly obeyed.

For a product of two creation operators, it follows from (A.24)

el el las b)) = VNN = Dl oy Bay Py ) (A.26)

If the sequence of the operators is reversed, then we have
cly ey lbus -+ Pay)®
= VNN = Dide, bar Pas** * P )
= e/ N(N = Dldba, s b - -~ Pn)” (A27)
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The last step follows because of (A.18). Since the states in (A.26) and (A.27) are
basis states, by comparing, we can therefore read off the following operator identity:

[c), . cgz]_g =cl cl, —¢ CZQCL, =0 (A.28)

The creation operators commute in the case of Bosons (¢ = +1) and anticommute
(¢ = —1) in the case of Fermions.

We now consider the operator ¢, which is the adjoint of c:;. Because of (A.24)
and (A.25), we can write

(€)<¢a]"'¢aNICV= VN+1(£)<¢V ¢Dt1"'¢011v| (A29)
e, Pay| = 7 (O] Cayy = Car oy

The meaning of ¢, is made clear by the following consideration:
(F)<¢ﬂ2 e ¢)ﬂN |c)/| ¢Dt1 e ¢01N>(£)
eHy eHy
= VN ¢, b5, - By |, - Gey)

JN

= W Sl’apa {3(¢y - ¢a1)5(¢,32 - ¢az) e

@

e 8(Bpy — ban)]

Here we have used in the first step (A.29) and in the second step (A.19). We can
further rewrite the right-hand side

O ey - L1
O T T
180y — Gu) Y e Pu(8(Bp, — Pur) - - (¢, — Bay)
Pe
+ £8(y — Pu) Y 7 Pu(8(Bp, — D0 )8(@p, — Pus) - -+ 8(py — Pu)
Pe
+ eV 718(hy — Guy) D &P Pu(8(p, — ba,)8(¢p, — Puy)

Pa

- 8(¢py — Pan )}

1 (e) (e)
=75 18y — 0u) (g, - Dpy b+ Peay )

+ &8(dy — a) O (Dpy - Doy |Pers Pers + +* Peay )
+ eV 8(py — ay) (B, -+ Dy [Py B By ) )
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With this, the action of ¢, is clear, since @) (¢p, - - - Pp, | is an arbitrary (N — 1)-
particle bra basis-state:

CV|¢a1 T ¢UN>(£) =
1 ®
= ——={8(dy — b)) Pa, - Buy)' +

N

+ N8Py — Pay) By - Py )} (A.30)

¢, annihilates a particle in the state |¢, ) and that is why it is called the annihilation
operator. From (A.28), it immediately follows that

[Ca] ) ch]—s =—¢ ([cll ’ clz]—s)T =0 (A31)

The annihilation operators commute in the case of Bosons (¢ = —1) and anticom-
mute (¢ = +1) in the case of Fermions.
From (A.24) and (A.30) one can show that (Problem A.1)

(cp cf —ec) cp)la; -+ buy)” = 8(dp — )l -+~ b))
From this it follows that
[cs. )], =55 — ) (A.32)

(A.28), (A.31) and (A.32) are the three fundamental commutation rules of the con-
struction operators a,, and a;ﬁ.

A.2.3 Many-Body Operators

We start with the formal (“spectral”) representation of the N-particle observable A
as given in (A.21). Using (A.25) and (A.29), we can write (d¢, = da;)

~ 1
A=m/"‘/dal"'daNd,Bl"‘dﬁN*

s ch e el 10) g, - - 1Alg, - )OOlegy - cp,

o]

(A.33)

Normally, such an operator consists of 1-particle and 2-particle parts:

N i#)
Z:E:Z€1>+l§:2@ (A.34)
i 2 ij .
i=1 i,j
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Using this, we will calculate the matrix elements in (A.33). We start with the 1-
particle part:

N

1 A1 = i e

i=1 Pu Pg
N

{1 (@01 (PJ, ZZE‘%) {16016}

i=1

(A.35)

One can easily see that every summand in the double sum ), ZP,; gives the
same contribution, since every permuted ordering of {|¢q)} or {|¢g)} can be restored
to the standard ordering by renumbering the integration variables in (A.33). In order
to bring back the creation and annihilation operators, which have been reindexed in
the process, into the “correct” sequence, we require, according to (A.28) and (A.31),
a factor ¢P«*Ps which along with the corresponding factor in the above equation
(A.35) gives a factor +1. Thus for (A.33), we need (A.35) only in the following
simplified form:

1
(8) ZA( )|¢ " (8)

N
{01 1 DA i) -+ 1)} (A.36)

i=1

Substituting this in (A.33), we get

AY = / /doe ~dBycl -l 10) x
l 1 Nca |
ll N‘ 1

[@DIA 18502185 - (GV1650)

*

+ @D GDIAL 1) - @I+ |+

(O|CﬁN B

= N'/ /doq daNc -~-CLN|O)>X<

* { / dp1(p VAV 165)) (Oleay - - carep,

*

+ / By (P 1AV 165 Olcay - - CarCpyCay + - }
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1
_ b W3, (D)
=5 [ [ dwdpioialioal {(N o
f~-~/da2--~daNcLz-~-cI,N|0><0|caN~--ca2}cﬂ,
1
2
~ / / dedfs (#7145 19})cl, {m

/.../dalda3...daNCllCI[3---CJ;N|O)

(Olcay ** * CasCay } cﬂ282 + -
(A.37)

The factor €2 in the last line stems from the (anti)commutation cT <~ cT and

cT <~ cﬁ Due to the analogous rearrangements all the other terms get a fac-
tor £2" which in any case is equal to +1 The term in each of the curly brack-
ets is the identity for the Hilbert space HE N1 as given in (A.20). Therefore what
remains is

=

A= Z//d“ A (9014 |95 el e (A.38)

i=1

The matrix elements are naturally the same for all the N identical particles. There-
fore, the factor 1/N and the summation cancel out:

A“) / / dadB(pa| AV pg)chcp (A.39)

i= 1

The remaining matrix element is in general easy to calculate. On the right-hand
side, we do not have the particle number any more. It is of course implicitly present
because, in between c}; and cg, there appears in principle an identity 1, correspond-
ing to the Hilbert space H?f,)_ |

For the two-particle part of the operator 2, at first, exactly the same consid-
erations are valid which led us from (A.35) to (A.36). Therefore, we can use in
(A.33)

@) L A? ©
<¢m~-~|5; T lgp )0 =
z;e,
{<¢(<11x>| ¢(<¥11>| ZA@){ (D |¢(N)>] (A.40)



500 A Second Quantization
Substituting this we are left with

ll#/ S0
5. Al = 2N!/ /dal Byl -+ cl, 10} %

w { @21GLIAR 10611601 6D 165) - @10
+ }(O|CﬂN...Cﬁl

= 2N|/ /dm dOlNd,Bld,Bzcal w C |0)
* (@14 1A 16| ) Ol -~ canepcy + -+

= m/"'/dd]dazdﬂldﬂz*

1 2 2 1 2
<¢( )¢( )I A )|¢( )¢( )> el Otz

* {Uv—_z)!f-../dQS...daNCLB.“CZ‘N|0>

(Ol -+ Cus | €y +

*

The curly bracket now gives the identity in the Hilbert space Hﬁlz, so that we
have

i#] i#]

! @
3 ZA” 2N(N -5 Z/ /da, da; df; dB; x
LJ

(¢(I)¢(1)|AEJ2)|¢(1)¢(I)> a/- (];j Ch; Cp, (A41)

In a system of identical particles, naturally, all the summands on the right-hand side
give identical contributions. Therefore, we have

t#/
A = / / da; das dBy dps *

M) p(2) 3@ (1) 1(2)
< o ¢ |A12 |¢ ¢ ) Otl 0(2 CﬁZ CISI (A‘42)

The remaining matrix element on the right-hand side can be built either with unsym-
metrized two-particle states

(P Par| = (Do {Par| 5 1D Pp,) = |9p) | 05,) (A.43)
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or also with the symmetrized states

1
105,050 = 57 {18105 + clefiog) | (A.44)

What have we achieved? We have, through (A.25) and (A.29), replaced the laborious
building up of symmetrized products from the single-particle states, by the applica-
tion of products of construction operators to the vacuum state |0). The operation is
quite simple, for example,

el0) =0 (A.45)

and the whole statistics is taken care by the fundamental commutation relations
(A.28), (A.31) and (A.32). The N-particle observables can also be expressed by the
construction operators, (A.39) and (A.42) where the remaining matrix elements can
be, usually, easily calculated with single-particle states. Note that the choice of the
single-particle basis {|¢,)} is absolutely arbitrary, a great advantage with respect to
practical purposes. We will demonstrate this in (A.4) with a few examples.

The theory developed so far is valid for continuous as well as discrete single-
particle spectra. Only §-functions have to be replaced by Kronecker-§s and integrals
by summations in the case of discrete spectra.

A.3 Discrete Fock Representation (Occupation Number
Representation)

Let Hf,) be again the Hilbert space of a system of N identical particles. Now, let
¢ be a single-particle observable with discrete spectrum. In principle, the same
considerations are valid as in (A.2).

A.3.1 Symmetrized Many-Particle States

We will use the following (anti-) symmetrized N-particle states as the basis of Hgs):

e+ by ) = Ce D e"P (1) - )} (A.46)
P

Up to the still to be determined normalization constant C,, this definition agrees
with the corresponding definition (A.18) of the continuous case. However, now for
the single-particle states, we have

(Palpp) =bap 3 Z |¢a) (¢a] = Nin'H, (A.47)
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One can see that (A.46) can be written for Fermions (¢ = —1), as a determinant

BD) 162) -+ [6)
60y |¢<§>> |¢<N>>

oy - Gu) T =Cof (A.48)

I¢<”) |¢(2)) |¢(N)>

This is known as the Slater determinant.

In case two sets of quantum numbers are equal, say, o; = «;, then, two rows of
the Slater determinant are identical, which means, the determinant is equal to zero.
Consequently, the probability that such a situation exists for a system of identical
Fermions is zero. This is exactly the statement of the Pauli’s principle!

We define

n; = occupation number, i.e. the frequency with which the state |¢,,) appears in
the N-particle state |@g, - - - Pgy ) .

Naturally, we have

Z n;=N (A.49)

i
where the values n; can be

ni=0,1 for Fermions

n;=0,1, 2, --- for Bosons (A.50)

First, we want to fix the normalization constant, which we assume to be real:

L= |y )

=C2Y > e {1} PP Igl)) ) (A.51)
P P
In the case of Fermions (¢ = —1), every state is occupied only once. Therefore, in

the sum, only the terms with P = P’ are unequal to zero and due to (A.47), each
term is exactly equal to 1. Therefore, we get

C_= (Fermions) (A.52)

1
v N!
In the case of Bosons (¢ = +1), the summands are then unequal to zero, when P
differs from P’ at the most by such transpositions for which only the groups of n;

identical single-particle states |¢;) are interchanged among themselves. There are
naturally ;! such possibilities. With this argument, we get for Bosons
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Cy=(N'ni'ny!---ni!--)"Y2 (Bosons) (A.53)

Obviously, a symmetrized basis state can be completely specified by giving the
occupation numbers. This permits the representation by the Fock states

IN; nyng---m-onj- ) = |y, -y )

=C.y P LI - - o) (A.54)
P
ni nj
One has to give all the occupation numbers, even those with n; = 0. Completeness

and orthonormality follow from the corresponding relations for the symmetrized
states:

E(Nsmy e [Ny ) = 3NNH5W~“ (A.55)

ZZ...Z...|N;...ni...>(€><8)(N;...ni...|=]1 (A.56)

np np n;

(3 ni=N)

A.3.2 Construction Operators

Up to normalization constants, we define the construction operators exactly in the
same manner as we have done for the case of continuous spectrum in (A.2.2):

o INs ) =l ey - Guy)
= Vi + Lo, b+ Gy )
= N+ 1, b, )
=N 1IN+ 1o 4 1)@

(A.57)

Here, N, is the number of transpositions necessary to bring the single-particle state
|, ) to the “correct” place:

r—1
Ne=Y"n (A.58)
i=1
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Equation (A.57) does not, as yet, contain the Pauli’s principle in a correct way. The
operation of the so-called creation operator is precisely defined as follows.

Bosons :
chINs-omp )P =+ TIN Lo 100

(A.59)
Fermions :

ClINs oy ) = (=DM 8, 0 IN + Leomy 100 ))

Any N-particle state can be built up by repeated application of the creation operators
on the vacuum state |0):

> np,=N

INony g )© = P (A.60)
|1y ];[ F( )

The annihilation operator is again defined as the adjoint of the creation operator:

Cay = (ch)f (A.61)

r o
The action of this operator becomes clear from the following:

(S)(N;"'nr"'|Cot,|N;"'ﬁr"')(S)
=8Nrm(5)<N+1;...nr+1...|N;...flr...>(€)
= e+ 18y 15 (Bup - Onpri, )
=8N’x/7l—r31v,1v_1 (anl,m “ Oy i —1 )

=& i, O(N;-np o [N =15 di, — 1)

N, is defined as in (A.58). Since ®(N| - - - N, - - - | is an arbitrary bra-basis state, we
have to conclude

Co IN;---np - VO =N N =15 on, —1...)® (A.62)
or, more specifically,
Co, Ny 1y - Y = = /n,IN — Ny — 1)
(A.63)
Fermions :

Co,INs ) =8, ((=DV|N = 1;---n, — 1)

With (A.59) and (A.63), one can easily prove three fundamental commutation rules
(Problem A.2):
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e 1 —
[Ca, B Caa]_s (Eca, ’ cax]—é‘ 0 (A64)

[Car s CI[J]_‘8 = Ors

We further introduce two special operators, namely, the occupation number opera-
tor:

e =cl, o (A.65)
and the particle number operator:
N=>"7, (A.66)

The Fock states are the eigenstates of 72, as well as of N. One can easily show with
(A.59) and (A.63) that

AN ny - )® =n, IN;--ny - )® (A.67)

Thus 7, refers to the number of particles occupying the rth single-particle state.
The eigenvalue of N is the total number of particles N:

= NIN;---n, =)@ (A.68)

The following relations are valid for both Bosons and Fermions (Problem A.3):

[;l\r s Ci] = C;r N [ﬁr , Gl = =65 ¢
- R (A.69)
[N, cﬁ] =c 7 [N.¢]l =—¢

In order to transform a general operator A (A.34) with a discrete spectrum into the
formalism of second quantization, we have to follow the same procedure as was
done in the case of the continuous spectrum. We only have to replace integrations
by summations and delta functions by Kronecker deltas. Thus, we have expressions
analogous to (A.39) and (A.42):

A=) (¢, 1AV 160, ), ca,

r,r’

1 ~
1 2 2 1 2
+ =Y (@D AP dD)cl cl, ca ca,
2 - r s S
s,s’

(A.70)
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In contrast to the case of continuous spectrum, here, the matrix elements must be

calculated with non-symmetrized two-particle states. The reason for this is the dif-
ferent normalization used here.

A.4 Examples

In this section, we want to transform a few of the most often used operators from
the first to second quantized form.

A.4.1 Bloch Electrons

We consider electrons in a rigid ion-lattice. The electrons interact with the lattice
potential but do not interact with each other:

N,
Hy = H, kin + He(?) = Zhg) (A.71)
i=1

H, 1in is the operator of the kinetic energy

N, 2
H _ Pi
e kin — %

i=1

(A.72)

N, is the number of electrons which interact with the rigid ion-lattice via Hg(?):

N,

N
HY = Z u(r;) 5 () = Z Vei(ri — Ry) (A.73)
a=1

i=1

N is the number of lattice atoms, whose equilibrium positions are given by R,,. v(r;)
has the same periodicity as the lattice:

v(r;) = v(r; + Ry) (A.74)

H, is obviously a single-particle operator. The eigenvalue equation for

2
ho = £— 4 u(r) (A75)

2m

defines the Bloch function x(r) and the Bloch energy e(Kk):

ho Yi(r) = e(k) Y (r) (A.76)
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For ¥ (r), we make the usual ansatz
Yi(r) = ui(r) e’ (A.T7)

where the amplitude function uy(r) has the periodicity of the lattice. The Bloch
functions build a complete orthonormal set:

/dSV Ve (Y () = e (A.78)
1st B.Z.

Y ) =8(r—r) (A.79)

k

Neither Hy nor kg contains spin terms. Therefore the complete solutions are

ko) < (rlko) = e (r) = Yi(r) xo (A.80)

1 0
X = (O) D= (1> (A81)
We define

¢y, (Cko) - creation (annihilation)
operator of a Bloch electron
Since Hy is a single-particle operator, according to (A.70), we can write

Hy =Y (ko |hylK'c") ¢l cio (A.82)

k.o
k', o’

The matrix element is given by
(ko' |hy|K'o') = /d3r(ka|r) (rlholK'o”)

= e(k) f d*r Yt (1) Ynee (1)
= &(K) S S0 (A.83)

So that we can finally write

Hy =&k c, cko (A.84)
k,o
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The Bloch operators satisfy the fundamental commutation relations of Fermion
operators:

[cko Ck’a’]+ = [Clo s CIT(’G’:I =0
* (A.85)

T ’
[Cko’ » Cxrgr N = Skkf Soo

In the special case, where one can neglect the crystal structure, e.g., as in the Jellium
model, the Bloch functions become plane waves

Lokr ek e : (u(r) = const A.86
wk(r):ﬁe ; 8()$W 1 (v(r) = const) (A.86)

A.4.2 Wannier Electrons

The representation using Wannier functions

Ist B.Z.

wg(r—R»:ﬁ > M) (A-87)
k

is a special, frequently used position representation. The typical property of the
Wannier function is its strong concentration around the respective lattice site R;:

/ d*r wi(r —R) wo(r — R)) = 8,0 8 (A.88)

We define
cde (ciy) - creation (annihilation) operator of an
electron with spin o in a Wannier state
at the lattice site R;
These construction operators satisfy the following commutation relations:

_ | Af T —_ 0 . T _ L
[cio+ co], = [cl, cj(,/]+ =0 e, cj(,,L = 8900 8 (A.89)
In this basis, H, looks as follows:

Hy =Y Tycl, cjor (A.90)

i,j.o

Tij =/d3r w, (r — R;) ho wo (r — R;) (A91)
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T;; is known as the hopping integral. In this form, Hy describes, more transparently,
the hopping of an electron of spin ¢ from the lattice site R; to the lattice site R;.
The connection with the Bloch representation (A.4.1) is easy to establish by using
(A.78) and (A.87):

1 1st B.Z.
Tj=w . e®e®T (A.92)
k
| Bz
Cig = ﬁ Z e Ricy (A.93)
K

A.4.3 Density Operator

The operator for the electron density

Ne
Py =) 5(r—T) (A.94)
i=1

is another example for a single-particle operator. It should be noticed that the elec-
tron position T; is an operator but not the variable r:

)= Y (kols(r—T)IKo)el, cwo (A.95)
ko, Ko’

The matrix element is given by
(ko |8(r —T)K'o') = /a’3r” ko |8(r =)'y (x"|K'o")

= 80 / & 8 — ") ko [ (¥ [K o)
= o0’ Yo (¥) Y16 (1) (A.96)

If one restricts oneself to plane waves (v(r) = const.), then

1 .
(ko|d(r —T)k+qo’) = 800/Ve’q'r (A.97)
Using this in (A.95) we get
- 1 T iqr
P =3 Dy Crraoe (A.98)

kqo
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From the above equation, we therefore find the Fourier component of the density
operator:

Pa=_ Cly Ckiqo (A.99)
ko

A.4.4 Coulomb Interaction
Now we have to deal with a two-particle operators:

12 oo

(A.100)

How does this operator look in the formalism of second quantization? We again
choose the momentum representation:

eZ

= *
8mreg

£ ) (k1) P (ko)

Ky -ky
(7]-"0’4

Hc

(e8] ?2)
—|,\(]) ,12)| |(k303)" ' (K404)*") *

* Clilal CITQaz Cks04 Ch303 (A.101)

Since the operator itself is independent of spin, the matrix element is surely nonzero
only for oy = o3 and 0, = oy. Therefore, we are left with the following matrix
element:

vlky -+ k) = 75 (kK| Ik K)

4meg

-2 3 3 (KK (D@ D @ (D )
= é—soffd rd’ry (kK k; ||?,)ﬁ2)||rl ry ) (r;'ry |ky 'k, ")

|"(1)_"(2) |

e’ 3 3 1 D12 (D) 2y (D) (2) 1y (D (2) (A.102)
= 4n80ffd‘r1d*r2 ey (kK ey ) (kUK
= 4;250 [ [ &rnd’r ﬁ‘/fﬁ(1'1)Wé(l'z)lﬂkg(l‘l)lﬁm(l‘z)
Translational symmetry demands that we must have
ki +k, =k; +ky (A.103)

Thus we have obtained the following expression for the Coulomb interaction:

1
i T
He = E Z vk, p, @ Cktqo Cp—qo’ Cpo’Cko (A.104)

kpq
oo’
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with

o [ [ @ i) v

1
x ———Yk(r) Yp(ra) (A.105)
[r; — 13|

v(k,p,q) =

A.5 Problems

Problem A.1 Let |@,, - - - ¢u, )® be an (anti) symmetrized N-particle basis state for
the case of a continuous one-particle spectrum. Then show that

(cpel —eches) 19u, - - Pun)® = 805 — 0|0y -+ ) ©
Y Y

Problem A.2 Prove the fundamental commutation relations

[car ca ]y = [ch, b 1. =0
= 6r,.v

[ca el ],

for the creation and annihilation operators for the Bosons and Fermions in the dis-
crete Fock space.

Problem A.3 ¢,, = ¢, und ci)d = ¢/ are the annihilation and creation operators for

one-particle states |¢,) of an observable ® with discrete spectrum. With the help
of the fundamental commutation relations for Bosons and Fermions, calculate the
following commutators:

D [fech] 20 [ e] 30 [Foa

Here N = Y, 7iy = 3, cley is the particle number operator.

Problem A.4 Under the same assumptions as in Problem A.3 for Fermions, prove
the following relations:

1 () =0 (c})’ =0
2. (1y)? =Ty

3. cufiy =cy s LTy =0
4. Tycy =0, Ngcl =cf

Problem A.5 Let |0) be the normalized vacuum state. Let cL und ¢, be the cre-
ation and annihilation operators for a particle in one-particle state |¢,). Using the
fundamental commutation relations derive the relation
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(Ol cg, - 'Cﬁlcl, "'CZN 10)
=D (B P [8(Br. 1)S(Ba. @2) - - (B an)]

Pa

‘P, is the permutation operator that operates on the indices «;.

Problem A.6 For the occupation number density operator calculate the commuta-
tors

D) [ ch]_+ 2) [fas cp]
Is there a difference for Bosons and Fermions?

. . . + .
Problem A.7 The anti-symmetrized basis states |¢q, -~-<paN>( ! of Hﬁvi) are built
from continuous one-particle basis states. They are the eigenstates of the particle
number operator N. Then show that

9] C,Jg |(poz1 e §OQN>(:E) 2) Ccp |(pa1 T %N)(i)

are also eigenstates of N and calculate the corresponding eigenvalues.

Problem A.8 A system of N electrons in volume V = L? interact among them-
selves via the Coulomb interaction

i#] 2 1

@) @)
Va=3 Vit V= ==
2 Z . 2 4rey [T — T
i

T; und T; are, respectively, the position operators of the ith and jth electron. Formu-
late the Hamiltonian of the system in second quantization. Use as the one-particle
basis plane waves which have discrete wavevectors K as a consequence of the peri-
odic boundary conditions on V = L3

Problem A.9 Show that the Hamiltonian calculated in Problem A.8 of the interact-
ing N-electron system

1 i
Hy = Z go(k) Clackg + 5 Z vo(q) C]t+qgcll,,qarcpa’cko

ko kpq

oo’

commutes with the particle number operator
N = Z cfmck(,
ko

What is the physical meaning of this?
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Problem A.10 Two identical particles move in a one-dimensional infinite potential
well:

0 for0<x<a,
Vix) = orv=r=a (A.106)
oo forx <Oandx > a

Calculate the energy eigenfunctions and energy eigenvalues of the two-particle sys-
tem if they are (a) Bosons and (b) Fermions. What is the ground state energy in the
case N > 1 for Bosons and for Fermions?

Problem A.11 There is a system of non-interacting identical Bosons or Fermions
described by

N
— (@)
H=) H,
i=1
The one-particle operator H l(i) has a discrete non-degenerate spectrum:

H o) = lo): (0P1e") = 8,
|y are used to build the Fock states |N;ni, na, ...)©. The general state of the

system is described by the un-normalized density matrix p, for which the grand
canonical ensemble (variable particle number) holds

p = exp[—B(H — nN)]

—_

How does the Hamiltonian read in second quantization?
2. Show that the grand canonical partition is given by

[T; {1 — exp[—B(e; — w1}~ Bosons,

E(T,V,n)=Spp = [T, {1 + exp[—B(e; — w)]}  Fermions.

3. Calculate the expectation value of the particle number:
N 1 “
(M) = STr(p )
4. Calculate the internal energy:
1
U = (H) = =Ti(pH)

5. Calculate the average occupation number of the ith one-particle state
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. 1 t
(i) = =Tr(pa; a;)

and show that
U=Y el (N)=Y (i)

are valid.



Appendix B
The Method of Green’s Functions

B.1 Linear Response Theory

We want to introduce the Green’s functions using a concrete physical context: How
does a physical system respond to an external perturbation? The answer is provided
by the so-called response functions. Well-known examples are the magnetic or elec-

tric susceptibility, the electrical conductivity, the thermal conductivity, etc. These
are completely expressed by a special type of Green’s function.

B.1.1 Kubo Formula

Let the Hamiltonian

H=Hy+V, (B.1)
consist of two parts. V; is the perturbation which is the interaction of the system
with a possibly time-dependent external field. Hy is the Hamiltonian of the field-free
but certainly interacting particle system. Thus Hj is already in general not exactly

solvable. Let the perturbation be operating through a scalar field F; which couples
to the observable B :

V,=B-F, (B.2)
The restriction made now to a scalar field can be easily removed later. One should
note that B is an operator, whereas F; is a c-number.

Now let A be a not explicitly time-dependent observable. The interesting ques-
tion is the following:

How does the measured quantity (Z) react to the perturbation V,?
Without the field holds

(A)o = Tr(poA) (B.3)

515
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exp(—B Hyp)

=_—— 2 (B.4)
T'r (exp(—p Ho))

£0

where pq is the statistical operator of the field-free system, at the moment in the
canonical ensemble. 8 = 1/kpT is as usual the reciprocal temperature.
On the other hand, with field holds:

Tr(p.A) (B.5)

exp(—BH)
t = (. B.6
P = Tr (exp(—pH)) (B-6)

(A),

where p, is now the statistical operator of the particle system in the presence of the
external field F;. Thus a measure of the response of the system to the perturbation
could be the change in the value of (A) under the influence of the external field:

AA, = (A), — (A) (B.7)

To calculate this we need p,. In Schrodinger picture p, satisfies the equation of
motion

ihpr =[Ho+ Vi, pi]- (B.8)
with the boundary condition that the field for t — —oo is switched off:
lim p, = po (B.9)
t——00

Because of Hy, the Schrodinger picture is not convenient for perturbational approaches.
More advantageous would be the Dirac picture:

pP(1) = et p e~ it (B.10)
One should note the two different time dependences. The lower index ¢ denotes the
possible explicit time dependence caused by the field. On the contrary, the argument

of the statistical operator represents the dynamic time dependence. The equation of
motion now is determined solely by the perturbation:

inpP 0y = [V @), pP ()] (B.11)

The boundary condition follows from (B.9) and (B.10) where py commutes with
H()I

lim pP(t) = po (B.12)
t——00

We can now formally integrate (B.11):
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PP =p— / dr' [VPa, o)) (B.13)

This integral equation can be solved iteratively up to arbitrary accuracy in the per-
turbation V;. For small perturbations one can restrict oneself to the first non-trivial
step (linear response). That means after back-transformation to Schrodinger picture

1 t : .
P po— ;E f di'e” "™ [VP (1), po] _en™ (B.14)

o~

We now calculate (A), approximately by substituting p, in (B.5):

- ‘ | ~
(A); = (A)o — %/ dr'Tr (e"ﬁH‘)’ [VP(E), po]_entor. A)

o0

)

= )0—% / di'Tr (V') poAP (1) = po VP (1)AP (1)

o0

)

= (A -+ f ar'r (o0 [A2), V(1)) )

—00

In the reformulation, we many times used the cyclic invariance of trace. We thus
obtain the reaction of the system to external perturbation:

__i ! / , D DD,
AA, = h/ dt'F, <[A (1), BP(t )]7)0 (B.15)

—00

As a consequence of linear response, the reaction of the system is determined by an
expectation value for the field-free system. One should note that the Dirac represen-
tation of the operators A and B here correspond to the Heisenberg representation
without field (Hy — H).

One defines: “double-time, retarded Green’s function”

Glia(t, 1) = (AW Bay™ = —i0a —O([A0. Be)) ) B.16)

where O is the Heaviside step function. The operators are in the field-free Heisen-
berg representation. The properties of the retarded Green’s function will be dis-
cussed in more detail in the following. Here, we recognize that it describes the
reaction of the system in terms of the observable A when the external perturbation
couples to the observable B

1 [t
AA, = _/ dt'Fy Gyt 1) (B.17)
hJ-o

Later we will assume that the (field-free) Hamiltonian H is not explicitly depen-
dent on time. In that case one can show that the Green’s function does not depend
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on two times but only on the time difference. Then it is called homogeneous in time:
Gt 1)y — Gt — 1)

In such a situation one has the Fourier transformation:

G'4(E) = ((A; B))

+o00 ; ,
:/ dt —t) Gt — 1) en B (B.18)
—0o0
ret / 1 oe ret —LE@t-1)
G —t) = 5 dE G (E)e™w (B.19)
—0oQ

In the following, all the time/energy functions will be transformed in this way. In
particular, for the delta function holds:

1 [t L op g
S(E—E)= 7 dt e~ 7 E-ED (B.20)
8(t—1t) = LY dE enEG=1) (B.21)
27h ) '

We write the perturbing field as a Fourier integral:

+00

- dE F(E) e~ #E+i0) (B.22)
2nh J_o

F

The additional ;0" takes care of fulfilling the boundary condition (B.9). Substituting
this expression now in (B.17) we finally obtain the Kubo formula:
1 +00 ; L
AA; = 2_712/ dE F(E)G75(E +i07) e wnEFO (B.23)
b4

—00

In the following sections we will present a few applications of this important for-
mula.

B.1.2 Magnetic Susceptibility
We consider a magnetic induction B, which is homogeneous in space and oscillating

in time as perturbation which couples to the total magnetic moment m of a localized
spin system (e.g. Heisenberg model) (Fig. B.1):

m=>)"m (B.24)
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Fig. B.1 Interacting localized
moments

m, m;

i indexes the lattice sites at which the localized moments (spins) are present. The
perturbation term then reads

Vi=-m-B, = ——— Z / dE m®B*(E) e #EH0x (B.25)

Interesting here is the reaction of the magnetization of the moment system:

M= (m) = $Z<m,-> (B.26)

It can be approximately calculated with the help of the Kubo formula (B.17):

+00

AMP =mP —MP = —— dr'y " Bi ((mP(1); m*(1'))) (B.27)

Here M is the field-free magnetization which is unequal zero only for ferromagnets.
One defines “magnetic susceptibility tensor”

Ko

o Lmd @5 m§ ) (B.28)

X )= -

This function, which is so important for magnetism, is thus a retarded Green’s func-
tion:

1 +00
B § 2 : 7
Ly«

If the susceptibility is homogeneous in time, ij‘.ﬂ (t,t) = Xf}’s (t—t"), which we want
to assume, then energy representation is meaningful:

1

AMP =
! 2w h[,L()

+00 ) )
2. / dE xi{'(E +i07)B(E)e” # ¥+ (B.30)
ij a YT

Of particular interest are
e “longitudinal” susceptibility:

XEH(E) = =8 (s m)) (B.31)
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With this function it is possible to make statements about magnetic stability. For
example, if one calculates

1 ~ .
XGE) = 5 D2 X (B v (B.32)
i

for the paramagnetic moment system, then in the limit (q, £) — O the singular-
ities

~1
3 iz L
[(q,lgio Xq (E)} =0

give the instabilities of the paramagnetic state against ferromagnetic ordering.
At these points even an infinetesimal, symmetry breaking field produces a finite
magnetization. The poles of the function x;*(E) therefore describe the phase
transition para-ferromagnetism.

e “transverse” susceptibility:

_ Mo _
Xiy () = = (mim ) e (B.33)
Here holds
mJi = m’]‘ +i mi

For this function also the poles are interesting. They represent resonances or
eigenoscillations. One obtains from them the energies of spin waves or magnons:

(X~ (E) =0 < E=hog (B.34)

Thus the linear response theory is not only an approximate procedure for weak
perturbations but also provides valuable information about the unperturbed system.

B.1.3 Dielectric Function

We want to discuss another application of the linear response theory. Into a system
of quasifree conduction electrons (metal), an external charge density is introduced.
Because of Coulomb repulsion, the charge carriers react to the perturbation. This
leads to changes in the density of metal electrons in such a way that it causes effec-
tively a more or less strong screening of the perturbing charge. This is described
by

e(q, E) : dielectric function
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We first want to handle the problem classically and undertake the necessary quanti-
zation later. For the external charge density we write

1 +00 )
Pest® 1) = 5 v / dE Z Pe(q, E) /4T ¢~ REHON (B.33)

A corresponding expression should hold for the conduction electrons:

€ iqr
—ep(r) = -7 Zq: pq e’ (B.36)

The interaction of the conduction electrons with the external charge density then
reads as

t
//d3 Br ,,o(r)pex,(,r ) (B.37)
47{80 Ir — 1|
One shows (Problem 4.3)
i(qr+q'r) A7V
[ [rar G = S b (B38)
q

Using this it holds with the Coulomb potential

2

@ 1 e
v = —
o(q V 50q?

(B.39)

after simple reformulation:

1 +00

— L i0+ U ( )
s | aEeEE T T, p@E) (BAD)

q

=

We assume that without the external perturbation the charge densities of the con-
duction electrons and the positively charged ions of the solid exactly compensate
each other. Then we have for the total charge density

ptot(n 1) = pext(rv t) + pind(ra [) (B4l)

where p;,4(r, t) is the charge density induced by the displacement of charges. With
the Fourier transformed Maxwell equations

iq-D(q, E) = pexi(q, E) (B.42)
1
iq-F(q, E) = o (0exi(q, E) + pina(q, E)) (B.43)
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where F is the electric field strength and D is the electric displacement, and the
material equation

D(q. E) = g0¢(q, E) F(q, E) (B.44)

holds for the induced charge density:

Pind(q, E) = [ - 1} Pext(Q: E) (B.45)

e(q, E)

We now translate the formulas obtained classically so far into quantum mechanics.
When we do this, the electron density becomes the density operator

Pa=  Cholirqr :  Poq= P4 (B.46)
k.o

Then the interaction energy also becomes an operator. According to (B.40) it holds

Vi=> piF(@ (B.47)
q
The perturbing field
- ) ( ) +00 . o
—eFu(q) = ;n‘}i dE pexs(q, E) e~ #EHON (B.48)
—00

however, remains naturally, a c-number. How does the induced charge density (oper-
ator!) react to the perturbing field produced by the external charge?

(pina(@. 1)) = —e {{pq)r — (Pq)o} = —eA (pq), (B.49)

We now use the Kubo formula (B.17)
1 oe s ’ T
Alpg), =72 / _ AF@)pg0: g ) (B.50)
q

We assume a system with translational symmetry so that we can use

(og(0): PLAN) = Sq.q ((pa(0): PLEN)

Then we have

+00

(Pina(@. 1) = = f dt' Fr @ (pg(0); pl(t))) (B.51)

—00
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or after Fourier transformation

(pina(q, E)) = %pm(q, E)((pg; P Evio+ (B.52)

We compare this with the classical result (B.45) and then we can represent the
dielectric function by a retarded Green’s function

1 —
eq, E)

1
L+ 5-00(@) {(pg3 P)) E+i0+ (B.53)

The following two limiting cases are interesting:

e o(q, E) > 1: = (pina(q, E)) ® —pexi(q, E), almost complete screening of
the perturbing charge.

e ¢(q, E) > 0: = arbitrarily small perturbations produce finite density oscilla-
tions = “resonances”, i.e. collective eigenoscillations of the electron system.

The poles of the Green’s function ({pq; ,o];))) g+io+ are just the energies of the so-
called “plasmons”.

B.2 Spectroscopies and Spectral Densities

An additional important motivation for the study of Green’s functions is their close
connection to “elementary excitations” of the system, which are directly observ-
able by appropriate spectroscopies. Thus certain Green’s functions provide a direct
access to experiment. This is more directly valid for another fundamental function,
namely the so-called “spectral density” which has a close relation to the Green’s
functions. Figure B.2 shows in a schematic form, which elementary processes
are involved in four well-known spectroscopies for the determination of electronic
structure. The photoemission (PES) and the inverse photoemission (IPE) are the
so-called one-particle spectroscopies since the system (solid) contains after the
excitation process one particle more (less) as compared to before the process. In
the photoemission the energy hw of the photon is absorbed by an electron in a
(partially) occupied energy band. This gain in energy makes the electron to leave
the solid. Analysis of the kinetic energy of the photoelectron leads to conclusions
about the occupied states of the concerned energy band. Then the transition operator
Z_| = ¢, corresponds to the annihilation operator ¢, if the particle occupies the
one-particle state |« ) before the excitation process. In the inverse photoemission, a
somewhat reverse process takes place. An electron is shot into the solid and it lands
in an unoccupied state |8 ) of a partially filled energy band. The energy released is
emitted as a photon Aw which is analysed. Now the system contains one electron
more than before the process. This corresponds to the transition operator Z; | = cjg.
PES and IPE are in some ways complementary spectroscopies. The former provides
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Fig. B.2 Elementary processes relevant for four different spectroscopies: 1. photoemission (PES),
2. inverse photoemission (IPE), 3. Auger electron spectroscopy (AES), and 4. appearance-potential
spectroscopy (APS). Z; is the transition operator, where j means the change in the electron num-
bers due to the respective excitation

information regarding the occupied and the latter about the unoccupied states of the
energy band.

Auger-electron spectroscopy (AES) and appearance potential spectroscopy (APS)
are two-particle spectroscopies. The starting situation for AES is characterized by
the existence of a hole in a deep lying core state. An electron of the partially filled
band drops down into this core state and transfers the energy to another electron
of the same band so that the latter can leave the solid. The analysis of the kinetic
energy of the emitted electron provides information about the energy structure of the
occupied states (two-particle density of states). The system (energy band) contains
two particles less than before the process: Z_, = c,cg. Almost the reverse process
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is exploited in APS. An electron lands in an unoccupied state of an energy band. The
energy released is used in exciting a core electron to come up and occupy another
unoccupied state of the same energy band. The subsequent de-exciting process can
be analyzed to gain information about the unoccupied states of the energy band. In
this case then the system (energy band) contains two electrons more after the process
as compared to before the process. Therefore the transition operator is Z,, = c; CL.
AES and APS are obviously complementary two-particle spectroscopies.

We now, using simple arguments, want to estimate the associated intensities for
the individual processes.

e The system under investigation is described by the Hamiltonian:
H=H—uN (B.54)

Here 1 is the chemical potential and N is the particle number operator. Here
we use H instead of H since in the following we want to perform averages in
grand canonical ensemble. This is necessary because the above discussed transi-
tion operators change the particle number. However, H and N should commute
which means they possess a common set of eigenstates:

H|E,(N)) = E,(N)|Eo(N)) ; N|E,(N)) = N |E,(N))
Then H satisfies the eigenvalue equation
HIEN(N)) = (Ex(N) — uN) |Ex(N)) — E, |Ey) (B.55)

In order to save writing effort, in the following, so long as it does not create
any confusion, we will write the short forms i.e. for the eigenvalue instead of
(E,(N) — uN) write E, and for the eigenstates instead of | E,,(N)) simply write
|E, ). However, the actual dependence of the states and eigenenergies on the par-
ticle number should always be kept in mind.

e The system at temperature 7" finds itself in an eigenstate | E,, ) of the Hamiltonian
‘H with the probability

exp(_IBEn)

o] —

where E is the grand canonical partition function
E =Tr(exp(—BH) (B.56)

e The transition operator Z, induces transitions between the states |E, ) and |E,, )
with the probability

KEn|Z |Ey)? r=4+1,42
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e The intensity of the measured elementary process corresponds to the total number
of transitions with excitation energies between E and E + dE:

L(E) = é Y e P UENZE)IP $(E — (Ep — En)) (B.57)

m,n

If the excitation energies are sufficiently dense, as is anyway the case for a solid,
then I,.(E) is a continuous function of the energy E.

o At this point we neglect certain secondary effects, which of course are important
for a quantitative analysis of the respective experiments, but are not decisive for
the actually interesting processes. This is valid, for example, in PES and AES for
the fact that the photoelectron leaving the solid can still couple to the residual
system (sudden approximation). In addition, the matrix elements for the transi-
tion from band level into vacuum are not taken into account here. However, the
bare line forms of the mentioned spectroscopies should be correctly described by
(B.57).

One should note that for the transition operator holds

zZ, =27

—r

(B.58)

That means complementary spectroscopies are related to each other in some way.
This is now investigated in more detail:

1
L(E) = = ) e e P [(Ep| Z,| En) > S(E — (E — En))
1
= = > PEe P (B, Z, | E,) P S(E — (E, — En)
ef* —BE 2
= — > ¢ P UENZ E)I $(—E) — (Ep — Ep)

In the second step only the summation indices n and m are interchanged; the last
transition uses (B.58). We then have derived a “symmetry relation” for the comple-
mentary spectroscopies:

I(E) =Pt I_(—E) (B.59)

We now define the spectral density which is important for the following:
1
=S = 1, (B) F 1(=E) = (" % 1) L.(—E) (B.60)

The freedom in the sign will be explained later. From (B.59) and (B.60) one recog-
nizes that the intensities of the complementary spectroscopies are determined by the
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same spectral density in a simple manner:

1
hI.(E) = p SH(—E) (B.61)

hI_(E) = S<i>(E) (B.62)

Thus the just introduced spectral density is closely related to the intensities of spec-
troscopies. Therefore we want to further investigate this function by performing a
Fourier transformation into the time domain:

1 +o0 ; ;
w7 | dEe‘ﬁE("”I_,(E)
T
1
=553 Ze*“‘le R B OE | Z_ | Ey) (EalZL, | Enn)
T
1
=373 Ze—f‘E Eple®™ Z_,e w1 |E,) *
T
(Eylen™ Z,e 71 |E,,)
=772 Ze’” (EalZ (D En) (En| Z](t)IE,)
11 b .y
=3zl En| Z,()Z](t)| Ey)
= m(&(x) Zi(")

Completely analogously one finds

1 [t

— dEe 7 (~E) = : —(ZI() Z,(t))
2nh J_o 2 h

That means with (B.60) for the double-time spectral density

1 +o0 ; ,
S(")(t, )= — dEe~ #E@=1) S(")(E)
" 2 h r
- [z, Z}w)],) (B.63)
2 PR e
Here n = = is at the moment only an arbitrary sign factor. [--- , ---]_, is either a

commutator or an anti-commutator:

[z.0), Z)]_, = Z () ZI() = n Z[(t") Z, (1) (B.64)
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We have shown that spectral density in (B.63) is of central importance for the inten-
sities of spectroscopies. In addition it can also be shown that a generalization of
spectral density to arbitrary operators A and B is closely related to the retarded
Green’s functions introduced in (B.16). This is also true for the other types of
Green’s functions to be defined in the next section. The “spectral density”

1
St 1) = o~

([A0), BaH]_,) (B.65)

has the same place of importance as the Green’s functions in the many-body theory.

B.3 Double-Time Green’s Functions

B.3.1 Definitions and Equations of Motion

In order to construct the full Green’s function formalism the retarded Green’s func-
tion introduced earlier is not sufficient. One needs two other types:
Retarded Green’s function

Glip(t,1') = ((A(1); B(t))"" = —i®@ — ) {[A®), B1)]_,) (B.606)

-
Advanced Green'’s function

G4%(@t. 1) = ((A(t); B)“ = +i0@ — n){[A®), B()]_,) (B.67)

-
Causal Green’s function
Gopt, 1) = ((A(1); BU) = —i(T, {A®B()}) (B.68)
The operators here are in their time-dependent Heisenberg picture:
X(t) = en™ X e~ wMt (B.69)
where, just as in the derivation of the spectral density in the last section, the transfor-
mation should be carried out with the grand canonical Hamiltonian H = H — uN.

In doing this we assume that H is not explicitly dependent on time. The averages
are performed in the grand canonical ensemble:

(XY)==Tr (e’ XY) (B.70)

o] —

E is the grand canonical partition function (B.56). The choice of the sign n = =+ is
arbitrary and appears based on the convenience in a given situation. If A and B are
pure Fermi (Bose) operators, then n = — (n = +) is convenient but not necessarily



B.3 Double-Time Green’s Functions 529

required. The brackets in (B.66) and (B.67) are anti-commutators in the former case
and commutators in the latter case as was fixed in (B.64).

The definition (B.68) of the causal Green’s function contains the Wick’s time
ordering operator:

T,{A@)B(t)} = O —t") A®)B(t") + n O(" — 1) B(t')A(t) (B.71)
The step function ®

1 fort >t
O0fort <t

O — 1) = { (B.72)

is not defined for equal times. This is reflected in the Green’s functions and so has
to be considered later. Because of the averaging in (B.70), the Green’s functions are
also temperature dependent. As a result, later, an unusual but convenient relationship
between the temperature and time variables will be established.

In addition to the Green’s functions (B.66), (B.67) and (B.68), the spectral den-
sity (B.65) is of equal significance.

We now prove “retrospectively” that if 7 is not explicitly dependent on time,
then the Green’s functions and the spectral density are homogeneous in time:

oM
<5, =0~ Glip 1) = Gt — 1) (B.73)

Sap(t.t') = Sap(t — 1) (B.74)
The proof is complete provided the homogeneity of the “correlation functions”
(A() B(t") 5 (B(t) A1)

is proved. This is achieved by using the cyclic invariance of trace:

Tr (e P"A@t) B(t)) = Tr (e_ﬁHe%H’ Ae i on™' B e‘ﬁH”)

Tr (eiﬁm e PHentt g o= nMl ont B)
iy 1 i iy
Tr (e_ﬂHe_hH’ et A e wM g B)
T

r(e P A(t —1)B)

Thus the homogeneity is shown as
(A1) B(t")) = (A(t — 1) B(0)) (B.75)
Analogously one finds

(B(t") A1) = (B(0) A(t — 1)) (B.76)
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For the approximate determination of a Green’s function, one can use the respec-
tive equation of motion which is directly derived from the equation of motion of the
corresponding time-dependent Heisenberg operators. With

9 0

—0O@—1t)=8(t—-1)=——0@0—1 B.77

o ( ) =8( ) oy ( ) (B.77)
one gets formally the same equation of motion for all the three Green’s functions:

. 0 ret,ad,c ’
zha—tGAe,;“ (t, 1) = hd(t — t'){[A, B],)

+ (([A, H]_ (1); B(t)) <"t (B.78)
The boundary conditions are, however, different:

Gt t)y=0 for r <t (B.79)
Gy, t)y=0 for r >1 (B.80)

¢ , —i{A(t —t')B(0)) for t >1
Gapt 1) = { —in(BO)A(t — 1)) for t <1’ (B.81)
The boundary conditions for the causal function are quite unmanageable. For that
reason this function does not play any role in the equation of motion method. That
is why it will not be considered here any more.

On the right-hand side of the equation of motion (B.78) appears a higher Green’s
function as [A, H]_ (¢) is itself a time-dependent operator. In some special cases
[A, H]_ () o< A(¢) holds. Then an exact solution of the equation of motion is
directly possible. However, in general, such a proportionality does not hold. Then
the higher Green’s function satisfies its own equation of motion of the form

J .
iho- (A, HI- (0 B(t') e =

=18t — ) {[[A, H]_, B]_)+

n

+U([1A, HI, H]_ (@), Ba)) (B.82)

On the right-hand side appears a still higher Green’s function for which again
another equation of motion can be written. This leads to an infinite chain of equa-
tions of motion which, at some stage, has to be decoupled physically meaningfully.

Going from the time domain into energy domain also does not change anything
for this chain of equations. However, with (B.18) and (B.21), one gets a pure alge-
braic equation which can possibly be of advantage:

E((A; B = B([A, Bl_,) + ([A, H]_; B))" (B.83)
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The boundary conditions (B.79) and (B.80) manifest themselves as different ana-
Iytical behaviours of the Green’s functions in the complex E-plane. This shall be
investigated in detail in the next section.

B.3.2 Spectral Representations

In order to learn more about the analytical properties of these functions, with the
help of the eigenvalues and eigenstates (B.55) of the Hamiltonian H, we derive
the spectral representations of the retarded and advanced Green’s functions. The
eigenstates constitute a complete orthonormal system:

(EalEn) =8um 5 Y |Ea){Eq| =11 (B.84)

Using this, we first rewrite the correlation functions (A(z) B(')), (B(t") A(?)):

E-(A(t)B(t") = Tr {e P A(t) B(t))}

= > (Eale " A(t) B(t)|E,)

=) (Eale PAWIEn) (En| B()|E,)

n,m

= 3 e PP B | AIE ) En| BIE,)er B Fn =)
n,m

= Z e PEn oP(Es—En) (Ey|BIEn){(En|A|E,) *
n,m
e~ ¥ En—En)t=1)

In the last step we simply interchanged the summation indices n and m. Completely
analogously one finds the other correlation function

E- (BU)A®W) =Y e B (E,|B|Ey)(En|A|E,)e 7 B En=)

n,m

Comparing these expressions with the Fourier representation of the spectral
density

4 l /
Sap(t, 1) = E([A(t)’ B(®)]_,)

1 +00

= dE e 7E0 8, 5(E) (B.85)
2rh J_o
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we get the important “spectral representation of the spectral density”

h
Sap(E) = — D (Eu|B|Ey,)(EnlA|E,) %

n,m

*eiﬁE” (gﬂE — 7])5 (E - (En - Em)) (B86)

The arguments of the delta functions contain the possible excitation energies! Let
us compare this with (B.57), the intensity formula for r-particle spectroscopies and
their simple relationships (B.61) and (B.62) with the respective spectral
densities.

We now try to express the Green’s functions in terms of spectral density. This is
possible with the following representation of the step function:

i 400 e—ix(t—l/)
Ot —t)=— dx ——— (B.87)
27 J_ oo x +i0+

This is proved using the residue theorem (Problem B.4). Using this we first rewrite
the retarded function
+o0

Geh(E) = / d(t — )en P (=iO( — 1) (27 Sap(t — 1)

—00

+o00 ; , 1 400 efix(tft’)
=/ d(t — )ernEe=1) —/ dx ——— | %
oo 27 J_ oo x +i0*

1 [t I
* (-/ dE’SAB(E’)e—nE“—”)
hJ-o

+o0 +00 1
= / dE,SAB(E/)/ dx
— —00

s X0t
*5— _:o d(t — t')e# E-E=m0=1)
+00 +00
= /W dE’sAB(E’)LO dx——8(E — '~ )

+oo 1 Sap(E’
/ dE'S - AB(E")
w CRLEZE)ti0F

This gives the “spectral representation of the retarded Green’s function™:

o0 S (E/)
G (E) = dE' — A8 77 B.88
as(E) f_oo E — E' +i0* (B.88)
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The advanced Green’s function can be treated completely analogously:

+0o0 .
GY5(E) = / d(t — 1)en 5 (+iO — 1)) (2mSap(t — 1))

—0Q

+o0 LBt -1 +o0 efix(t’ft)
= d(t —tenE0=1 [ — dx ———
,/;oo ( e 271/;00 xx—}—iOJr *
1 [+ e
* (—/ dE’SAB(E’)e_hE(’_’)>
hJ o

+00 +00 1
= / dE’SAB(E’)/ dx
- —o0

. +*
. x +1i0
+00

* d(t — t')er E-EHRO0=
2nh J_o

“+o0 +o00 1
= dE'S,p(E’ d S(E—E +h
[m AB( )ﬁw xx+i0+ ( + hx)

/*de,l Sa(E")
o hi(E — E")—i0*

This gives the “spectral representation of the advanced Green’s function”:

+o0 S (E/)
G (E) = dE' — A8~ B.89
a5(E) /_oo E—E —i0F (B.89)

The different sign of i0" in the denominator of the integrand is the only but impor-
tant difference between the retarded and the advanced functions. The retarded and
advanced functions have poles, respectively, in the lower and upper half-planes. This
results in different analytical behaviours of the two functions.

G'{5(E) in the upper and G5 (E) in the lower complex half-plane can be
analytically continued!

Finally, we can substitute (B.86) in (B.88) and (B.89):

ret

h
GYH(E) = — Y (Es|BIEn)(En|A|E,) x

d
n,m

eBE~Ep)

~BEx 1 B.90
Y E = (By— Eg) 20 (B.50)

We see that we have meromorphic functions with simple poles at the exact (/) exci-
tation energies of the interacting system. With a suitable choice of the operators A
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and B special poles can be extracted, i.e. E = E, — E,, appears as a pole only if
(En|B|Ep) # 0 and (Ej|A|E,) # 0.

Because of the identical predictive power and the same equation of motion the
retarded and advanced functions are considered to be the two branches of a unified
Green’s function in the complex plane:

G p(E) = /W , Sap(E) _ {GK,;(E) if ImE > 0

o dE E—E | GY(E),if ImE <0

(B.91)
In the following, we want to call this the combined Green’s function. Its poles lie on
the real axis.

With the “Dirac identity”,

1 1
= [TS(x — B.92
X — xo £i0* 7Dx—xo:':m (x = o) ( )

where P represents the Cauchy’s principal value, one finds the following relation
between the spectral density and the Green’s functions:

Sap(E) = i (G'E4(E) — G9(E)) (B.93)

If S4p(E) is real, which it is in many of the important cases (e.g. B = A'), this
relation becomes even simpler:

1 ret
San(E) = F— Im G4iy(E) (B.94)

Equations (B.88) and (B.89) show that the Green’s functions are completely fixed
by the spectral density. On the other hand according to (B.94) only the imaginary
part of the Green’s function determines the spectral density. This means there must
be relations between the real and the imaginary parts of the Green’s function; they
are not independent of each other. These relations are called the Kramers—Kronig
relations which we will explicitly derive in Sect. B.3.5.

B.3.3 Spectral Theorem

The discussion of the last section has shown that the Green’s functions and the spec-
tral density, in addition to their importance in the context of the response functions
(Sect. B.1) and intensities of certain spectroscopies, also provide valuable micro-
scopic information. Their singularities correspond to the exact excitation energies
of the system. We now want to demonstrate that the whole macroscopic thermo-
dynamics can be determined using suitably defined Green’s functions and spectral
densities.
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The starting point is the spectral representation of the correlation functions intro-
duced in Sect. B.3.2.

1 i(E — _y
(BU)AW) = = Y e PP (E,|BIEn) (EnlA|E,)e™ 75— Ent=0)
n,m

Comparing this expression with that for the spectral representation of the spectral
density (B.86), we get the fundamental spectral theorem:

1 SUE) g
Ay = [ TapSE o0 Jasnp B99)
—00 -

Except for the second summand, this result follows directly from the comparison
with (B.86). The second term comes into play only for the commutator (n = +1)
spectral density. It disappears for the anti-commutator function (n = —1). The rea-
son for this is clear from (B.86). For E = 0, i.e. E, = E,,, the commutator spectral
densities do not contribute the corresponding term because (/£ — 1) = 0, even
though they may give a contribution %D unequal zero in the correlation function,
where

h
D=— e PE(E,|B|Ey) (EnlAlE,) (B.96)

Experience, however, shows that in fact in many cases D = 0. But the fact that
this is not always necessary is made easily clear from the following example: The
operator pairs A, B and A = A — (A)l, B = B — (B)1 form identical spectral
densities:

S —t)=5800—1) = S{HE) =5E(E)
On the other hand holds
(B(t") A(r)) = (B(t') A(1)) — (B(t)){A(1))

which would lead to a contradiction without the second term in (B.95) in case
(A(t)) # 0 and (B(t')) # 0. Thus without the extra term D, the spectral theorem
would be incomplete for the commutator spectral density.

How does one determine D? It is possible with the combined Green’s function
(B.91) whose spectral representation

GUyE) = 2 Z<En|B|Em><Em|A|En>e—ﬂEnw (B.97)
AB ) E —(E, — E,)

n,m
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leads to the following relation:

lim E - GV(Ey=(1—-nD (B.98)

The limit must be taken in complex plane. One recognizes the following important
consequences:

e Even though D is needed for the commutator spectral density, the determination
succeeds only using the anti-commutator Green’s function.

e The commutator Green’s function G(AJ”,_,;(E ) is always regular at £ = 0, i.e. it has
no pole there.

e The anti-commutator Green’s function G(A};(E ), for D # 0, has a pole of first
order with the residue 2D.

B.3.4 Spectral Moments
Green’s functions and spectral densities for realistic problems are in general not
exactly solvable. Therefore, one must tolerate approximations. These approxima-
tions can be checked for correctness by using exactly solvable limiting cases, sym-
metry relations, sum rules, etc.

In this sense, the moments of spectral density are found to be extraordinarily
useful. Let n and p be non-negative integers:

n=0,1,2,--- ; O0<p<n

Then for the time-dependent spectral density holds

o\t 0! ,
(lh@) (—lﬁ@) (27TSAB(I—I))=

a\""* N\’ 1 [T o
=|ih— —ih— ) = dE Spp(E)e mnEUT!
(l 8t) ( ! 8t’> hf,oo as(E)e

1 [+ e
= ﬁ/ dE E" Syp(E)e” #EC)
—00

N TP /
=(zha> (—lhw> {[A®), BaH]_,)

For t = ¢’ from the first part of the system of equations one gets the spectral
moments
(n) 1 e n
M, = 7 dE E" Ssp(E) (B.99)
—00
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An alternative representation results from the last part by using the equation of
motion for the time-dependent Heisenberg operators

(n) __
MAB -

= (|:[[[A7 H]_’ H]_ , ’}-[]_7 [’]—{7 R [H’ B]_...]_i| >
-

(n—p)—fold p—fold

(B.100)

With this last relation it is possible in principle to calculate exactly all the moments
independently of the respective spectral densities if the Hamiltonian is known. Then
one has the possibility to control certain approximate procedures for the spectral
density using (B.99).

With the spectral moments, it is possible to formulate a very often useful “high-
energy expansion”. For the “combined Green’s function” (B.91) holds

Sap(E")
E—FE

L[ Tap )
1__

1 o0 +00 E n
= — dE' Sip(E) | =
E;f@ a5 )<E>

A comparison with (B.99) gives

~+00
Gap(E) —/ dE' ——

% (n)

Gap(E) = Z o (B.101)

For the extreme high-energy behaviour (E — o00) this means
h
Gan(E)~ — My = <[A, Bl_,) (B.102)

The right-hand side is in general easy to calculate and therefore, e.g. the high-energy
behaviour of the response functions in Sect. B.1.1 is known.

B.3.5 Kramer’s—Kronig Relations

We have already seen that the Green’s function Gm “(E)is completely determined
by the spectral density Ssp(E) (B.88) and (B. 89) In case it is real, then it can be
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determined by the imaginary part of the Green’s function alone (B.94). Therefore
the real and imaginary parts of the Green’s function cannot be independent of each
other. We will now derive the relationship between them.

One calculates the following integral for real E:

. Gret(E)
Ic(E)= ¢ dEE—A8"—" B.103
) 7§c E—E—i0* ( )

Integration is performed over the path C which follows the real axis and is closed
in the upper half of the complex plane (Fig. B.3). The integrand has a pole at
E=E—i 07, i.e. in the lower half-plane. The retarded Green’s function also has a
pole only in the lower half-plane so that there is no pole in the region enclosed by
C. Therefore it holds

Ic(E)=0 (B.104)

The semicircle is extended to infinity. The high-energy expansion (B.101) shows
that the integrand in (B.103) then goes to zero at least as 1/E2. As a result, the
semicircle does not contribute to the integral (B.103). It remains when the Dirac
identity (B.92) is used:

too retE
():f dEM
o0 E—E—i0f

oo gre E
=7>/ dE EAB(E +in G'{H(E)
—00

That means

: +o00 . Gret E
G%(E)=%P/ ai GinE (B.105)
—00

Completely analogous considerations hold for the advanced function G%%(E). Now
the semicircle will be in the lower half-plane and in the denominator of the integrand
(B.103) —i0" is replaced by +i0*" . Then we have

ImE

Fig. B.3 Integration path C
in the complex E-plane for
the integral (B.103)
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; too Gad E
doB(E)z—;T—P/ dE AB(E (B.106)

—00

Thus it is not at all necessary to know the full Green’s function. The real and imag-
inary parts account for each other (“Kramers—Kronig relations’)

ret

ret i too ImGad (E)

ReGL(E) = —Pf dE —AB " B.107
AB( ) :F7T . E_E ( )
i [t ReGUL(E)

ImGe (E =j:—7?/ dE —AB - B.108
“5(E) L o F ( )

In case the respective spectral density is real the additional relation (B.94) holds.
That leads to

ImG{{(E) = —ImGY%(E) = —m Sap(E) (B.109)
+oo Sap(E

ReG%(E):ReGZdB(E):P/ ap 548(E) (B.110)
o E—E

The retarded and advanced Green’s functions are therefore very closely related.

B.3.6 Simple Applications

We want to apply the above introduced Green’s function formalism to two simple
systems.

B.3.6.1 Free Band Electrons

As the first example, we discuss a system of electrons in a solid which do not interact
with each other, interacting only with a periodic lattice potential. This is described
by the following one-particle Hamiltonian:

MHo=Hy—puN . Ho=Y e cl,cr (B.111)
ko

N=>cl,cx (B.112)
ko

All the interesting properties of the electron system can be calculated from the so-
called one-electron Green’s function:
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.ad . .ad

G “U(E) = ({ckos el )5 (B.113)

Since we are dealing with a pure Fermi system, the choice of the anti-commutator

Green'’s function is natural, however, not mandatory.
The first step is setting up the equation of motion (B.83):

EGI(E) = h{[cko, cfy 1) + ({[ckor Mol cf, )7 (B.114)

With the help of the fundamental commutation relations for Fermions, one easily
gets

[ckos Hol- = (e(K) — 1) cko (B.115)
On substituting this leads to a simple equation of motion
E G "(E) = h+ (e(k) — ) Gy “(E)

Solving this and introducing £i0" in order to satisfy the boundary conditions one
gets

ret,ad _ h
G, (E)= E— k) — ) £i0" (B.116)
The Green’s function is singular at the energy which is required to add an electron
of wavevector K to the non-interacting electron system. That means the singularities
of the Green’s function (B.113) correspond to the one-particle excitations of the
system. The combined Green’s function is naturally directly given from (B.116) by
removing the infinitesimal imaginary term:

h
Gko(E) = m (B.117)

The energy E is thought to be complex here. It is interesting to confirm the result

(B.117) by an exact evaluation of high-energy expansion (B.101) (Problem B.7).
Finally the one-electron spectral density is another important quantity, for which

with the Dirac identity (B.92) along with (B.94) directly from (B.116) follows:

Sko(E) = 18 (E — e(K) + 1) (B.118)

Using the spectral theorem (B.95) one can easily calculate the average occupation
number of the (k, o)-level:

1 [ Se(E) 1
_ i _1 ko(E)
(o) = (e h0) = 3 / E 1= e ] (B.119)

—00
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This is of course a well-known result of quantum statistics. The average occupation
number is given by the Fermi function f_(E) = (e?=" + 1)~! at E = (k).

From (ny,) by summing over all the wavevectors k and the two spin projections
o we can fix the total number of electrons N,:

1 [Fe Sko (E)
N, = o) = - dE
f %:(w) %:h/_w eFE 1 |

1 +00
:E:ﬁ/ dE f-(E)Se(E — 1)
ko -

We denote by p,(E) the density of states per spin, where self-evidently for the free
Fermion system p, (E) = p_,(E) holds, so that we can write N, as

+00
Ne=NY [ dEr B

Here N is the number of lattice sites with which p, (E) is normalized to 1 since the
number of energy band states per each spin direction should be equal to the number
of lattice sites. The comparison of the last two equations leads to the important
definition of the “quasiparticle density of states™:

(E)= ! E Sko (E ) (B.120)
P " Nh - ko ” '
In the case of the non-interacting electrons considered here with (B.118)
(E)= (E) = ()—1 S ( (k) (B.121)
- = p_s = — — — & .
Po(E) = p_o(E) = po(E 5 Ek E k B

follows. Without the lattice potential, for the one-particle energies we get the well-
known parabolic dispersion ¢(k) = % One can then easily show that the density

of states has a ﬁ -dependence.

The considerations for the electron number are correct not only for free electron
system but also valid in general. That is why (B.120) will be accepted as the gen-
eral (!) definition of the quasiparticle density of states for any interacting electron
system.

The “internal energy” U as the thermodynamic expectation value of the Hamil-
tonian is fixed in a simple manner by (ny):
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U= (Hp) =) ek)in)

ko

1 oo
= Zs(k)/ dEf (E)Sko(E — 1)
ko -

1 +0o0
=~ o Z/ dE(E + ¢(K)) f_(E)Sks(E — ) (B.122)
ko VX

The bit more complicated representation of the last line will turn out to be the defini-
tion of U which is valid in general for an interacting electron system
(see B.4.5).

Finally the time-dependent functions are interesting. For the spectral density
(B.118), it is trivial to perform the Fourier transformation:

] ,
Sko(t — 1) = 2y XP (—%(S(k) O U t’)) (B.123)

This represents an undamped oscillations with a frequency that corresponds to an
exact excitation energy of the system (Fig. B.4). This is typical for non-interacting
particle systems. Exactly similarly we find the time-dependent Green’s functions:

G, 1"y = —i®( — t') exp (—%(a(k) — )t — ﬂ))
(B.124)

@ (1 1) = +iO(t — t)exp (—%(s(k) — W — z’))
(B.125)

A AN
VARAVARVARWY.

0
(t-t)

Fig. B.4 Time dependence of the real part of the single-particle spectral density of non-interacting
Bloch electrons
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B.3.6.2 Spin Waves

As another example we consider the (linear) spin waves (magnons) of a ferromag-
net. At low temperatures the Heisenberg Hamiltonian (7.1) can be simplified in the
Holstein—Primakoff approximation (7.1.1) as follows:

Hgw = Eo + Y _ ho(q) ajaq (B.126)
q

ag(aq) are the creation (annihilation) operators for magnons. According to this, the
ferromagnet is modelled as a gas of non-interacting magnons with one-particle ener-
gies

ha(q) = 2Sh* (Jo — J(Q)) + 148 Bo (B.127)

J(q) are the exchange integrals with Jo = J(q = 0). The second summand
describes the influence of an external magnetic field on the one-particle energies.
A precondition for the concept of spin waves is that at 7 = 0 the system is ferro-
magnetic (Ey : ground state energy (7.246)). A symmetry breaking field

By > 0" (B.128)
has to be present necessarily.

Particle number conservation does not hold for magnons. At a given temperature
T, it gives exactly the magnon number for which the free energy is minimum:

IF |
(-J =0 (B.129)
Ny

The differential fraction on the left-hand side is just the definition of the chemical
potential . So for magnons holds

w=0 (B.130)

This means that we can substitute H = H — /UT/ = H in the equation of motion for
the Green’s function. We need the commutator

[aq, HSWL = Z ho(q) [aq, a:;,aqr]_
"

= Z ho(q) [aq, ajl,]i aq
™
= ha(q) aq

Then the equation of motion becomes very simple:

E Gaet,av(E) — h + ha)(q) G;Et,av(E)
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Solving it along with the boundary conditions then gives

h
G (E) = ——————— B.131
« = T ez ion e

Here also the pole represents the excitation energy which indicates either a creation
or annihilation of a q-magnon. That is exactly hw(q) in the absence of interaction.
With (B.92) and (B.94), the important “one-magnon spectral density” follows:

Sq(E) = hé (E — ho(q)) (B.132)

One can quickly calculate the time-dependent function and see that it represents as
in the case of free Bloch electrons, an undamped oscillation:

1
Salt = 1) = 7—exp (—iw(Q)(t — 1)) (B.133)

The frequency of oscillation again corresponds to an exact excitation energy of the
system.

With the help of the spectral theorem (B.95) and the spectral density (B.132) we
obtain the “magnon occupation density”:

1

T ) B.134
exp (Bhao(@) —1 1 8 S50

mg = (a,aq)

As we started with the commutator Green’s function, we must determine the con-
stant Dy using the respective anti-commutator Green’s function. The fundamental
commutation relation for Bosons give for the inhomogeneity in the equation of
motion

([aq, ajl]_‘_) =1+42mq

Except for this the anti-commutator Green’s function satisfies the same equation of
motion as the commutator Green’s function. One obtains

M1+ 2myg)

(=) _
Gy (B)= E — ho(q)

(B.135)

In the presence of at least an infinitesimal symmetry breaking external field (By >
0), the magnon energies are always unequal zero and are positive. That according to
(B.98) means

2Dy = lim EG(E) =0

So that for the occupation density we get

1
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This is the Bose—Einstein distribution function which is a well-known result of ele-
mentary quantum statistics for the ideal Bose gas.

B.4 The Quasiparticle Concept

The really interesting many-body problems unfortunately can not be solved exactly.
Therefore one must tolerate approximations. For describing the interacting many-
particle systems, the concept of “quasiparticles” has proved to be very successful
and will be discussed in this section. The basis for this is the following idea:

complex interacting systems of “real” particles
= non- (or weakly-) interacting system of quasiparticles

This replacement is valid only if one assigns certain special properties to the quasi-
particles which will be discussed in the following:

energy renormalization;
damping, finite lifetimes;
effective masses;
spectral weights, etc.

B.4.1 Interacting Electrons

In order to be concrete, we here want to concentrate on a system of electrons in a
non-degenerate energy band interacting via Coulomb interaction. For such a system
holds in Bloch representation:

H=H-—uN : N=Yd,c (B.137)
ko

1
H =Y e®c}, cks + 3 > U@l g0 ChqoCporce  (B.138)
ko kpqoo’
Let the matrix elements be built with Bloch functions ¥ (r):

2

I
dm=/d%ﬁm£3ZA+wﬂ¢m> (B.139)

ot = o [ [ ey, a0 IR

4re [r; — 1y
(B.140)

Uip(Q) = Vp(—q) (B.141)
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Fig. B.5 Diagram of the
Coulomb interaction between
electrons of a non-degenerate
energy band

All the wavevectors K, p, q stem from the first Brillouin zone. Actually the detailed
structure and interpretation of the matrix elements is not important for the following
considerations. What is decisive is that the interaction (Fig. B.5) makes the problem
definitely unsolvable. In spite of that, is it possible to make a few basic statements?

We will see in the following that also for interacting electrons the one-electron
Green’s function can provide a large part of the interesting information:

G “UE) = (ko cjp ) (B.142)

Completely equivalent to this is the one-electron spectral density:

1 too i ,
SuB) =5 [ da-0e 0 ann. d,@)] ) B4

We want to determine the spectral density using the equation of motion of the
Green'’s function, where from now onwards, we consider only the retarded Green’s
function and for convenience, drop the index ret. Starting point is the following
commutator whose derivation is suggested as an exercise (Problem B.6):

[cko~ H]- = (e(K) — 1) ko + Y Uplerq(@)Ch s o Cpo Chigo (B.144)
pqo’

With the higher Green’s function

Fgl/gq(E) = <(C;+qg/cpa’ck+qa; C]T<0>>E (B145)

the equation of motion reads as

(E = e(K) + 1) Gio(E) = h+ ) vpsq(@T iy (E) (B.146)
pgo’

The function I" prevents the exact solution. A formal solution, however, is possible
with the following separation
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((lexo. M —Hol-: cio))E = Bio(E) - Gio (E) (B.147)

This equation defines the fundamental “self-energy” which, in general, is a complex
function:

Yko(E) = Ry (E) +1 - Lo (E) (B.143)

With this we can now write the Green’s function as follows:

h
OB = F e — i+ T (B) (3149

One should note that in case the self-energy is real, one has to include the term
+i0" in the denominator. Let it be mentioned as a side remark that because of
the Kramers—Kronig relations (B.109) and (B.110), (GﬁZ(E))* = G2 (E) follows.
Then it must also hold:

(Z(E))" = SE(E) (B.150)

We can therefore restrict the discussion to only the retarded self-energy. For sim-
plicity we from now on drop the index ret.

If we switch off the interaction, then we get the Green’s function for the free
system (B.116) which we want to denote by G;S;(E ):

GO(E) = f (B.151)
ko E — (e(k) — u) +i0* '

So the total influence of the interaction is contained in the self-energy, whose knowl-
edge solves the many-body problem. If (B.150) is substituted in (B.149) then we
have

-1
B (GAUE))  Gio(B) = I+ Bio ()G (E)
This leads to the “Dyson equation’:
0) 0y L
Gio(E) = Gi)(E) + G(E) 1 Ty (E)Gio (E) (B.152)

This equation can be solved by iteration up to any given accuracy by knowing
(approximately) the self-energy:

Gio(E) = Gy (E) + Gi(E) Y (% 2ko(E)G{33(E)) (B.153)
n=1
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B.4.2 Electronic Self-energy

We want to try to get a picture of the general structure of the fundamental many-
body terms such as self-energy, Green’s function and spectral density, without being
able to calculate explicitly the influence of the interaction. In doing this we want
to restrict to the retarded functions whose relationship with other types is simple
because of the Kramers—Kronig relations (see (B.150)). First we rewrite a bit the
formal solution for the Green’s function using (B.149):

[E — (k) + 1t — Ry (E)] + i Iy (E)
[E — &(K) + it — Ryo (E))* + 12 (E)

Gio(E) = h

Sk (E) is real and non-negative as one can easily see from the spectral representa-
tion (B.86) for the case A = ¢k, und B = clto. Then holds (B.94)

h ko (E)
Sko(E) = —— 3 (B.154)
7T [E —e(K) 4+ p — Rio (E)I” + Iy, (E)
Obviously for the imaginary part of the self-energy must hold
I (E) <0 (B.155)

In the following we want to analyse spectral density for the argument £ — i and we
expect prominent maxima at points of resonances given by

Eue(K) — £(K) = Rio(Eno(®) =) =0 n =12, (B.156)
We must distinguish two cases:
(a) In the immediate E-neighbourhood of a resonance let
Ioe(E—pn)=0 (B.157)
Then with Iy, — —0% and the well-known expression

1 X
8(E—Ep)=— lim ————— B.158
( 0) b3 xgl}) (E — Eo)z + )C2 ( )

for the delta function, the following representation holds for the spectral density:
Sko(E — ) = hé (E — e(K) — Rio(E — 1)) (B.159)

For the case where there lies more than one resonance in the region under con-
sideration (B.157), we use another well-known property of the delta function:
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1
|f' (i)l

S(fan) =)

i

Stx—x)) 3 flx)=0 (B.160)
x; are the zeros of the function f(x). With this holds

Sic(E =) =h Y (k)8 (E — Epg(K)) (B.161)

n=1
where the coefficients «,,, (K) are known as spectral weights.

-1

o (K) = ‘1 — ) Re(E—w) (B.162)

oE

E=E,; (k)

Summation is over all resonances that lie in the region (B.157). Thus the spectral
density appears as a linear combination of positively weighted delta functions in
whose arguments the resonance energies appear.

(b) Now let it hold

Io(E — ) #0 (B.163)

It may still be assumed that, however, in the immediate neighbourhood of a
resonance holds:

ko (E — )| < |e(K) + Ry (E — ) (B.164)

Then a more or less prominent maximum is to be expected at £ = E,, (k) . We
therefore expand the bracket in the denominator of (B.154):

Emr(k) - S(k) - Rka(Ena (k) - /J/)

d
=0+ (E - Ena(k)) (1 - _Rka(E - M))
oE E=E,;(k)

+ O ((E — Eno(k))?)

We substitute this in (B.154) and also further assume that the imaginary part
of the self-energy is a well-behaved function of energy, so that we can further
simplify in the immediate neighbourhood of the resonance:

Iko(E - I‘L) ~ ]ka(Eno(k) - M) = Ipko (B165)

This gives in the surroundings of resonance a Lorentzian structure of the spectral
density:

h a2 I
SUNE — 1) ~ —— o 1k

B.166
T (E — Eny(K)* 4 (o Liko )* ( )
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The results (B.161) and (B.166) lead finally to the classical quasiparticle picture.
Under the assumptions (B.164) and (B.165) the spectral density is made up of one
or more Lorentz curves or delta functions, whose widths and positions are to a large
extent determined by the imaginary and the real parts of the self-energy, respec-
tively. However, the assumptions made are not verifiable directly but only after the
complete solution of the many-body problem.

We want to physically interpret the general structure of the spectral density as
depicted in Fig. B.6. For this, a Fourier transformation into the time domain is very
useful:

+00

1 [ ,
Sko(t — 1)) = o dE e  nE-WU=g (E — ) (B.167)
—00

This acquires a particularly simple structure for the case (A). With (B.161) follows
directly

no

1 .
Sua(t =1) = 5= 3 e Ky exp (—%(%(k) — )t — r’)) (B.168)
n=1

Thus it is a sum of undamped oscillations with frequencies which correspond to the
resonance energies. This is similar to the result (B.123) depicted in Fig. B.4 for the
non-interacting electron system.

The transformation of the function of type B is a little more complicated. For
simplicity, we will assume that the Lorentz structure (B.166) is valid over the entire
energy range for the spectral density Sli’;)(E — ):

() 1 " E
n _4 — —¢
Sio (t —1') &~ o / dE e~ 7 E-W=g (K) %

1
’ [E " (Eny (K) — 10y () )

1
— B.1
E — (Ena(k) + iana(k)lnka)] ( 69)

Sk(s
T

Fig. B.6 Classical quasiparticle picture of the single-electron spectral density
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The evaluation is done using the residue theorem noting that «,,(K)l,x, < O.
Therefore the first summand has a pole in the upper and the second summand in
the lower half-plane. For (¢ —¢’) > 0 the integral in (B.169) is replaced by a contour
integral where the path of integration runs along the real axis and closes with an
infinite semicircle in the lower half-plane. Only the second summand in (B.169)
then has a pole in the region enclosed by the integration path. The semicircle has
no contribution because of the exponential function. For (r — ") < 0, for the same
reason, the semicircle must be in the upper half-plane. In this region only the first
summand in (B.169) has a pole. Then finally the residue theorem gives
St — 1) ~ fﬂaw(k)e—%(Ew('“—W(’—” *

i

1 ’
« [9 (t — 1) ehonm @haatr=r)

+O (1 —1) e—%am(k)lnkm—z’)]
This can obviously be summarized to
| .
Sl((’(lr)(t - t/) ~ gana(k) exp <_%(Emr(k) - M)(I - t/)> *
1
* exp <—ﬁ |t (K) Lo ( — z’)|> (B.170)

It now represents a “damped” oscillation. The frequency corresponds again to a
resonance energy. The amount of damping is determined by the imaginary part 7,k
of the self-energy. I,k — 0 reproduces the result (B.108).

The time-dependent spectral density Sk, (z—t) for the interacting electron system
consists of an overlap of damped and undamped oscillations with frequencies which
correspond to the resonances E,,(k). The resulting total time dependence can be
naturally quite complicated. In the next section we want to make it clear what these
(un)damped oscillations have to do with quasiparticles.

B.4.3 Quasiparticles

What does one understand by quasiparticles in many-body theory? It certainly has
something to do with the resonance peaks discussed in the last section and shall at
least be qualitatively explained here. For that, for simplicity, we consider the special
case:

T=0; Kl>kr; t>1 (B.171)
That means, we assume that there is something like a Fermi edge. In the case of

non-interacting electrons it is just the Fermi wavevector, which is the radius of
the Fermi sphere. |k| > kr here means only that at T = 0 the one-particle state
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with |[k| is unoccupied. Let the system be in the normalized ground state |Ey).
At time ¢’ a (k, o)-electron is introduced into the N-particle system. The resulting
state

lpo(")) = ¢l (¢ Eo) (B.172)

is not necessarily an eigenstate of the Hamiltonian H. What happens to it in course
of time? Because |k| > kp, we have ck, (¢)| Eg) = 0. Therefore the spectral density
simplifies to

27 St = 1) = (Eol [ (). el (D] 1E0) = (ool en))  (B1T3)

The spectral density is therefore the probability amplitude that the state that resulted
by introducing of (k, o')-electron at time ¢’ still exists at time ¢ > ¢’. That means it
describes the “propagation” of an “extra electron” in an N-electron system. Simi-
larly, for |k| < kr , the spectral density would describe the propagation of a hole.
As typical limiting cases one recognizes

2
o [(@o®l po(t)]
° |(<p0(t)| wo(t)) |(2tit,ﬁoo) = 0 <> “state with finite lifetime”

= const. < “stationary state”

First let us consider once again the case of non-interacting (band-)electrons of
Sect. B.3.6.1 with the Hamiltonian (B.111) for the special case (B.171). Using the

commutator (B.115) we show that cfm |Ep) is an eigenstate of H)
Ho (el | Eo)) = el Hol Eo) + [ Ho. el | 1E0)
= (Eo + () — ) (el | Eo))
With this we calculate
o0(0) = expC3 o) e, exp(—+Hon) o)
= exp(—%Eot) eXP(%Hol) (CL, |Eo>)

= exp(—- Eot) exp(=(Eo + ek — 1)) (el |Eo) )

Then it holds

lpo(1)) = CXP(%(e(k) — 1) |eo(r = 0)) (B.174)



B.4 The Quasiparticle Concept 553

Let us consider further the normalization of the state:

(po(t = 0)| @o(t = 0)) = (Eo| cko chy | Eo)
= (Eo| Eo) — (Eo| ¢l cko | Eo)
= (Ep| Ep) =1

We finally get for the probability amplitude

(o] @o(t))) = exp(—;—i(g(k) — )t — 1) =21 St —1') (B.175)

This naturally agrees exactly with the result (B.123) which we have found in
Sect. B.3.6.1 using the equation of motion method for the free band electrons. It
gives the undamped harmonic oscillations shown in Fig. B.4. In particular we have

[{po)l go@ ) |* =1 (B.176)

Thus, for the case of free electrons it is a stationary state. This is not surprising
because |¢@y) = clta |Eo) turns out to be an eigenstate of H,. It is, however, no more
the case for interacting (band-) electrons

This one recognizes from the spectral representation of the spectral density. If
one carries out the average over the ground state | E) as is required by definition for
T = 0, and then goes through exactly the same steps as in deriving (B.86), then one
gets the spectral density

.
27 St =)= 3 (Eulcly |EQ)| exp(——(E, = Et = 1) B17D)

In the free system, clg | Eo) is an eigenstate of Hy, so that due to the orthogonality of
the eigenstates, only one term in the sum contributes. That does not hold any more
for the interacting system. clta | Ep) is no more an eigenstate, but can be expanded in
terms of the eigenstates:

|90) = | Eo) = Y vul En)
n

where an arbitrary number, but at least two coefficients y, are unequal zero. Every
summand in (B.177) represents a harmonic oscillation but with different frequen-
cies. The overlap sees to it that the sum is maximum for + = ¢. For increasing
t — t’ the phase factors exp(—%(En — Ey)(t — t')) distribute themselves over the
entire unit circle in the complex plane and see to it that, because of the destructive
interference, possibly a very complicated and certainly no more harmonic time-
dependence results as depicted in Fig. B.7. The state created at ¢’ is not stationary
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(t-t)

Fig. B.7 Schematic plot of the time-dependent spectral density of an interacting electron system

but has to some extent a finite lifetime. One could, however, imagine that the compli-
cated time dependence could be simulated by a few weighted damped oscillations
with well-defined frequencies:

27 Sur(t = 1) = Y (K eXP(— 7 (10 () = o)1 = 1) (B.178)

This expression formally has the same structure as for the free system (B.175) with,
however, in general complex one-particle energies:

nna(k) = Re nrm(k) +ilm nna(k) (B179)
In order to realize damping, one must have
Imnue (k) <0 (t—1t >0) (B.180)

The ansatz (B.178) gives the impression as if the extra (K, o)-electron decays into
one or more quasiparticles with the following properties:

e Quasiparticle energy <  Ren,s(K)
e Quasiparticle lifetime < hi-|Im1,, (k)| ™'
e Quasiparticle weight (“spectral”) & e (K)

The lifetime is defined here as the time that is required for the respective summand to
decrease from its initial value by a fraction e. Because of the particle conservation,
for the spectral weights of the quasiparticles

Zozm,(k) =1 (B.181)

must still hold. Formally this follows from

27 S (0) = Y o) = ([ ] ) = 1
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We will carry these interpretations now on to the results (B.108) and (B.110) of the
last section

e Quasiparticle energy <  Re E,(K)
Eno(K) = £(k) + Rig (Eno (k) — ) (B.182)

e Quasiparticle lifetime &  1,,(k)

h
K ( ) |ano(k) Ika (Ena(k) - M)l ( )

e Quasiparticle weight (“spectral”) <& 5 (K)

8 —1
oK) = |1 — — Rio (E — B.184
o (K) Y ko ( M)E:EM ( )

The Lorentz-type peaks in the spectral weight are to be assigned to the quasiparticles,
whose energies are given by the positions and their lifetimes by the widths of the
peaks. The quasiparticle energies are given only by the real part and the lifetimes
are given mainly by the imaginary part of the self-energy. Because of «,,,(K), in a
limited way, the lifetime is of course influenced by the real part too. Iy, = 0 always
means an infinite lifetime. Delta functions in the spectral weight indicate stable, i.e.
infinitely long-living quasiparticles.

To conclude, it should be mentioned that these considerations for the classical
quasiparticle picture are based on the preconditions (B.164) and (B.165) whose
validity can be verified only after the complete solution of the many-body problem.

B.4.4 Quasiparticle Density of States

While discussing the free electrons as an application of the abstract Green’s function
formalism in 3.6., we have learned about the important concept of quasiparticle
density of states. Now we want to introduce this quantity for interacting electron
system and understand its relation to the one-particle Green’s function and one-
particle spectral density.

The starting point is the average occupation number (ny,) of the (k, o)-level,
which with the help of the spectral theorem can be expressed by the one-particle
spectral density:

1 [t
(ko) = (fy o) = 7 / dE f_(E)Sk(E — 1) (B.185)

Here f_(E) is again the Fermi function. A summation over all the wavevectors and
both the spin directions gives the total number of electrons N,
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Ne=)"(nko) (B.186)
ko

Alternatively, the electron number can be expressed in terms of a density of states.
0o (E)dE is the number of o -states in the energy interval [E, E 4 d E] that can be
occupied. Then, f_(E)p,(E)dE is the density of the occupied states. Therefore

+o00
Ne=Y_ f fAE)po(E)AE (B.187)

must hold. A non-degenerate energy band (s-band) contains 2N states, where N is
the number of lattice sites. The factor 2 comes because of the two spin directions.
For the completely occupied band ( f_(E) = 1) therefore

+00
/ dE f(E)po(E) = N

holds. However, the density of states is usually normalized to one: p,(E) =
%f)a(E ). A comparison of the two expressions for N, then gives the “Quasiparticle
density of states”

1
po(E) = < ; Sko (E — 1) (B.188)

All the properties of the spectral density transfer to the quasiparticle density of
states. It is in general dependent on temperature and particle number and naturally
also depends on lattice structure. We have seen in Sect. B.2 that the one-electron
spectral density has a direct relation to angle resolved photoemission. In contrast,
the quasiparticle density of states is seen directly in angle averaged photoemission.

We want to investigate the quasiparticle density of states for an illustrative special
case. For that we consider a real, k-independent self-energy:

R (E)=Rs(E) 5 I(E)=0 (B.189)
This corresponds to the case A of Sect. B.4.2. Therefore (B.159) holds:
Sko(E — ) = h6 (E — Ro(E — p) — &(k)) (B.190)

For the quasiparticle density of states this means
(E) = ! E 8 (E — R,(E ) — e(k)) (B.191)
o = = - o - — & .
P N & M

Comparing with the Bloch density of states for the non-interacting band electrons
(B.121), we get in this special case
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Po(E) = po(E — Ry (E — 1)) (B.192)

P (E) is unequal zero for such energies for which £ — R,(E — n) lies between
the lower and the upper edge of the free Bloch band. If R,(E) is only a slowly
varying smooth function of E, then p,(E) will only be slightly deformed from
po(E) (Fig. B.8). The influence of the particle interaction can possibly be taken
into account by a renormalization of certain parameters. On the contrary, new kind
of phenomena appear if E — R,(E — ) is strongly structured, if as in Fig. B.9
the self-energy, e.g. shows a singularity in the interesting region. The result can be
a band splitting which cannot be understood from the one-electron picture. At an
appropriate band filling, it can happen that in one-electron picture (Bloch picture)
the system is metallic, whereas in reality electronic correlations can make it an insu-
lator. Such a system is called a “Mott—Hubbard insulator”.

E-Xo(E-p)

Y

"""" s s Py

' 0,(E)

Fig. B.8 Quasiparticle density of states for a “smooth” real part of the self-energy

AE-Zo(E-) E

Po

P(E)

Fig. B.9 Quasiparticle density of states of a self-energy with a singularity
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B.4.5 Thermodynamics

To conclude we want to show that the one-electron Green’s function (B.142) or the
corresponding spectral density (B.143) can provide complete information regarding
the macroscopic thermodynamics of the interacting electron system. We start with
the “internal energy” which is defined as the expectation value of the Hamiltonian
(B.138):

U=(H) =) o) (el +

ko

1
+§ Z vk,p(q)<cl+q(7 c;r,_qd,cp(,/ckg>
k.p.q.0,0’

(B.193)

We substitute ¢ — —q and then k — k + q and use the symmetry relation (B.141).
Then U can also be written as follows:

U=(H) =) e® <c£acka> +

ko

1
+5 2 vp.k+q(q)<6£a c:)+qg/cpn/ck+qo)
k,p.q.0,0’
(B.194)

With the help of higher Green’s function (B.145) and the spectral theorem (B.95) it
follows that

U—1 +Oo—dE k lI Gy, (E
‘?z/_oo exp(BE) + 1 2« )<7 mGkol )>

ko

1 1 o'o
5 D ki@ (- ImTR(E) (B.195)

k.p.q.0,0’

From the equation of motion we read off

1 1 ,
3 Z Up.k+q(q) <—; Imr;k(;,q(E)> =

k.p.q.0,0’

1 1
=3 kZ (—;Im (E = &(k) + 1)Go (E) — h))

1 1
=3 %:(E —e(k)+ ) (_;ImGka(E))>
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This we substitute in (B.195)

1
~2h Z /Oo exp(ﬁE) pr e LR D) (—; ImGkg(E)> (B.196)

Once again substituting E — E — u, we finally obtain
1 +00
v=7; Z/ dE f-(E)(E + &(K) Sko(E — ) (B.197)

This is a very remarkable result because the contribution of a two-particle Coulomb
interaction could be expressed in terms of one-particle spectral density. The result
(B.197) was already formally obtained for the case of non-interacting band electrons
(B.122).

From U the “free energy” follows from the generally valid relation

u)—-u(

T
F(T) = U(0) — T/O dT 7

(B.198)

which we prove as problem (B.10). Therefore the whole of macroscopic thermo-
dynamics is determined by the one-particle spectral density itself. In this context,
for the various energy integrals, particularly the prominent quasiparticle peaks (see
Fig. B.6) are important.

B.5 Problems

Problem B.1 Let A(¢) be an arbitrary operator in the Heisenberg picture and p be
the statistical operator:

__exp(=pH)
Tr(exp(—pH))

Prove the Kubo identity:
i L
7 [A(1), p]_ = p/ dir A(t —irh)
0

Assume that the Hamiltonian H is not explicitly time dependent!

Problem B.2 With the help of the Kubo identity (Problem B.1) show that the
retarded commutator Green’s function can be written as follows:

B
((A@); B@H) " = —ho@ —1) / dxr (B(t' — ix)A@))
0
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Problem B.3 For the time-dependent correlation functions, show that
(B(0) At + ihp)) = (A(1) B(0))

holds provided the Hamiltonian does not explicitly depend on time.

Problem B.4 Prove the following representation of the step function:

i oo exp(—ix(t —t'))
Ot —t)=— dx ———
== /_oo ST

Problem B.5 Show that a complex function F'(E) has an analytical continuation in
the upper (lower) half-plane, if its Fourier transform f(¢) for# < 0 (t > 0) vanishes.

Problem B.6 For an interacting electron system
i 1 P
H = Zs(k)ckgckg + 3 Z Z vkp(q)ck+qacl',7qa,cpgrckg
ko k.,p.q 0,0’

derive the equation of motion for the retarded one-particle Green’s function.

Problem B.7 For a system of non-interacting electrons

H =" (k) — 1)}, cuo

ko

calculate all the spectral moments Ml((';) and from there the exact spectral density.

Problem B.8 The BCS theory of superconductivity can be carried out with the sim-
plified Hamiltonian

AZ
H=Y (M)~ wcjycio — A (bk +bl> L2

\%
ko k

Here

T T
by = ¢y y

is the “Cooper pair creation operator” and

A=A=VY )=V (b))
k k
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1. Calculate the commutation relations of the operators by, bl. Are the Cooper pairs
Bosons?

2. Using the one-electron Green’s function (B.142) calculate the excitation spec-
trum of the superconductor. Show that it has a “gap” A.

3. Determine the equation satisfied by A!

Problem B.9 1. For the superconductivity model in Problem B.8, calculate all the
spectral moments of the one-electron spectral density.
2. Choose a two-pole ansatz for the spectral density

2
Sko(E) =hY  aig(K) 8 (E — Eig(K))

i=l1

and determine the spectral weights ¢, (K) and the quasiparticle energies E;, (k)!
By inspecting the spectral moments show that the above ansatz is exact.

Problem B.10 Prove the following relation between the internal and the free ener-

gies:

ur’,vy—u,Vv)
T2

T
F(T,Vv)=U(Q©,V) - T/ dr’
0

Problem B.11 Let |E,) be the ground state of the interaction free electron system
(Fermi sphere). Calculate the time dependence of the state

o) = ¢l cwor | Eo)

Is it a stationary state?

Problem B.12 For the one-electron Green’s function of an interacting electron sys-
tem

h
E—2e(k) + £5 +iy|E|

Gig(E —p) = (y > 0)

may hold.

1. Determine the electronic self-energy Xk, (E).

2. Calculate the energies and lifetimes of the quasiparticles.

3. Under what conditions is the classical quasiparticle concept applicable?
4. Calculate the effective masses of the quasiparticles.

Problem B.13 For an interacting electron system, let the self-energy

o E - ba ..
Y,(E) = w (ay, by, cs positive, real ; ¢, > b,)
E+p—cy

be calculated. For the density of states of the interaction free system holds
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% forO<E<W
0 otherwise

po(E) = {

Calculate the quasiparticle density of states. Is there a band splitting?



Appendix C
Solutions to Problems

Problem 1.1
Letustake R; =0
With V x (pa) = ¢ V x a — a x Vg follows:

W=V x@fr)=fVxm—mxVf

V x m; =0, sincem; : particle property

Substitute:

m;, = %/d%rle(fl)
1 3
=§/dr [r x (Vf xm;)]
-3 / &r [V f@E-m) —myr- V1)l
= %/d% Vi -m;)— %/Cﬁr m;(div(fr) — f divr)

1 3 1 3.
=§/der(r~m,~)—§m,~/d r div(fr)

3 3
+§m,- d}"f
N e’
=1, cond.2.
1/d3 Vf(r m)+3m 1m yﬁds (fr)
== r - m; —-m; — —ny :
2 2 2
aT

=0, cond.l.

Intermediate result:

563
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m 1/d3 Vfr m)+3m
i = 3 r - m; ~m;
2 2

¢
!
|
E
I

1
5/d3r [V(f(r-m;)) — fV(r-m;)]

1 3 1 3

5 d rV(f(r-m,-))—Emi d’r f
—_—
=1, cond.2.

e 0= %/cﬁr V(- m))

1
Ejgds f(r-mj)=0 gqg.ed.
ar

Problem 1.2
From the definition of the canonical partition function

z=1r (")
The average magnetic moment is given by

(m)

Il
[ —
ﬂ
~
|
5
&
)
Q
-
ks
N———"

From this follows the susceptibility:
xr =" ()
" v \eB, ),
_ Ro 1<az>2+1322
BV \ z2\9B, Z 9B}
The first term is clear:

1 (0Z\° _
?(8_3[) = p*(m)? (1.1)

The second term is somewhat more complicated:
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1922 1 @ OH .4
— = = — = —BTr [ —=ePH
Z0B: Z0By 3B,

I
|
N
~
S
sl
o%‘m
=
)
|
N
|
s
N——
[\ ]
<\I
=
jus)
SNS—

In the third step we have exploited the condition that we are dealing with a perma-
nent magnetic moment. Therefore for the susceptibility we have

xr =B (@) - (@) = or y @ = (m)) (12)

Problem 1.3
In a magnetic field B, the magnetic dipole m has the potential energy

V=—-m-B

It will therefore try to orient itself parallel to the field. If the field is only a homoge-
neous external field

By

BQ = B()ex = 0
0

then m will be oriented parallel to x-axis. According to elementary electrodynamics,
the current creates an additional azimuthal field of the form

1
B, =jo—-e
1 MOZ?T,O %

It is convenient to use cylindrical coordinates:

X=pcosg, y=psing, =2

p=xt+y?

—sing 1 (Y
e, =| cosp | =—| «x
0 P\ o

Total field
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1 I -y
B=By,+B;, =B850 _—
o+ B; 0 0 +M02n(x2+y2)
Field at the position ry = (xg, 0, 0):
ol

B(ro) = Boe; +

e,
27 x

Dipole is oriented parallel to B, i.e. it makes an angle « given by

I
2 X0 B()

tano = o

which for small angles gives

1
Ho 2 X0 B()

o~

with the x-axis.

Problem 1.4
For a magnetic system, we use the version (1.80) of the first law. Then the work
done is given by

W =VBydM = poVHIM

M : magnetization; V: constant volume (not a real thermodynamic variable!). From
Curie law follows:

C
dM)r = ?dH
cv
4 W)y = ,bLo—T HdH
t PCV s 2 VT 2
& AWy = | oWy = F= (H = HD) = no - (M3 = M)
o T 2C

Problem 1.5
1.

U
cy = | —
m=\ar ),

follows directly from the first law (1.80). Further holds with U = U(T, M) and
N = const.:
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TdS =dU — VBydM

U U
= (=) dT+ (=) dM —VByMm
T ) oM ),

U vel (M
~Ncg—cy=|l—| — —
S oM ), *1\ar )/,

Curie law:

Substitute
1 n aU oM VB oM
cg=|— — — - e
#=\or /), "\om ), \or ), "\t ),
_ (U (U (MY L Ve
“\or ), " \em ), \o1 ), " "C
Since U = U(T, M) further holds
oU aU
dU = | — dT + | — ) dM
aT ), oM ),
U\ _ (U L (dUY (oM
aT ), \oar ), \oMm ), \aT /,

ou n Vv ”2
cht =\ — —
H or |/, MOC

().~ (57), (),

The two factors are determined separately.

2. It holds

(a)First law (1.80):
dU =TdS + VuoHdM

adiabatic means dS = 0. Therefore

aU U
dU = (=) dT +(—) dM =VuoHdM
T ), M),

567
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~GE), o), = (o= () ) w),

~ (2 cu
AT ) VMOH—(%)T

(b)Once again the first law for adiabatic changes of state
0=dU —VuoHdM

WithU = U(T, H) and M = M(T, H) follows:

~ (L VwoH oM dT +
~\ar ), """ \%r ),
+ i VuoH oM dH
o ), M\ ),
According to part 1 the first parenthesis is equal to cy. Therefore what
remains is
oM oU
CH dT = V,LL()H — —\ — dH
oH ), 0H ) ;

[y (55) ] o

(M) _ VoM — (37),

That means

ﬁs_ CH

This equation is combined with the final result of part 1:

(ﬂ) _ o VoM — Gy
0H )5 cn VuoH — (d_U)T

That was the original proposition!

Problem 1.6

!

35S 3S !
S=S(T,H) & dS=(—) dT+ (- ) dH=
T ) oH ),



C Solutions to Problems

(), =" = (i),

Free enthalpy (N = const.):

This means

dG = —SdT — MV uod H

The corresponding Maxwell’s equation gives
s\ v oM\ v C H
om ), ~ M \Gr ), T

With this it finally follows:
or\ v C H
o1 ) M ey T

Problem 2.1
o L >S§

L+S

Z QJ+1)

J=|L—S]
L+S

= > @J+D

J=L-§

:%(2S+1)[2(L+S)+1+2(L—S)+1]

=S+ DRL+1)

o L <SS

L+S

Y @i+

J=|L—5|
L+S

= > @I+

J=S-L

1
= QL+ DS+ L)+ 1+ 28~ L)+ 1]

=@2S+ QL+ 1)
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Problem 2.2

1. We obviously have

,_ (10 ) (10
% =\o-1 0-1

2. Similarly one can easily get

[UX’U.VL
=E?é)>~(?(§"))(?a")~(?é)
= é)(ii + 5i? =0

o o2l |
=<?;l>’((1)(11>+ (1)(11)(?(;1)
=(76) (L") =0

[0z, oxly
(6%)(T0)+(75)-(o%1)
(21(1))+<(1)(;1>:O

[0+, 0y]
-(10)- (7o) - (") (7o)
(6%)-("7)

S (10, )=

The other two components are obtained analogously.
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4.
_(01) (0 10
9% =\ 10 i0 0—1
_(01\ (0i\_(io0
=10 io)=\oi
—il,
Problem 2.3

One immediately recognizes (i, j = x, y, 2)

~ 0,0 0
o Otj =
0 oo

With the commutation relations for the Pauli spin matrices (see Problem 2.1) follows

ol = (0 )

[O’i, Uj]+

1 0
= 26 <02 ﬂ2> =281l

One can further calculate

= [@. B8], =0

Finally, it remains to be verified

;3;2 (1 0 L 0 (b 0O _ 1
“\lo-n,J\o-1n,) " \om,)™ ™
So that (2.23), (2.24) and (2.25) are proved.

Problem 2.4
In solving the problem one uses the commutation relations for the Pauli spin matri-
ces proved in Problem 2.2:
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[37@]_2%2<[‘7i7(;’j]_ 0 )

o1, ;]

_ hz (21 Zk sijkak 0 )

0 2i Zk 8ijk(7k
.h2 O 0
:l?Xk:SUk<OO’k>
= ihzgijk’s\k
k

Problem 2.5
Hg)) is defined in (2.38).s commutes with the momentum operator p. We now have

to calculate
o~ h a; 0 0 0; h 0 0,0
siaj == = —
2\ 0 o; oj 0 2\ 0i0; 0

~ _E 0 g; o; 0 _E 0 0;0;
ajsl_z of 0 0 o; _2 0;0; 0

From the result of Problem 2.3 this means

[fa] = ? <[ai2,] [Ui%j])

_ EI 0 2i Zk EijkOk
o \2i Zk €ijkOk 0

. 0 Ok . ~
= lhzsijk <0'k 0 ) = lhzgijkak
k k
So that we have

[5;, @-pl_ =ihYy  eijup;dk = ih(p x @),
ik
[s.@-pl_ =ih(pxa)

To this one finds

—~ h O’,’O ]]2 0 _h g; 0 _ o~
Si.’B_E(OGi)(o —]12>_§<0—O',-)_'3'Si

So that
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[’§, HI()O)]_ =ihc(p X @)

For the orbital angular momentum we use the well-known commutation relations
with the linear momentum

[li, pj:L = ihZSljkPk
k
So that it follows:

[li,@-pl_=ih) &ud;p =ih@ x p),
k

o~

With [/;, B]- = 0 it eventually follows:
[T, Hg»] — ilic @ x p)

Problem 2.6
First we use the commutation relations from Problem 2.2:

[(Ti, O'j]7 =2i Zé‘ijko'k
k
[O‘,‘, O'j]+ = 28,’j]12
From this we get the important relation:

0;0; = (Sij I +i E EijkOk
k

Due to the commutability it holds

(O’ . a)(a . b) = Zaibjaiaj = Za,-bj (5,‘] +1i Zeijkak>
i,j k

iJ
= <Z aibj) +1i Z Sijka,‘b_,'O'k
i ijk
=(a-b)ll,+ia-(bxo)
Since o commutes with a and b, we can cyclically permute the operators in second

summand (triple product!).

Problem 2.7

Hp = ca@ - (p + eA) + Bm,c* — ep



574 C Solutions to Problems

Heisenberg’s equations of motion:

R)
|
o

d
ihar =[r, Hp]_ = c[r, p]—

~ 1) =ca

d
i h— A
l dl(P~|—e )
d
=[(p+eA, Hp]_ + iﬁg(p + eA) =

~ - 0A
=ce[p,a-A]l_ —e[p, ¢]- +ec[A,a-p]- + iheg =

h . h . 0A
=ec—[—a-VA+V(@-A)]—e-Vp+ lheE =
i i

h h .. 0A
=ec—(@ x(VxA)—e-Vp+ zheg
i i

d . 0A
N a(p+eA)=—ec(axB)+e Vgo—i—g

With

A
E=-Vp——

finally follows:
d .
a(p +eA) = —e(r x B4+ E).

On the right-hand side is the Lorentz force.
Problem 2.8
1.

3
[Hsp, Li]_ = ZAL&L X: S; =
Z)» ZgjikLijih =ihA Z&‘kﬁLij =
j=1 k Jk

ihA(L x S);
= [Hsp, L] = ihA(L x S)
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2.
3 3
[Hse, Sil- =Y _A[L;S;. Si] Z [s;. 8] =
j=1 =1
3
Z lﬁZ&‘j,kSk—lh)»Zé‘kﬂSkL =
= lhk(S x L);
= [Hsp, S]_ = ihA(S x L)
3.
3 3
[Heg L] =) a[L;S;,17] =) A[Li.L*] S =0
i=l1 i=1
4.

3
[Hsg, S Z [si.8?]_=0

5. From 1 and 2 follows:

[Hsg, Jil- =0 fori =x,y,z

= [Hsp. '] = ) _[Hep, 7] =0

i
Problem 2.9
1. According to (2.162) it must hold
+k
R(TPR (&)= Y (R(eN, T,”

q'=—k

Here we have according to (2.145)
i
R (e)=1-— ESJZ

and according to (2.158)
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4

(R-(e))yy = (kq' | R-(e)| kq)

= <kq/
i
=84 — ﬁgh‘]‘sqq’

= (1 —ieq)dyy

(1- %st)

k
~ Y ReNgy = (1 —ieg)T}?
q'=—k

On the other hand:
_ i i
R.(e)TPR'(e) = (1 — i—iejz)Tq(k)(l + 7—1812)
i
=T - e (/. TO] + 0(?)
Compare:
k k
[/ 7] = haT"

2. According to (2.160) holds

L,
(Re(eN%) = 844 — 518\/k(k F 1) —q(q + Doy

1
— Eis\/k(k +1)—qlg — Déy g

So that we have

+k

I
> Re(eNgy T, = 1,0 = Sie Ak +1) = q(q + DT,%,
q'=—k

I,
- zzs\/k(k +1) —qlg — DT,?,
On the other hand we have as in 1.:
Re&TPR €)= T — 26 [1. T+ 0(")

Then a comparison gives
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h k
(7. T = E/k(k +1) —qlg+ DT

h
+ 5 VkGk +1) —q(q = DT,

Completely analogously one finds

h
[7. TP] = —iVktk+ D = qlq + DT,

h
+izVktk+ 1) =gl - D17,

With J1 = J, £iJ, follows the final result:

[+, TP] = ik + 1) —qlq £ DT,

Problem 2.10
We use (2.150)

[(m-])),m-K)]_ =iA(n xn)-K n,n: unit vectors

. n=g¢,
If further n = e, is valid, we have

nxn=0n [J,K] =0=h-0-K"
For n = e, we have
nxn=e, ~ [/, K,]_=1ihK,
For n = e, we have

nxn=-—e, N [JZ, Ky]_ = —ihK,

1
K = :F—Z(Kx +iK,) ~

7

1
[JZ, Kﬁf]i = F (K, FiK)

v

1

/2
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Therefore altogether we have
[/ KSV] = ngK Y

This is the first part of (2.163).

2. VJk(k+1)—ql@g£1)=+2—-q@@£])

(@ g=0:
K" =K,
[Jx, Kél)] =), K.l =ih(e; x e.)- K = —iliK,
(1 K] =inte, x e K =ink,
~ [Ji, K5‘>] = —ihK, £ i(ihKy)

= FIK, £iK,)
= hv2K Y]

For g = 0 we therefore have

[Js. K] =hy2—q(q £ DK,

(b) g = +1:
kY L g
HE TR
1
1) .
[ k%] =— S le Ketik,].
= K]
\/E xs Dy
h h
=——(e, xe,) - K=—K
V2 g V2

analogously
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1 .
[Jyv Kﬁ]f = _E [Jy’ K.+ ’Ky]_
1
=% [Jy. Ki]_
i h h
= —%(ey xey) K= iEKZ

[7-. k1] = nvaK. = VoK
For ¢ = +1 then holds

[J:. K] =hy/2—q(q £ DKL,

(©g=-1L
1
K" = —Kk_
—1 \/E
1
T S I e eI A
[x —1 B \/E( )[ X y]_
h(e e,) K hK
= — X e,) - —_
N V2
1
N S e
[) 1| \/5[ y ]7
1 (e e) K ;N K
=1l— , X . = —l—=
V2 V2
M h
~ e kY] = 5K £ Ko
For ¢ = —1 we can write the following:

[Js. K] =hy2—q(q £ DK,

2a, 2b and 2c¢ together give the second part of (2.163):

[J2. K] =hy2—q(q £ DK,
Problem 2.11

L [L. 1] = hgT®

One immediately recognizes

(L 1?] =1 =32 =0
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On the other hand with a little more effort we have

[12, Tfl)]_ = :t%«/g{[lz, L1 +|[L, Iilz]i}
- i%«/ﬁ{lz (1o 1]+ [1e 4] 1)

1
= ih\/g{lzli + Iilz}

= +hT?

1
[zz, sz)], = —5V6[L. (7]

_ _%\/E{Ii [ ]+ [ 1] 1

= —(£h)V6(1:)>
= 4217

Thus the first commutation relation is obviously fulfilled

!
2. [1. T®) = 6= qq £ DhqT,

[ 1?] =[] =3[ 7]
=0-3L[I, 1] —3[l, L] L
= :l:3h(lzli + I:tlz)

— 16 (%%(ui + ua)

= /61"

[I+, Tfl):l, = %\/6 ([]+, IZI+]_ + [[+7 ]+]Z]—)
S G (AR A AN

_ %m-zh(mz)

2
— 2T
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1
[1+, Tﬁ’]i = —5V6 ([u, LI+, LIZ]_>
= —%\/6 (L2hI, — hIyI- — hI_1, + 2hI2)

1
= —5«/&1(4122 —212 - 21%)

= —h/6(31% — 1?)
= h/6T,”

1
[ 1] = —5vo ([ L] + [ 1] )
1
= 5«/8 (I.(=2RI) + hI_Iy + hI I_ + (=2hI)I,)
1
= E\/Eﬁ(—41z2 +217 421D

= h/6(1? - 312)
= n/6r”

[ 1%] = —%«/6 ([ 1)+ [ n] )

- —%«/E(h(l_)z + I_(+h1-))

=2rTY%)
I
(1. T3] = —3V6[L. (] =0

1
I:I-‘r’ T£22)i|7 = _E\/E[I-ﬁ-’ (I—)Z]_

1
= _5%(1_2hlz +2RI.1.)

2
=2n7%
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I
[ TR] = —5vel ]

1
= _5\/6(—2%12 —2hI1;)

@)
=278,

[ 19] = —%«/6[1,, (I?]_=0
Problem 2.12

+2 ; +2
A= Z t;” . (Tq(”) = Z A,

q=—2 i=—2

Ao = (J2=3J2) (1* = 312)

~ Ag= TP =301 =312 4+ 9JC17

A:l:l = %(JZJ:I: + J:I:Jz)(IzI$ + 1112)

A+ A
= %(JZLLIZI_ + LI L+ J L+ T J L+

+ LI Ly A T I L A T J L+ T T L)
= %(JZIZ (Jplo+ I L)+ (Ul + J_ 1) JL) +

+ %JZ (Jel-+J_I)I + %(h (L) -+ J_(J. 1) 1)
=3(LL sl +J_ L)+ (Jel- + J_11) J. 1)+

+ %h(JJrI_IZ — L)+ %h(—LLJZ +J_LL)
=6(LL (Jole + Iy Iy) + (Jede + Iy 1) T 1) +

(OS]

3
iy [1-. L] + - [L.1.]_

6 (Sl + Iy 0y + J.L) — 67212 — 6 (J 1, + J,1,)’ +

3
Ehz (Sl +J_ L)



C Solutions to Problems 583

%

3
Ap+A,=6J-1—6J212 - 3 (Jol_+J_I1.)?
+3R2J-1) —3K% .1,

__ 37252
Ap=3J212
&%

An+An= (11 + D)

| W

We now sum the terms
A= TP =3J17 =3127* + 97217 + 6(J - I)?
—6J21 — ; (Jol-+ J-1)* +
+3R2(J-1) = 3R%J I, + % (J212 + J212)
=6(J-D*+3°J-D—-2JI"+D

D =3J%1* = 3J71* = 3I7J* + 3J2I7—
3
- WUZE (Jod I I +J_J 1.1 )—
=3P+ )PP =3I+ )12 —3Re(JLJ_I_Iy)
— 3K .1,
=3+ )+ 1) -
=3Re (242240 [0 1)) (241 =i 1))
— 3R U1,

= —3Re ((—ihJ.) (—ihl.)) — 3R> J.I.
=0

Then we have
A=6J-D>+3r2J-0)—2J%1

This corresponds to the quadruple term (2.245).
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Problem 2.13
1. Build
div(gf)) = (gf)divj +j - grad(gf)

=j-grad(fg)
=fj-Vg+gi-Vf

That is exactly the integrand of D. With Gauss theorem we have

D= / &r divigfj) = / df - () = 0

S—o00

since j vanishes at infinity.
2. Setf=1, g=x,y,z

~0=D= /d%j-ex,y,z = /d3r ey
m/d3rj(r) =0

3. Set f =x;, g=x;withx;; € {x,y, z}: Then with 1. we have

0= /dSr(xijj +x;Ji)

m/d3r Xjji = —/d3rxijj

Now let a be an arbitrary vector:
a-/dSrrji(r) = Zaj /d3r x;ji(r)

J
1 . .
3 o [ @ i = )

J
1 .
3 Zaj8jik/d3r (r < J)k

J

1 3 .
:—EZS[jkaj d*r(r XJ)k
J

_ 1 d3 .
=~ (a X / r(rxp)i
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This is valid for all the components i:

3. 1 3 .
a-/d rrJ(r)=—5<ax/d r(l‘XJ))
Problem 3.1

Because of the circular motion, every electron has an angular momentum and there-
fore a magnetic orbital momentum m‘. In the absence of an external field, the ori-
entations of the electron moments are statistically distributed and hence compensate
each other. After the application of a field, the angular momenta precess about the
direction of the field while the motion of the electrons in the orbital planes remains
unchanged.

Because of the precession there is an extra current:

—e —ewp
Al = — =
T 2

which according to classical electrodynamics induces an additional magnetic moment:

@) A ) e? 2 2
Am" = AIF; = ——nrje. = - — (x7 + y7) Boe.

F; is the vector area of the circle along which the i th electron moves. Finally the
(average) magnetization of the diamagnet (N, the number of atoms; V, the volume,
N,, the number of electrons per atom) is given by

N,

N , Neé?
_ _ @@y _ _ 2
AM_M_—VE:(Am ) = 6mVB0§:(ri)

i=1 i=1

In calculating this we have used
N, N, N, 1 Ne
2y 2 = 2 = —
D=2 0 =) =1

i=1 i=1 i=1 i=1

Then the diamagnetic susceptibility is given by

; oM Ne2po &
X" = po <—> = (r?)
T =1

3By ~omV -

2

This expression agrees with the quantum mechanically correct expression (3.21).
Since the calculation is not strictly classical, there is no contradiction with Bohr—
van Leeuwen theorem. The assumption of stationary electron orbits is classically
untenable!
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Problem 3.2
T=0:
k<kp 27,2
1 21 ok
e=—1 2 K)| =—— —_—
Fey | 2™ =y f 2m
Spin k k<k;
Qn)’ . ,
Ak = v grid volume : Volume per k-state in k-space.
an wf R 1
V 4n Vv Vv
F=2———— [ dkk* = — 2k =ep———k3
TN m N2mm25 P T TN g2
0
With k3. = 3724 follows:
_ 3
£§=—¢
56F
Problem 3.3
H=Y e®a,an =Y ki
ko ko
1. Statistical operator of the grand canonical ensemble
p= exp(—ﬂ(I:I — /LN ) (unnormalized)

N n .
N = E Ay ko = E ko

ko ko

~ [I:I N ]7 =0 ~ combined eigenstates (Fock states)

So that
oo (Y nke=N)
Trp = Z Z exp(—p Z(s(k) — U)Nks )
N=0 {nk,} ko
oo (X ne=N)

=Y > ek - wne),  (n =0,1)
N=0 ko

{nKo}

— Z Z .. l_[ exp(—pB(e(k) — wnke)

ko) {iiyey) ko
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_nk]"l =0,1

_nkzgz =O, 1

-2
> exp(—Blek) — Wk, | X

-2

Z exp(—pB(e(k2) — Wnk,q,)

= [1 4+ exp(—B(ek;) — u)]’ [1 + exp(—Be(ks) — u)]* - - -

A~ BT V) =] + exp(—Bek,) — w)]’
k,

2. Average occupation number:

3. Entropy:

A

1
(nka) = ?SP (pﬁka)

oM
1 .

:§Z<nka>
11 0

- InE,(T, V)
28 0s(k) w1

23 In[ 1+exp(—Ble(k,)— )]
kv

__exp(=Be) — p)
I+ exp(—Blek) — 1)

1
N = f-(e(k
(B — a1~ J-E®)

3
S=ky - (TInE,)

= kg Y _In[1+exp(—Blek) — u)] +

ko
1 exp(—B(e(k) — p)(e(k) — w)
kgT
T kBng 1+ exp(—B(e(k) — w))
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1
S:Z{kBInT+kBﬂ(a(k)—u)<ﬁk0 >}

1—
ko ko

— B (k) — )

= Inexp(—f (e(k) — 1))

. { exp(—p (e(k) — 1))
1+ exp(—B (k) — )

=1In < gy > —1

(I +exp(=B (e(k) — u)))}

1
T+ exp(—B (k) — )

=1In < ik, > —In{l— < iy, >}

~ S=—kg Z{ln(l— < gy >)+ < fike > In < figy > —
ko

— < e > In(1— < figs >)}

A S=—kp Y {(1— < iy >)In(l— < gy >)+
—
ko holes

< ke > In < gy >
~————
electrons
S = 0 for filled band (< A, >= 1)
3rd law: (Behaviour for T — 0)

e() > 1 <fg >3 0: In(l— < >) 20 ~ =)o
~ T—0 ~ T—0
eRK)<u: <hge>— 1: In<iig >— 0

N STJQO

~ 3rd law is satisfied!

Problem 3.4
Periodic boundary conditions ~ grid volume

(2n)?

AkKD — 2_” . Ak® —
L~ L.L,

1. d = 1 Density of states:

p(E) = —— L p(E)
0 AKD dE!
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Phase volume:

1
=
2
e(k)<E — L 2mE
8 =7 “VER
dE¢1 h\/2mE " ER?
d-—=, ifE>0 v2m
iy = | T TESO L o
0, otherwise mh
2.d=2
2mE
2(E) = f = mklw<e =775
e(k)<E
d () 2mm
N — = T2
dE " 2
d, >0, ifE>0 Lily m
) C —
E)= = n
Py (E) {07 otherwise ? T R
3. d arbitrary:
EYdE = —2 d'k
po(E) T AD
E<e(k)<E+dE
e(k) = K. cell volume: AD(k) = %
Phase volume:
Ly
ko ko:(%)ZE7 5
) ko : Qg (2m\2 4
E)=Qq | dkk"'=Q— = (55 E°
wa(E) df 7 d \ I

0

Q4: Surface of the d-dimensional unit sphere

. density of states



590 C Solutions to Problems
Vg d
Qm) dE
d

— v, (20 piigqr)
~ omd \ 2

po(E) =2 9a(E)O(E)

The surface €2 is still to be determined! Gauss integral in the d-dimensional space:
4 T
gu = /ddre_’2 = 1_[ / dx; e = (W) = nt
i=1_"

Spherical coordinates:

o0

ga = Qd/dxx”l_le_’(2

= x2 = —1ldy
(y=x" ~vdy=2xdy ~ dx=37)
by comparing:
ot
Q=
(%)

. Density of states

(d) V,n% 1 (2m\2 pd-1
Lo (E)Zz(é”)d : Z (_z)“ E>7"O(E)

rH \n
Check:
1. d=1:
1 L [2m
(1)
Py (E) lﬁ() 1=V
2.d=2:

L.L,m
T h?

PP(E) = drO(E); dy =
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3. d=3:
pi (E) = dsVEO(E)
o2 () - (3)
473 J/m \ Rh? 272 \ h?
Problem 3.5

e(K) = e(k) = chk

1. Density of states:

(E) = v d (E)
P = oy dE?
4 4
E)= Pk = — I etk = ——
e = [ S
e(k)<E
2 . V
~ | p(E) =« E0(E)| = s

~ Fermi energy:
1
N3
er = chkr = ch (3n27>

where kp is derived from the particle number:

2V Vv 4
N= " f Pr= g2
2m)? 473 3

k<kp

1
N\
~ kp = (3712—>
Vv

2. Chemical potential:
With the help of the particle number:

EF —+00
N = / dE p(E) = / dE f_(E)p(E)
N(T=0) N(T)

%
a3

(O8]

—0Q

(Sommerfeld expansion)

2
N —gr = /dEp(E)+%(kBT)2p/(M)+...

3
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[

TL’
ep =31+ kYt

kT
_M3!1+ “BL }

kT 2

L»JI»—
W = W

W

kgT\>
N PR Ep 1+n2(3—)

! kgT
~ ¢ - =
F 3 EF

The same structure as in the non-relativistic case only the numerical factor in
2
front of the correction term is changed from 5 to z
3. Internal energy and heat capacity:

ep

U(T:O):/dEE o(E) = —gF

"
2
U(T) = /dEE.p(E)+%(kBT)2(3au2)+...

—0Q

2
o T
= Zu“ + ;(kmz(aauz) +...

4 2 2
_a 4{(ﬁ) vo (1) (1) }+
4 Ep EF EF
4 kpT\> ksT\*
2U(0){1—-n2 (B—) + 272 <B—) }+
3 EF EF

|

|
™
~

~ U@~ U(O){1+2” (—j)z}

N=% ~n a=33% ~ UQO) =3Nep
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Heat capacity
4 2k2 k2
cv =9T; 7 =UO) =L = Nx>=L
3 Ex Er
Non-relativistic:
1 k2
y = —Nn>-E
2 EF

which means

% W hk2 ok h NY\3
LA L ) Y =—-—F=—(37r2—> <<1
4 &l 2mchkyp  m ch  mc 1%

Problem 3.6
1. Degree of degeneracy of a Landau level (3.117):

eL.L,

2g,(By) =2
gy(Bo) h

By
Factor 2 because of the spin degeneracy. B(()()) is determined from

N, =2g, (Bf,o))

Therefore

mh

B =N
0 “eL,L,

2. The degeneracy of the Landau level is independent of the quantum number #.
The first ng levels are then exactly fully occupied and the levels n > n( are
completely empty if By = B(()"U_]) so that

N, 1
— =2g, (B("“ )>
no & 0

1
~ BV =~ By
no

3. The degree of degeneracy at an arbitrary field By

By By
2g,(By) = 2g, (B(O)) c—==N,—
y Y 0 B(()O) ¢ B(()O)
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Now let
(no—1) (no)
BO > BO = Bo

~ ng levels are fully occupied and the (ny + 1)th level is partially occupied.
The number of electrons in the fully occupied levels:

R By

N* = no - 2gy(B()) = I’l()Ne ©
B

0

The number of electrons in the uppermost level:

* BO
NnozNe—N =Ne l—l’low
BO

~ Energy contribution of the highest level:

1
Eno = ha)f (n() =+ z) . Nno

1 1\ By
= Nehw;‘ (l’lo + - —ng <n0 + —) _>
(0)
2 2) B,
= N,z Bo <2n0 +1—no(2ny + 1)w)
BO

Energy contribution of the fully occupied levels:
no—1
By
Z ho <n + = ) (0)
— N, B2 By 1 1 1
o\ 723"
n2

B
- eMBBOBO ny

~ Total energy:
* * By
E(By) = E, +E" = N.upBo 2ng + 1 — no(ng + I)W
0

This gives the curve of Fig. 3.5.
4. By= B"
With (2) we have
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(no)
By 1

Béo) T ng+ 1

(n0)
~ E (B(()no)) — NeMZB(()HO) <2n0 + 1 —no(ng + 1)%)
0

0
= e/ﬁl}B(() :

that is, independent of ng, that means for all critical fields it is the same!
Problem 3.7

1. Energy levels (3.112):

Rk?
2m

1
E,(k;) =2upBy <n + 5) +

Degeneracy (3.117):

eL.L,
8y(Bo) = ol By
Partition function:
A
Zi= 5 in dk, ggy(Bo) exp[—BE, (k.)]
+00
= (EZZI;)Z /dpzexp <—,3%> eﬂ”"Bof(;e’”“”BO”
%0 n=

_ eVBy [2nm e Prsbo
C@rh2\ B 1 — e 2usb

8%

7 —v m \"*  BusBo _eh
'S\ mn2g)  sioh(BugBoy \E T 2m

2. Free energy:

dF = —-SdT —m dBy

(to magnetization’s work see Sect. 1.5)
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oF d d
5% m:——:kBT—anNszBT—lnzl =
9By 9By 9By
0 B
— NkpT - 1p—PHBo

9By sinh(Bu g Bo)

d . sinhx
=—Nupg|—In
dx X x=PBupBo

In the bracket is the classical Langevin function (see Problem 4.6):

1
L(x) = cothx — —
X

upBo
N = —NuglL
m 9] < ks T )

negative sign
~
induced magnetic moment is oriented opposite to the field

~ Diamagnetism

Problem 3.8
For f(x) one can write

f(X)=8<x—%)+8<x+%) it —1<x<+1

with f(x) = f(x +2)

f(x) is thus periodic with the period 2 and is also symmetric

f(=x) = f(x)

Then an ansatz for the Fourier series is possible

fx)= fo+ Z la,, cos(mm x) + b, sin(mm x)]
m=1
1 +1

fo= 2] fx)dx =1

+1

a,, f(x)cos(mmx)dx

-1
0 for m =2p +1
T 2(=1)? for m =2p

b, =0 , since f(x) symmetric

Then it follows:
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+00

fx)=1+ Z 2(—1)” cos(2prx)
p=1
+00

=14 (=1 (207 4 e7i20m)

p=1
+00
— Z (_1)pei2pnx
p=—00

Problem 4.1
q=q

i/ dr el @0 = i/ dr=1
vy v /)y

q#q

l/ d3rei(q7q’)-r=
Vv

1 (L L, L, ne —n'
= — dxf dy/ dz exp |:2m' ( x4
14 /0 0 0 Ly

Here we must have (ny, ny, n;) # (1), n;, n’,). For example, let n, # n’.. Then the
integral over x gives

L, o
/ dx exp |:2m' <nx nxx>:|
0 L

X

_ Lx 27i Ny —I’l;
2mi (nx —n;) i L, '

. /
=0 since n, —n, € Z

So that the proposition is proved.
Problem 4.2

1. The solid is a three-dimensional periodic array of primitive unit cells Vi ¢
(a; - (ap x a3)) with the total volume

V = N{N,N3(a; - (az X a3))

Periodic boundary conditions for Bloch functions:
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Yi(E) = V(e + Nian) = Yir + Noa) = Y(r + Nzag)
The Bloch functions are
() = T ()
where the amplitude functions have the periodicity of the lattice:
uk(r) = ui(r + R")
Periodic boundary conditions therefore demand

e Nia) L jik(Nomy) L ik(Nsas) L g

This means
k- (N[a,») = 27TZ,' with Zi € 7
Then for the allowed wavevectors holds:

21 21 21
k=—b —b —b
N, 1+ N, o + N 3

Here b; are the primitive translation vectors of the reciprocal lattice, defined by

ap X as
alb]=27'[81] — b1=27T—
a; - (a, x a3)

The first Brillouin zone = Wigner—Seitz cell of the reciprocal lattice. Therefore
for the wavevectors of the first Brillouin zone holds

1 1
—sNi <z =+5N;
i =u =Tty
2. The proposition is valid for k = k', since
1
v l=1
n

k #K"
According to 1. holds

3
’ nj ’
(k—k)-R“:ZnZij(zj—zj)

Jj=1
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So that we calculate

Zei(kfk’)AR“ — Z exp | 2mi Z N]( i Z,j) =

n ninans3

3 NI

=[] exp <2m—(z, -z ))

j=1n;=0

Zj # z/j at least for one j. Then we have

Nl AN N;
Z 75 1—a"i
Z exp (2mi =L = o
Nj l—a
n/:O
This holds because

Z /
a:exp(Zm N );ﬁl

J
since z; # z/j and in addition —N; < z; — z} < +N;. On the other hand
ai = exp (2ni(zj - z;-)) =1
since z; — z;. is an integer. Thus the proposition is proved.

3. The proposition is trivial for R® = R™. Therefore let

R" #R™:
With
3 .
k- (R"—R"™) =27 ZN—j(nj —mj)
=1
now holds
1.BZ
T gy g3 z o= | =
Kk 212223

1/2N;

= H Z exp <2nizjnj+jmj>

j=1 zj=—1/2N;+1

n; # m; at least for one j. Then we have
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1/2N;

n;—m;
Z exp (2Ri2]%)
zj:—l/zNj-H J
-1

1 —m;
= Zexp 2wi(p; — N +l) I
J

pi=0
—m:\\%
“))
i

Ni—1
x Z (exp (27”.11,
pj=0
1 — bV
1-b

since

b =ex Zm'nj_mj # 1
becausen; #m;and —N; +1 <n; —m; < N; — 1. On the other hand it holds

bV = exp (2mi(n; —m;)) =1

because n; — m; is an integer. The proposition is thus proved.
Problem 4.3

For both the integrals, it is meaningful (because of V' — 00) to introduce relative
and centre of mass coordinates:

1
xX=r—r ; R=§(r+r’)
1

1
= - R; r=— R
r 2x+ r 2x+

With the help of the Jacobi determinant one can show

drd’r' = d’Rd’x

—ozlr r|
= | & d3r’
v % |1' — 1|

o0
:/d3R/d3 ¢ =V-47'[/ dxxe **
X 0
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So that we have

2. From the result of Problem 4.1 it follows directly:

L= / d*r f g i@ r+q’-r))
\4 14

Ir—r'|

—//d3Rd3xlex (i —q)- )
= pl-@—q)-x)*
X 2

xexp (i(q+q)-R)

=V8yq-1

In order to calculate [ it is advisable to introduce a factor that ensures convergence:

-~ 1
I = lim | d®x — 9% e
X

a—0F

o0 +1 )
lim 27 dx x d cos ¥ €11 08P gmox
a—07t 0 1

o0 X . .
= lim 271/ dx — e ** (equ - ef””)
0

a—0F igx
2w [ . .
— lim = d)C( igx—ox _ ,—igx ax)
a—0t lq
— lim =— 27 qu otx|°° _ 1 e—iqx—ax o0
T a0t i — 0 —iq — 0
q lig—« iq—a

= lim — { }
a0t iqg |ig —«a 1q+a

B )
_iq iq

Thus we find

AnV
_ 7 Sq—q'
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Problem 4.4
First we calculate

Il(r)E/ A’k *T
FK

+1 kr ‘
=27 / dx f dk k*e'Fr>
—1 0

2 (ke .
= — dk k 2i sin(kr)

ir 0

4 [ 1 k kr
=T |:—2 sin(kr) — — cos(kr)j|
ro|r r 0

kpr cos(kr) — sin(kpr)
= —4rx 3
’

Then we have the intermediate result

I=/d3rm

r

3,4 [T 1 SN2
= (4n) kg | dxx—s(xcosx—smx)

To calculate the integral we use integration by parts a number of times.

o 1
L, = / dx—s(x cos x — sinx)?
0 X

oo

1 .o
= — —(xcosx — sinx)

4x4 +

0

1 [®dx . .
+ - —2(x cosx — sinx)(—x sinx)
0

4 x4
1 [ dx . .
= —— —3(x cosx — sinx)sinx
2 0 X

o0

1 . .
= (xcosx —sinx)sinx| +

pre

0

1 [®dx 5 5 .
+ - — (x(sin”x — cos x) —+ sinx cos x)
0 X
1 [*d 1
= Z/o x—;c(—x cos 2x + 3 sin 2x)

—5(siny — ycosy)
o Y
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o l/oody .
+ - — ysiny
y

1
= — —(siny — ycosy)
4y

o 4Jo
o0
. 1 sin y
=— —siny| = -lim
4y 0 4y->0 y
1
4
Then we finally have the integral
[ = 167° k.

Problem 4.5

e S integer
To show

Z n —ZZn =—S(S+1)(2S+1)

n=—S

Proof by full induction: The statement is certainly true for S = 1

+1
2Zn2=2
n=1

We assume that it is valid for S and substitute S ~ S + 1

S+1

ZZn —ZZn +2(5+ 1)

= %S(S + DRSS+ 1) +2(S+ 1)
= %(S + 1)(SQ2S + 1)+ 6(S + 1))
- %(5 + 1)(25% 4+ 75 +6)

_ %(s 1S +2)25 + 3))

Thus the proposition is proved!
e § half-integer
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S—&-2 S-&-2 S+2

—ZZn —2Zn+ Zl

n=1

1<S+1> (S+§)(2S+2)
2 2
_zl(s+1> (s+§>+1(s+1>

2 2 2 2 2
<s+1> [1 (s+§)(2S+2)—(S+1)]

2/13 2

1 3 3
5(25+1)(S+1)|:(S+5)—§:|

%S(S +DES+ 1)

(O8]

This is the proposition!
Problem 4.6
1. Energy of a magnetic dipole in a magnetic field
E=—u-B

< Hi=—uB Zcosﬁ,-

¥; is the angle between the magnetic moment of the ith atom w; and the field B.
2. Canonical partition function

1
ZN(T,B) = W/ f d*Ng d*N p e~PH@P)

=By [ o -
= @y 2m) » d costh

+1
. / d cos Oy ePHB Lz cos
-1

1 N
= Zn(T,0) <§/ dx eﬁ“B">
-1
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ePHB _ o—BuB N
26uB

sinh ﬁ;us)N
BuB

= Zn(T, 0)(

= ZnN(T,0) (

Wi = p(sinv; cosg;, sind; sing;, cos ;)

Average value:

B /‘/‘ d3Nq d3N[7 (Zl Mi) e—ﬁH(qu)
- ff d3Nq d3Np e—ﬁH(qyp)

m

The ¢;-integrations give m, = m, = 0 and therefore

In Zy(T, B)

m=nme,

m —=
d(BB)

Partition function from 2.

d
m=N <d_ Insinh ux — ln,ux) (x =BB)

X
h 1
=N (Cf)s £ —) (x = BB)
sinh ux  pux
~ m = NuL(BuB)e,

1
L(x) = cothx — —
x

L(x) is the Langevin function. This is the classical Langevin paramagnetism.
4. Low temperatures, strong fields: SuB > 1
That means

1
cothpuB — 1 ; —— — 0
BuB

The system is in saturation:

m~ Npue,
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High temperatures, weak fields: SuB > 1

1
cothx = — + ;—C + O(x?)

N Lx)~

W[ ==

This result is the Curie law:

3kpT °

Problem 4.7

1. Free energy (N = const.):

F=U-TS

dF =dU —TdS — SdT = —SdT + V BodM
oF\ VH
oM ), = Mo

32F OH woV eV
oz ), =\ ), T @ T
T T (a_)T XT

From the last equation follows:

JIF _ VM T
(W)T_MO X_T+f( )

since xr is only a function of temperature. The comparison with the above
expression requires f(7) = 0. Then we have

2

1 M
F(T,M)=F(T,0)+ oV —
2 XT

2. Entropy

oF 1 , (d
S(T, M) = — ﬁ =S(T,O)—§;L0VM ﬁxT
M

Internal energy
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U(T, M) = F(T, M)+ TS(T, M)
U0+ vyt — 1 Ly
’ 20 T dr '’

U(T,0)=F(T,0)4+TS(T,0)

We assume that the Curie law is valid:

Then we have

U(T,M)=U(T,0)

1 1
S(T, M) = S(T,0) — —uogVM?* —
( )= S(T,0) S Ho c

1 T
F(T, M) = F(T,0) + SpoM*
2 c
3. Third law:
This requires that for 7 — 0 entropy vanishes, independent of the value of the
second variable. We therefore must assume in particular

lim S(T,0)=0
T—0
If we take M(T) # 0 if H # 0, then according to the entropy obtained in 2. it

must be concluded that if the Curie law is valid, then the third law is violated.
On the contrary, it must further hold

i d _l(T) — i I dxr LO
0 ar T T N 2 ar T
~ X7 (T = 0) =c+ O(T?

with a constant ¢ # 0. xr(T) therefore should not diverge, specially for T — 0.

Problem 4.8

1. Internal energy U = U(T, M) and the equation of state in the foorm M =
f(T, H) are given. First law (1.80)

dU =80 + woVH dM

L1104
~  ={57
M

So that it holds
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U
8Q = cydT — | —wVH|dM
i (CORT]

Therefore

C U .
M=—H ; | — =0 C : Curie constant
T oM ),
oM C
~ — =——H
oT ) T?
|4
% CH—CMIMOTM2 ZO

3. (a)Maxwell relation obtained from the free energy is

dF = —SdT + 1oV H dM
N oS\ __ (%M
om ), ~ 0 \ar ),

(b)Maxwell relation of the free enthalpy is

dG = —SdT — iV M dH
N oS\ _ (M
or ), " \or ),

(c)According to 1. from the first law follows:

AU
80 =TdS =cydT + |(— ) —wVH|dMm
oM ),

7 (Gw), =G, v
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This is the proposition!

CH —Cm

T

Equation of state:

1) <8U) <8M>
=(\777) —wVH| | —
oM ), oT ),
0 (ﬂ) (8_M>
oM ), \ar ),

3.4) oH oM
= —woVT | — —
aT J,, \ 9T J

<8H> M VTM <8M)
=—= M Cyg—Cy =—MNo -
M c C H

8T

M 1
dH = EaIT + E(T — Te)YdM + 3bM*dM

~

So that it follows:

cy —cy = woV

oM

1(T Tc) +3bM? | = M
aT ), L C ¢ G

TM?
C(T — T¢) + 3bC*M?

(5), =G (7 (7),)),

7. Because of 6. it holds:

0 a5
= T R — _—
(57 (5),),
3a.) T( V) %H
= Mo 012 ),

=0

609
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ou
(57), =

According to 3. it also holds

WY 1 () 4 puve
ar ), \am ), M

VT <8H> +unoVH
= —Ho I’y Mo
oT )y

M 1
= —hoVT =+ moV (T = Te)M

+ oVbM?

T,
= oV (bM3 - FCM)
Integration:

U(T, M) = oV le“ — EMQ + f(T)

Then it must be

em(T) = f/(T)
So that we have

U(T, M) = oV le“— EMZ

T
+ / CM(T/)dT/ + U

One gets entropy analogously:

0S\ _ 1. ¢
(57), =7

as 3a.) v oH _ VM
BMT_ Ho 9T M— Ho C

M2 T CM(T/)
S(T,M)=—puoV— dT’ + S
~ o S( ) mV=5 +/ T + So
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That means for the free energy

F=U-TS
= F, +1 VbM* + VMz(T Tc)
— I'g 4M0 Mo 2C C

T /
en(T') .,
+f T dT
Fo=Uy—TS

1
H = E(T —Te)M + bM?

For H — 0 we get the trivial solution M = 0, but also

1
Mg==x|—Tc—-T
s ‘/bC(C )

These solutions are real for 7 < T¢. For the free energy we take the result from
7.

v 1
F(T, M) = f(T) + ’;LC(T — ToM? + JpoVb®

We substitute in this expression both the mathematical solutions:

F(T,M =0)= f(T)
woV 1
F(T;M =+Myg) = f(T)+ Y(T - TC)E(TC -T)

1 1
+=1oVb——(Tc — T)*

4 b2C?
1 noV
= f(T) - Z;JOW(TC —T)

It obviously holds
F(T,M =+Ms) < F(T,M =0)

The equality sign holds for T = T¢. Therefore the ferromagnetic solution is
stable. This exists as a real solution only for 7 < 7¢.
9. Magnetic susceptibility
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(8M> 1 1
XT =\ —5 = -
OH )7 (3, & —Tc)+3bM?
. 1 C
~lim xr = 5 5 =
H—0 (T =Te)+3bM;  2Tc —T)

W
~

xr diverges for T S Te, as required by the general theory of phase transitions.
Finally we again use the result from 5.:

lim ) v TM;
micy — ¢ =
e o A S WY Yee) Ve
TL(Te—T
_ /,L()V bC( C )
C(T —Tc)+3C(Tc —T)
_ moV T
bC?

For T — 0 the two heat capacities are therefore equal to zero as demanded by
the third law.

Problem 4.9

1. According to Problem 4.7 we have

Ur,M)=U(T,0)

aU T
C = _— =
M=\ar )l Y

1
UT, M) = U + 5y T°

Since

follows:

Isothermal change of field from 0 to H # 0O:

AU =0

That means

H
AQ = —AW = —V/,L()/ HdH'
0

dM' = gdH/
T;

Vil (# vC
~AQ = — ‘]fi’ / H’dH’:—M;—
0

H?> <0
1
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2. Adiabatic and reversible means: dS = 0, therefore

S(Ty, H) = S(T, 0)

From Problem 4.7 we have

1 1
S(T, M) = S(T,0) — = oV —M?
( )= S(T,0) SV =

T i
S(T,0) — $) = / Cu=o)

| T dT' =yT

1 1
~S(T,M)=Sy+yT — EMOVEMZ

ST H) = So+ 9T — i v
% s
oYL Tt

Switching off the field

1 H?
ST, H)=So+yT — sCV—
2 T}

= S(T;.0) =Sy + y Ty
M final temperature:

1 H?
Tf = T] — EMOCVW < T]
1

~ Cooling effect.

Problem 5.1
Commutation relations:

1.

[, s7]

"2 I:C'+ Cil, C;’iCiT]_

n? (nig(1 = niy) — niy (1 — nyyp))
1 (niy — n;y)
2hS°

A
h? (c;(l —n;))cip — C,-Jl(l — niT)Ci¢>

613
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R ([”iT’ ciﬁcw]i - [nu, C,ﬁ@w]f)

B> ((niT — nii)c;cu - C;Cu(nm - nw))

1
= Ehz n,-chT Ciy — ch niCi| —c;nm ciy + c; cin;y
—— ——— ——

ot =0 =0 Cil
52t
= hcjieiy

— 1S}

_ 1
[Slz, Si ]_ = Ehz ((n,T — nil)CiJrlC,'T — CitciT(”iT - niL))

= 0| —nijcf; ciy — ¢ cirmg
2 il Gy Cit i} ittt
+ it

)

—hZC;iC,'T

= —hS;

§7 =57 +87 + 57
1
= (57ST+5787) + 57
K2 K2
= — C;;CNC‘;Z cit + C;ZC,'TC?%CM + Z( I’lizT + I’ll-2¢ —Zn,-Tnu)

2 ——— ——— — ~—— =
nip(1=n; ) ni (1=n;y) niy niy

3 3
= h? (Z(n,‘T +niy) — El’lml’lw)
3.,
= Zh (niy +niy —2niyn;))
3
= Zﬁz(nm —niy)

= B2S(S + 1) (S = %)

only if there is exactly one electron per lattice site
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2.
[cqor ], = 1 Ze—iqR;+ikRj [c- ot ]
qo> “ko' I+ — N ios Cjgr
ij \qz—t
81800
s L ik,
= O.O,/N . (4
1
- 6q,k8(m'
+ o+ _
[cq(,, ckar]+ = [qu cka,L_ =0
Problem 5.2

Free energy:
F=U-TS,; dF = —8dT + noVHdIM

Integrability condition:

Curie—Weiss law:

H (C : Curie constant)

Heat capacity:

T M)y=T 05
w0 =7 (Gz),

acy 9%S d a8
M = T7T— =7 — 2
oM ), oMoT oT oM

N )
- ar et ),

=0
~ eu(T, M) = cu(T)

Internal energy:
Equation (1.80): dU = TdS + noVHdM

615



616 C Solutions to Problems

= VT v =y
=Ko c THo C
M
- _MOVETC
This means
M2
U(T, M) = —mVTc—— + f(T)
2C
Because of

U oo
(8—T>M = f/(T) = cu(T)

altogether we have

T
2

M
ur.m = /CM(T/)dT/ - MOVTci + Uy
0

Entropy:
T

S(T, M) = / CM;,T/)dT’Jrg(M)

0
00 (M) y (2 v
— ) =0 = — - - _
IM ), mVlar ), = Ve

M2
~ o(M)=—poV——= +oo

2C
T

S(T, M) = +/ AT s v M

T T STe

0

Free energy:
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F(T, M) =U(T, M) — TS(T, M)
T

T Vv
=Fo(T) + / en(T") (1 - F) T’ + %MZ(T —Tc)

F()(T) = U() — TO'()

Check:
AF(T, M
sy = — (2E M)
aT u
Free enthalpy:
G(T,H)
=F — ugVMH
14
—F -2 7 _1om?
C
; T 14
Mo 2
=Fy(T (1= = )dT’ = ==—MXT —T,
o )+fcM< )( T,) AT~ To)
0
~
G(T, H)
T
F(T)+/ (T (1 d dr’ ! Ve ! H?
= C —_— — —
0 M T 2#0 T —T¢
0
Problem 5.3

1.
S
em(T,M=0)=T [ —

AT J =0

T
T, M =0
o~ S(T,O):/%dT’:yT

0

With the result of Problem 5.2
2

M
ST, M) =yT = poV 7=+ 00

Because
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directly follows:

HZ

1
S(T,H)y=yT — zpuoCV——=
(T.H) =yT = S0 T 1) + 00

For the free energy F we use

or =-S(T''M
(ﬁ)M—‘“ )
M2

1
F(T,M) = Fo(M) — =y T? V—T —ooT
(T, M) o(M) 7Y + o C o)

According to the considerations of Problem 5.2 we must have

| %
F(T. M) = R(T)+ 3y T? = yT* + MZLCMZ(T — T

woV .
Fo(M)=Uy — —M~T,
~ Fo(M) s c

What remains is only

1 /L0V2
F(T,M)=Uy— —yT?>+ —“—MXT - T,
( ) 0= 57T+ 5 ( c)

Internal energy again from Problem 5.2:
U M) = Uy + 2y 7 = oy 2
2 2C
Check:
F(T,M)=U(T,M)—-TS(T,M)

1 /L()V 2
=Uy— —yT*+ - MXT = T¢c) — oyT
0= 57 +2C ( c) — 00

~ o9=0

2. Heat capacities

3S
en(T, M) =T (-) =yT = cy(T, M =0)
M

oT
am=1(2) =14 ey
i =2 \ar ), TV TR Ty
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Since T > T¢, we have cy > cyy.
From elementary thermodynamics

Cpm C
XS(T’ H)=XTE= H?

_ wCV __H?
T=Tc+ =~ T 1y

Problem 5.4

1. Spontaneous sub-lattice magnetization (By = 0)

MlS(Tl) = —Mys(T)
~ BY = o — p)Mis(T)
~ M;s(T) = MyB;(BgsJ ok — p)M;s(T))

T — T. ~ M;s will be very small

J+1
3J

~ Mg = (n*gsJiup)BgsJ mops(h — p)Mis

Curie constant: C = n’”?]f gJ(J +1); n*= % = %n
| Mis = 500— p)CHE

Condition for intersection at finite M;;:

IVlis

M..=M,
X IS 5
Mo | _ _ _ _ _ _
|
M

MyBi(... >1
g, MBI =



620 C Solutions to Problems

PN
m_ — —
TP =

= [Ty =3 —p)C

2. High temperature behaviour:
No spontaneous sub-lattice magnetization

BupBy << 1

S+ ;
A Mi(T, Bo) = ———(n"g,J ip)BgsJ 1n(Bo + BY)

= 188y + B!
2T T A

Total magnetization:

M(T, By) = M (T, By) + Mx(T, By)
c 1C 0 o 1
_, Cp 1C py gy L
pogBot o Ba +Bi) -
o(A+p) (M +My)

~ M(T,By (1 1C(H )) = € g

C 1

~ M(T, By) = ———  — By
T —1C(A+p) lo
~  Curie—Weiss law

e (M) €
=R\, ), " T-0

e = %C (A + p) | paramagnetic Curie temperature

3. necessary: p <0
© _Atp _lol—»

Ty  p—Xi |pl+A

(o) A > 0O: ferromagnetic coupling within the sub-lattice

®
—— <1 La:® <0 (A <|p)
Ty
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Example: EuTe: ® = —4.0K; Ty = 9.6K
(B) X < 0: antiferromagnetic coupling in the sub-lattice in order to have Ty > 0:

Al < lpl
® A
—— = M always: ® < 0
Iy |pl =12l
——>1
Ty
Examples:
IMnOINiOIMan
®
—]53 [57 17
Typically: ® < 0
!
I
I
I
-
I
(€] Tn T

Problem 5.5
According to Problem 4.6 the equation of state of Weiss ferromagnet reads

H + oM
M = MyL (o T oM
kgT

mipoM _ M ym’iuo _ o 3ksCh
ksT —— Mo kgT ——  kgT

Classical Curie constant (Problem 4.6)
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Further using (5.13): T¢ = AC and then we have

. M
M=L<b+3 )
e+1

2. Series expansion of the Langevin function

L) = sx = L3 1 oi)
X)= —X — —X~ X
3 45

BO:lLoH:Of\bZO

TST,. ~ M very small
Then we can write approximately

M3 M

M ~ - =
etl S5(e+1)p

For M # 0 that means

e 3 M2
A~ ~
e+l 5e+1)

N 5
M?* =~ —38(8 +1)?
Since (¢ + 1) — 1 for T — Tg, it follows that

M~ \/g(—a)%

The critical exponent 8 of the order parameter then has the classical value:

3. Critical isotherm: T = T,; By — 0
~ & =0and M as well as b very small.

This means
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N U | X
M=~ =b+ M- —(b+3M)>
3 + 45( +3M)
~ 15b~ (b+3M)} < b+30 ~ (15b);
< 30 ~ (15b)7 — b ~ (15b)3, since b — 0

~ b~ =i

From this we read off the critical exponent:
§=3

That is also well-known value for classical theories.

4. Susceptibility:
<8M) Mopom <8M>
xr=\7) = -
0H ), kgT ab T bt
_ v (W )
kp(e + DT, \ 9b T b0

3 oM
A+ \ ab
T,b=0

In the critical region M is very small. Therefore we can expand
oL

ax (11,
oL _ox b 1.
abl,_, ob\3 15

dx 3 oM

— =1 + -

ab e+ 1 b

ofr| (1 3 ol
b=0

b=0

1 1 9m?
3 15(e+1)?
b=0

oM 1 9 M2 1 9 i?
A — 1— + = =—(1-2
| e+1 5(+1)73 3 5(+1)?

Yol

9 M?
~ oM 1 [ frs)e
ab 3 e 49
b=0 1 T 5 et

T — T, means M — 0:
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A ~ —1
1 e 9 M? 14 M?
b_0N3 e+1  5(e+ 1) 5(c+ 1)

~ —1
1 8 9 M?
~ — + =
3le+1  5(+1)?

am

ab

@T = T,
then M = 0and ¢ + 1 = 1:

M critical exponent:

T > T.:
then according to part 2 we have

M ~ \/g(—s)é

This means
M| 1] e P -
ob| o 3le+1 Te+17?
-7, 1
ined 3 [—2¢]7!

(I
SRS COREE S

Critical amplitudes:
1 1 C
; N —=2
A 2\ c’
The results obtained for y, ¥’ and 5 are typical for the classical theories of
phase transitions. The concluding remark is as follows.

The sign “ ~” in the above formulae need not necessarily mean proportionality
but should be understood as, “for T — T, behaves like”.



C Solutions to Problems 625

Problem 5.6
1.

G 0(2’)2
= (00 +0{Vo? + oVo®)’ =
= (@) @) + (") (0) + (") () +
+0"0P oV oP+0"0P Vo +
i U<1>G<2)U<1>G<2> +oWe® oM e 4
+006@ 66?4606 e0 O =
= 3]12 — az 02(2) — ay(l)o)(,z) — O‘Z(])O‘Z(z) —
oMo —oVo® -0V o? =

=31-20".0?
Here the properties (5.81) and (5.82) of the Pauli spin matrices are used many

times.
2. Representatively, we calculate the x-component

1
QoM
1
= (1406062 1606 4 60 62) o =
1 2
=5 (a;” + (o)ﬁ”) o + a;])a;')o;,z) + a§‘>a§1>a;2))
1
= S (040 —i006? +ioo )
o Qn
1
— 5 0-)52) (11 + Ux (2) + O' (2) + O' (2))
1

2
=3 (0@ 40 (o) + a;'>a;2>g;2> 0l 0)

_ % (0@ + 00 +i0We® — i 60a®)
That means
Qo) = 0;2) On
so that the proposition for the x-component is proved. Analogously one can

prove for the other components.
3. We use
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So that one immediately recognizes

oW @ M) =1L +i2 L)) + 1) = [11)
oW a@ L) =M + =D M) + 1) = 1)

oW o@D (1) +14M)
= (1) + 1) =2 14D =i M) — 11 — [4D)
= (1) 1)

oW a@ (1)) = 14M)
= (1) = 1M) =2 1D +i2 M) =11 + 1)
=3(1) — 1)

The spin states are therefore eigenstates of the operator o' - ¢® with the
eigenvalues (1, 1, 1, —3). Therefore they are also the eigenstates of Q, with
the eigenvalues (1, 1, 1, —1).

Problem 5.7

R:/oodxxSii zl./ﬂmdxxexp(l'x)—exp(—ix)
0 x2—y2 4 J_ X2 _y2

We use the residue theorem and for that we choose the integration path parallel to
the real axis from —oo + i0" to +oo + i0™, close it with a semicircle at infinity in
the upper half-plane for the first exponential function and in the lower half-plane for
the second exponential function. Then the exponentials see to it that the semicircles
do not contribute to the integral. The poles at x = %y lie inside the (mathematically
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negatively running) integration path C only for the second term. Then from the

residue theorem we get

1 . 1 1
R=—— | dxe™* ( + )
8i J¢ x+y x-—y
2mi : :
— +iy —iy
_8i (e +e )
T
= —cos
) y

Problem 5.8

1. The diagonal terms u = v in H | directly give Hy:

Hi(u=v)=Hy

That is why from now on we will consider only the non-diagonal terms p # v.

For these we have to calculate

Ew¢w
HFV

Tt
=z E E [ wlipoNive’ + J;w CinoCive' Cina' Cive

ioo’ nv
The first summand leads to

N u#v
Hi,(n #v) = Z U/wnzp,”w

[my

The second summand we somewhat reformulate

mm¢w
HF#v

Py 2 :z :JMV cz;ur Lva’clﬂa/c“}” =

ico’ Qv

1 WFEY

oo oo
5 Z Juv [CimcimciuTcivT F CippCivy Cinl Civt +
iy

oot oot
T+ Cipy CivpCintCivy + ciu¢ciuicill«iciv¢]

M#v

iy

u#v
y .y Z -2
By E :‘IMV [_ OinOiv — ZO‘W_O‘W - ZGLMUIV_
i

2: R
Py JI“’I: 0%y = 07,0y — NippTlivg _nlﬂin”’l]
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1
- E(”iuT + i) (v + niw)]

1 UFY 4 HFEV
=2 Z Juv nipng, — = Z JouvSip + Siv

ipv ipv
We recognize

Hi(w #v) = Hyo(u # v) + Hip(u # v) = Hy + He

Thus the proposition is proved.

2. As an example we consider EuO. This has 5d-conduction bands which are

empty and seven half-filled 4f-bands (levels). For the empty (!) conduction bands
Hy does not play any role but for sufficiently large U, it splits each of the
f-bands into two sub-bands out of which the lower one is occupied and the upper
one is empty. This leads to the localized magnetic 4f-moment.
H,; provides only an unimportant energy shift of the f-levels. H,, becomes
important if p is an index of the conduction band and v is that of an f-band
or the converse. Let us assume that the coupling between the conduction band
and the f-level is same for all the conduction bands,

4
=T W

and define as localized spin:

Sir = Z Siv
v

where the v-summation runs exclusively over the f-levels, then, H,, becomes the
interaction operator of the multi-band Kondo lattice model:

Hyp == JuSi - oin
in

The w-summation runs only over the conduction bands.

Problem 5.9

1. We use the matrix representation with the basis
| ko)o = Ckoo | 0) a=A,B

Then the “free” matrix reads as

0
HIEO') = Z Eap (k)cltaack(’ﬂ
af
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with the elements

yé
(HD)" =01 ckoy D eup@IchyyChopclys | 0)
of

= Zsa,s(k)rSyarSﬁa (010) =¢,5(k)
op

Hamilton Matrix:

HO = (8(k) 1(k) )

*(k) e(k)
Eigenenergies:
det (EOk - H,ﬁ?}) <0
A~ (k) — Eg)’ — 1K) =0
~ ES) = e(k) £ [1(K)|
Eigenstates:

<:F|t(k>| (k) ) <cA) o
(k) Flt®)| ) \ cp
) ) 1(k)
> c, =xycy ; = —
! ’ (k)|
Normalization ~
1
Eg) = —= (vela £ cy) 10)
0k /2 YCkoa T Ckon
2. Schrodinger’s first-order perturbation theory:
(Eger | H | Egyey)

1 1
= 5 (3750 ) U501 ) e

(VCIT(UA + CltaB) |0>

1
= = 2920(5) (17 (Olcko ACky ko aChr 410) =

*

— {016k 5l 5ok 5CY 410))

1 . 2
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The first order therefore does not contribute
=+ _
E ke — 0

The energy correction in second order:
We need the following matrix element:

(Eger | HI EGea)

1 1
= 5 <_§JZU> Z<Sozz)<0|(y*cde + CkUB) Clﬁaackaa *

(VCIT«TA - clT«TB) ‘0>

1 4
= =292 (S P 0lcko Atk ks aCly 4100+

*

+ (S5 (= DOleko 5Cly puonely 410))

1
— _ijszxwl2 + 1)(0[0)

= 3 2o

This gives as the energy correction in the second order:

2
+
(Ege |HIEGO) | 12572
E(i) = = 4
2k ES — E§ £2]1(k)|

Thus the Schrodinger’s second-order perturbation theory leads to the following
spin-independent expression:

4 _ 1 (s
B = el £ 1) £ 7 0

3. Brillouin—Wigner perturbation theory:
The energy correction in the first order is identical to the Schrodinger’s pertur-
bation theory, i.e. it vanishes in this case also. In the second order, one has to
calculate

2

+
(ES) |HI|ESE)

) =
o () F)
Ek - EOk

It should be noted that in the denominator the “full” eigenenergy El((i) appears.
We have already used the matrix element in part 3 We then have the following
determining equation:
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lJZ SZ 2
EX = e(k) £ |1(k)| + T -
E — e(k) £ |1(K)]

This gives a quadratic equation for the energy,

(B~ e00)” ~1u00P = 7(57)?

with the solution:

E® = e(k) & \/ () + %ﬂ(W

. The problem can be easily exactly solved:

1
H = Z <8a/3(k) - EJZU (Sé)(Sa,g) ClJr(aackO'ﬂ = Z Hio

koap ko

Matrix representation:
e)— LIz, (%) 1K)
Hk(r =
t(k)* (k) + 37z, (%)
The secular determinant
det(E — Hiy) = 0

is solved by

(E — s(®))? }112<SZ>2 — 1P

That means

Ei(k) =e(k) £ \/It(k)l2 + ;112<SZ)2

631

The Brillouin—Wigner perturbation theory gives the exact result already in the
second order. If the root is expanded for small J, then the coefficient of the first
term in the expansion is the result of Schrodinger’ perturbation theory in the

second order.

Problem 5.10

1. The total spin:S: = S| +8S; has the quantum numbers S = 0, i , 2,/; .. ,28and tl}f:
z-component S* = S} + S5 the quantum numbers M = —S, =S+ 1,--- , +S.

Additionally holds
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(S1+8)° =82 +82+28, -8, =85S + D1

1~ ~
~ 51'Sz=ﬁ2<§S(S+1)—S(S+1))Il
Possible energy levels:
| PPN —~
Ezy = —2J 1 <§S(S +1)— S(S + 1)) — MgugB

With the abbreviation,
b=gugB
we have for the canonical partition function:
Zs = Sp (e_’3 A )

28 4§
_BK2 152 70
—e BR=JS(S+1) § : § : eﬁzh JS(S+1)eﬁbM
S

5=0 M=-S

M -summation as in (4.94):

f: Jpour_ SInh(BB(S + 1)
— ~ sinh(1Bb)

Partition function:

o—BR2IS(s+1 28 513G 1
Zg= ——— el2" sinh(Bb(S + =)
s smh(%ﬂb) g p 2

2. Special case S} = S, = %:

e~ B 1 ) 3
Zip= ——— <sinh(—ﬂb) + P sinh(—ﬂb))
sinh(3 Bb) 2 2
With
sinh(Zx
.—(f) = 1+ 2 cosh(x)
sinh(5x)

we finally get
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Zip = eiBP?I (e_ﬂhzj + 1+ ZCosh(ﬂg,uBE))

The magnetization satisfies the following implicit equation:

a

M = nkBT
By

11’121/2

2sinh(Bgj5 B)
e=PMJ 1 4+ 2cosh(BgupB)

=ngue

For J = 0, and with tanhx/2 = X _ we oet the result of the Weiss theory

1+coshx
(5.8) for S = 1/2.
Problem 6.1
With the abbreviations
=BI . b=puBy i =
J = ) = PpUBDo ) - kBT
holds
elth —E e
T-El=
el elTh—E

The eigenvalues follow from

0=det(T — El) = (/" —E) (/" —E) —e™%
=E*—E(e/""+e/ )+ e —e
= E? — E ¢/ 2coshb + 2sinh2j
= (E — ¢/ cosh b)2 —¢* cosh’b 4 2sinh2j

This gives the eigenvalues

Ei==eﬂ’(amhﬂuBBoi:/amhzﬂMBBo—2e—wfsmh2ﬂJ>

Problem 6.2
Partition function (6.35) in thermodynamic limit:

E_ N
ZN(T, Bo) = Eil <l + (E—> ) —> Ei\] fur N - o0
+
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E . asin Problem 6.1.
Free energy per spin:

1
f(T, By) = —kBTA}im N InTy(T, By) = —kgTInE, =
= —J —kgT In(cosh BupgBy £ sqrt)

where

sqrt = \/cosh2 BupBy — 2e=2#7 sinh28J

Magnetization:

0
m=— (3_13()f(T’ Bo)>T

: coshb sinhb
sinh b + Sari

—He coshb + sqrt

sqrt 4+ coshb
(coshb + sqrt)sqrt
sinh b
= UB > -
Vcosh? b — 2267 sinh 287

= pupsinhb

That gives

sinh(Bup Bo)
Vcosh? Bug By — 2e=2f7 sinh28J

m(T, Bo) = jup

Susceptibility:

(T. Bo) = om
XT ’ 0 _MO 8BO .

) cosh b
= ﬂ/’LB

Vcosh? b — 2287 sinh 287

sinh® b cosh b

3
(\/coshz b — 2¢-287 sinh 2,61)
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5 coshb
Bug > ; g
Vcosh? b — 2¢=287 sinh 28J
{ sinh? b
cosh® b — 2¢=287 sinh 28.J

, cosh(BrgBo) (1 —2¢%7 sinh 287 )
= Buy 2 N . 32
(cosh (BupBy) — 2e287 smh2,BJ)

In the limit By — O this expression simplifies to

xr(T, By — 0) = p % e’

Problem 6.3
In the classical Ising Model the magnetic moment is given by

m=u Z S;
i
where u is a positive constant. With the Hamiltonian function

H=-]% 55 —mBy
ij
the canonical partition function is given by
Z(Tm)y=> exp | =p | =7 88, —mBy
{Si) ij
Here the summation is over all conceivable spin configurations, where the individual
spins can have the values 1. Therefore the substitution S; — —S; Vi cannot affect

the partition function. Then in the exponents the first term does not change the sign
but for the second term however, m — —m. That means

Z(T,m)=Z(T, —m)
so that

F(T,m) = —kpT In Z(T,m) = —kgT In Z(T, —m) = F(T, —m)
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Problem 6.4
1.
ZN(T, By) = Tr (exp(—BH))
1 1
=Tr(l) — BTr(H)+ 5/32Tr(H2) — 5,33sp(H3) +-
[o.¢] 1 .
=D 5 (B Tr(H)
1=0
o0
=B
=T (11)[1+IZ T
=1
Each spin has two possible orientations S; = Z1. That gives a total 2" spin

configurations. Therefore

Sp(ly =2"

9°Fn(T, Bo)
ooz ),
0

( 5 (=kgT In Zy(T, BO))>

3—132 In ZN(T Bo)

Il
k-

Tr(l) i -

122N1
Zn B 22

Z
Noo

oT
2 Bﬂ ZN(T BO)
5P 3ﬁ Zxn(T. By)

By

azN 2
B )

(ﬂ)”

00 2
Tr(l) [ B
—( Z, > ﬁ(—ﬂ)’ 1mz)

= kgp’ <ZM2 —m +0(5)>

1

:W(mz_m%)—‘r"
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In the last step we have restricted ourselves to the lowest term in 1/7. One
should notice that the moments are temperature independent. This result for the

high-temperature behaviour of the heat capacity is of course valid not only for
the Ising spins but also for all magnetic systems (!).

Problem 6.5

1. According to Problem 1.2:

_ 1 Mo, ~ ~\\2
XT—“TV« (m))°)
This means
1 = —— 0212 NS — (S (S5 — (57))
kgT V y J /
So that we directly get
I o ) ~\2
=gy (s > (SiS;) — (m)

ij

2. The spin chain shows no spontaneous magnetization. When an external field is

switched off, then, (m) = 0. According to (6.19) for the spin correlation of a
one-dimensional chain we have

(Si8;) ="/

One can easily see that, in the double summation, N terms with |i — j| = 0 give
the contribution v° = 1; 2(N — 1) terms with |i — j| = 1 give the contribution
v'; 2(N — 2) terms with |i — j| = 2 give the contribution v?; ....; and finally two
terms with |i — j| = N — 1 give the contribution vV =!. Then all of them together
give

N-1
U #o 50 k

T, By) = N+2> (N —k
xr (T, Bo) = -0 57 8 1 k=1( v

One calculates
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N-—1
1 -V

22va — 2N -
k=1

N—1 N—1 dl—UN
=2 kvt =2 kf=20—
k;v Zv Udvl—v

(l—v)( NoV=h 4+ (1 — V)

— 2N

-V

(1—v)?
N-—1
v 11—V
2 N — kwk =2N -2
~o2) v 1—v Y=oy

k=1

From this it follows:

1,u022 2v
T,By=0 N1
xr(T, By =0) = T V 8 g +1—v

1 —oN
BT v>2)

3. For N — oo the expression for susceptibility can be simplified:

1
— T,By=0
NXT( 0=20)
I o 14+
gZ/LZ
kBT \% 1—v

1 o 5 5 1+tanh(ﬂ])
~ kT VE BT “tanh(g))

1 Ho 5 o el + e Pl 4 ef) — P
kBT V 8 Wb op +e Pl — bl 4 o= BJ

L po 5 5 2B
T kT v S MBS

This agrees with the result (6.46) for the Ising ring in the thermodynamic limit.

Problem 6.6

1. The partition function

Zy(T) = Z Z Zexp (Z JiS; S,H)

where j; = BJ; is valid, we have already calculated with (6.14):
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N—-1

Zn(T) = 2N 1_[ cosh j;

i=1
Four-spin correlation function i # j:

(S;iSiv18;Sj4+1)

N-1
ZLN Z Z o Z SiSi+18Sj+1€xp (Z jiSiSi+l>
i=1

N Sy
1 9°Zy
 Zy 93ji 9j;

cosh jj - - -sinh j; - - -sinh j; - - - cosh jy_i

cosh jj - - - coshy_;

= tanh j; tanh j;

For i = j the four-spin correlation function is equal to 1. Let us now set j;, =
j Vi, then we have

1 falls i = j

(8iSi158 410 = {tanhzj falls i # j

2. From Problem 6.4 we have
1 927 1 [3Zy\>
cg, = kpp’ ——2N - <—N>
Zy B> Z% \ B
=kpp® ((H?) — (H)?)
With

(H?) = J* ) (SiSi115;S)41)

ij

follows:
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N-1
Cry=0 = kpB?* > ((SiSi118;Sj41)
i,j=1
—(85:Si+1)(S;Sj41))
N-1
= kpp’J? Z (8ij + - Sij)tanhzj — tanh? j)
i,j=1
N-1
= kpp*J? Y _ 8;(1 — tanh” j)
i,j=1
10 1
cpy=0 = (N — Dkpp~J m

Compare this result with (6.45).

Problem 7.1
1.
[Sf, S]y] = ihS;8;; and cyclic
+ X . y
5. 57]_ 5 5[5 7]
=+h (S £iS))5;
= +hS}8;
2.
[s0.57] =[s5. 5L +[s8)] +ils. s ~i[s0. 5]
= i(—ihS})8;; — i(ihS)s;;
= 2hS;8;;

SEST = (SF £iS))(SF FiS))
= (S + (S xi[s], s7]
=87 — (S7)* £ hS?
(where Si2 = h2S(S+ D1 inthe space of the spin states)
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4.
Distsovsost)= (st sosivisisy —isisis
RGO ARIRTS Rl GRS B B e B
+SESE 4 SS) —iS)S) +is)'S))
QX Qx Yoy
= SISt + 88
=S;-S; - S8
1 _ _
~ S-S =3 (85T +57ST) + 538
5.
H:—Z]ijs,--sj
i
4) 1 - e
= 2 D SIS TS = Y Ay SiS;
ij i
| X =
— .. P s o= i 8% S%
__EZJ']Si S; ZZJ” S;°S; ZJwSiSj
ij iJ L
io] (Jij=J;)
- (stSsT + 5787
==Y g (SFsy + 8i85)
i
Problem 7.2

1. [(Si_)”, Sf]i =nhS ) n=12,...
Complete induction:
n=1:

[S7. 8] =hsS”

n—n+1:
(ST sE] =[SO 87 ST+ (S [Si, 87]
= nh(S;)"S; + (S7)'hS;
= (n+ DS, )" q.e.d.
2. [(S7)", (SHP]_ = nPRA(S7 )" + 2nhSH(S; ) n=1,2,...

[ (9P ) = s [y ST+ [, 87185
= SEnR(STY" + nh(S])'S?
= 2nhSH(STY + A" ged.
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3. (S (S0)"]. = @nhSF+ RPn(n — D)S;) s n=1,2,...
Complete induction:

n=1:
[S;". 7] =2hns}
n—n+1:
[ syt
=[S SO sTH S [SE ST
= 2nhS? + WPn(n — 1))(S;7)"'S7 +(S;)"2hS?
2 QnhS? + K2n(n — D)S7)" + 2nh3(S))" +
+2hS3(ST)"
= Qh(n + 1)S? + *n(n + D)(S7)" qed.
Problem 7.3

Starting point is the identity (7.485):

+S

1_[ (87— hmy) =0

m5=75

S=1
0=(si+2)(s: -1 —(SZ)Z—h—2
- i 2 i 2 i 4
hZ
) = =
AU =
(3)=% «(3)
~Nayl=)=—, =) =0
2 4 2
S=1

0= (87 +h)S; (87— h)
~((S7)) = R2(S7)
~ag() =0, aj(1)=Hr, a(l)=0
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o~ (5o ) () - ) 53
< (i7-20) o)

§=2
0= (87 +2h) (57 + h) S7 (57 — h) (S] — 2h)
= ((s)" = 4n?) ((s5)" = 1) ¢
~((S7)) = 5R2((S7)Y) — 4n*(S7)
A ap2) =0, o(2) = —4h*, a(2) =0,
a3(2) = 58, as(2) =0
S=1

(e e 2
(3052202
(- 20y -2 7).

o7 - 4)

987

~((S9)®) = 2103((87)°) — ?h“<($§)4>+
L3229 o 617
s -

7 617 7 7 3229
~a (5) =g e (5) =0, @ (5) =6 "

7 7 987 7

o (3)=oe(3) =5 w(5) -0
7 7
— | =211, ~ )=

“6<2) “7<2)

643
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Problem 7.4
Eu’* on f.c.c.-sites
~ each atom of a (111)-plane has six nearest neighbours in the same (111)-plane
and three each in the two neighbouring planes and six next nearest neighbours, three
each in the two neighbouring (111)-planes.

EuSe:

2.8K < T <4.6K NNSS-Antiferromagnet

v 12 nearest neighbours, 9 in the same and 3 in the other sub-lattice.

2 el e2
~ kBTN=§h25(5+1) Yo=Y h
J J

2
= 5hzs(s + 1D {9J, + 3, — 3J; — 31}

= %th(S + 1)(6J))

) el e2
kp® = 5hzs(s+ 1) ;JU +;J1J»

2
= §hZS(S + D{9J, + 34 +3J, +3J,)

2
= §hzs(s + D{12J, + 645}

_ kg
~ N = s I

kp® — 2kpTy = 412S(S + 1)Js

k
% .12 = WIE‘H)(@ — 2TN)

Problem 7.5

1. Itis convenient to first split the matrix as follows:
A =bA +al

Here the reduced matrix A’ is given by
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01000---00
10100---00
A= 01010---00
00000---10

Eigenvalues of A:
A=a+b) ; ) : Eigenvalue of A’
Now we have to solve
0 = det(A’ — ') = Dy(\)
One recognizes
Di(\)=—-) ; D:\)=1%—1
In general one obtains by expanding after the first row:

Dd()x,) = —)\., Dd—l()\/) — 1%

11 0 00---00
0-x 1 00---0 0
01 =A210---0 0

—A'Dy_1(M) — Dyg_o())

In the last step, the remaining determinant is expanded after the first column.
With the ansatz for solution

Dd()‘/) — e:l:idut

follows:

e:l:lda — A/gil(d_l)a _ e:tt(d—Z)a
A et = ) — T A ) =
/
= -2cosa N o= arccos(—z)

General solution
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Dy(\) = ¢ cos(da) + ¢ sin(da)
c1,¢, from the initial conditions:

Di(X) = =) = ¢ cos(a) + ¢ sin(a) =

= 2cos(w)
Dy(\) =A% — 1 = ¢ cosRa) + ¢ sin(2a) =
= 4cos’(a) — 1

cp1 =2 —cytana

~ deosla—1 = 61(2008206 — 1)+ ¢y 2sina cosa
=4cos’a —2 — 2¢ysina cosa +

+ crtano + 2¢; sin o cos «

N ¢ =cota N ¢ =1

Intermediate result:

Ccos o

Dy(\) = cos(da) +

osa
- sin(da)
sin o

(sin & cos(da) + cos « sin(dw))

sin &
sin ((d + 1))
sin &

Requirement:

rm
—r
d+1

rmw

D) =0 A a= =1,....d

~ A = —2cos

With this we have the Eigenvalues of the tridiagonal matrix A:

rmw
A =a — 2bcos ,r=1,...,d
d+1

2. Heisenberg model for films:
Hamiltonian in molecular field approximation (7.124):

Hypa = =2 J;j(S3)S;
ij
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That means we have an effective paramagnet in the molecular field 2 Z Jij(S; Y
g/t p. Due to the film structure, translational symmetry is applicable only in the

plane of the film and not in three dimensions. Let Bg be the Brillouin function in
the following. Then according to (7.134) holds

(Si)=hSBs [ 28BS Jij(S:
J
Exchange only between the nearest neighbours:

Z Tj(S3) = qJ(S5) + pI(Siyy) + pI(SE_y)

(S%): layer magnetization, where o numbers the layers; g(p): coordination num-
ber (the number of nearest neighbours) within the layer (between the layers).
q + 2p = z: volume coordination number. Examples:

sc(100): g =4, p=1
sc(110): g =2, p=2
sc(111): ¢ =0, p=3

For T — T¢ linearization of Brillouin function: Bg(x) ~ %—?x:

(83) = 52<s+1>Sﬁ(qJ<SZ>+pJ<S+1>+pJ<S; D)

This gives a system of homogeneous equations:
0=2 My (S;)
¥

Here the matrix M is given by

qJ —x pJ 0 0o 0 - 0

R pJ] qJ—x pJ 0 O - 0

M = 0 pJ qJ—xpJ 0 -- 0
0 pJ g —x

TGRS
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We thus have a tridiagonal matrix. There exist non-trivial solutions ((Sy) = 0)
only for

d
detM =0=[]x

r=1

Ar is the rth eigenvalue of M. According to part 1, for the eigenvalues we have

=qJ 2pJ cos ——
,=qJ —x — cos
1 PrES T
At least one of these eigenvalues must be equal to zero. This gives the following
equation for T¢:

» 2. rm
kpTg =§h SIS+ 1)J q—2pcosd+1

The physical solution must satisfy the well-known limiting cases
2.5
kBTc(d = 1) = §h S(S+ I)Jq

2
kpTc(d = 00) = §f-fS(S + DJ(g+2p)

l—

— sc(100) B
: --- sc(110)
08 sc(111) —

0.6

0.4

[Te(bulk)-Te(d)]/Te(bulk)

0.2

0

Fig. C.1 Relative change of the Curie temperature of a film with its thickness. d: number of mono-
layers

That is possible only for r = d (Fig. C.1):

= — + — COS
BiC 3 / 1
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It is instructive to compare the critical temperature of the film with that of the
bulk material:

Tc(o0) — Te(d) 7—2s ( dm >
=2 1 + cos
Tc(o0) z d+1

Here z = g + 2p is the coordination number of the bulk and zg = ¢ + p that of
the surface.

Problem 7.6
We use the Heisenberg Hamiltonian in the wavenumber representation (7.105):

__i + —(_ 14 Z(__ _
H= NZk:J(k){S K)S™(—k) + S*(k)S*(—k)}

1
- EgJMBBOSZ(O)
For the spin operators (7.106) and (7.107) hold
S*(k) |0) = AN S 10) dk.0 ; STK)[0)=0

With this we calculate
Y IS A0S (k) [0) =
N k
= _% > Ik {21570) + ST(-K)ST )} 10)
k

_ (22 1
= 2R2NS |0>)< ~ ijj(k)>

= —(2R* NS |0))J;;
(7.12)

1
N Xk: J(K)S*(k)S*(—Kk) [0) = —hS Xk: J(K)S*(K)é—k,010)

= —hSJ(0)S*(0)]0)
= —NR2S2Jy|0)  (J(0) = Jp)

1
_ﬁgJ,U«BBOSZ(O) |0) = —Ng;SupBo|0)
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With this it is shown that |0) is the eigenstate with the eigenvalue

Eo(By) = —Nh*S*Jo — Ng; 15 BoS

Problem 7.7
(k| S k) = th (0 S*(—K)S7 S~ (k) |0)
25N2h2 Z R0 SH(—K)S*(@)S ™ (K) [0)
1 .
= Sonziz 2 ¢ 01T (R (570 S (@)—
q
—hS~(k + q)) |0)
1
= 57 (01 @hS7(0) + 5~ (0S¥ (~K)) 0)
- 53 N2h Z@“’R (0] (2515%(q)
+5 (k+ q)S*(—k)) 10)
1 1
—hs— Ly
N
=h (S — %) g.e.d.
Problem 7.8

Holstein—Primakoff transformation:

S =h2Sptma; ey = [1- 2%
ST =hv 2Sai+<p(ni)

z . — ot
S; =S —ny) inp = a; a;
a;, a; *: Bose operators

fat] =t o] <[] =0

— . + R
m[ni,aj]__—aiSij, [n,-,aj]__ai aij
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1. Commutation relations:

[s57] =

= 281%8;; [o(n)a;, aio(n;)]_

= 2h8,jh(S — n,»)
= 21, 5°

[Sf, Sf], = [h(S —n;), hmﬂ”;‘)a/’l

= —h*V2S[n;, ona;l_ 8

= —I*V2Sp(n) [ni, a;il_ 8
————

= W*V2Sp(1n;)a;8;;

= —i—ﬁﬁ,‘jS?_

[Sz S;:I_ = —hzx/ﬁ[n,», apn)]_ 8
= —h*V2S [ni. ai"]_en:)s;;

~———

+
a;

—_h (h«/ﬁa;r w(ni)) 8ij
— 18, ST

1

2. S%

1
87 =5 (S'S7 +578) + (5P
1
= §2Sh2 (p(npaia; pn)+

+at (1- ;—S) a;) + IS = ny)?
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n; 1
s ((1-2) 0 (1-25) oo o
as) T\l T )t g i |
—aj+a;n;
+h2(S* — 28n; +n?)
= h*(S+2n;S — n? + S* —28n; +n?)
=SS +1)
Problem 7.9
Dyson—Maléev transformation:
= hv ZSOZ,‘
n:
S™ = iw/2Sa;t (1 - —’)
’ T
S =S —ny) in; :ozfot,v

o, o:;r : Bose operators

1. Commutation relations:

oo 2 + nj
[st.57] =25m e af (1- 2S)]
=2Sh%8 8ij — K28 8ij [oz,, a+n]
= 2Sh,2 ij — 528,']'11,' — h (Sijai [Oti, I/li]_
——
= 208;;(S — n;)
= 2hé;; S}

[s;, sf]_ = BPV2S[S — i, )]
—h2\/288;; iy il
———

—o

= hzv 2Sa,-8ij
= hé;; S;"

5:5] =#S[s-n. o7 (- )]

28
= —12V/285;; [”i’ o (1 B %)]—

= —12V/288;; M (1 B ;1_:9)

A
o
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n;
= 122850 (1 - ﬁ)

= —Né;; S

ijRi

S; = % (S8 + S7S7) + (59)?
= s (e’ (1 - 25) +ai (1- ;_S) ) +
+ 12(S% — 28n; +n})

1
=hn (S(l +n;) — z(n,» +n?) + Sn;—
1 +
5% nia; + S* — 28n; +n
1
2

=R(SS+1) ! +1 +1
= n, 2n, 2n,

9

=hS(S+1)

Problem 7.10

Sf ~ hv2Sa; 3 S; & FL\/ZSaiJr ;o SE=HS —ny)
Fourier transformation:
STy =) e *Rist

~ h/28 Z e KRy,

-
VNay
=h ZSNak

S~ (k) = Z eIkRig-

"vh\/_ze—lkR +

\q,—/
VNa_y

=h ZSNai'k

653
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Sk) =Y e *Ri(hS — hafay)

i

. 1 c
=hSNéko—h Z e kR v Z a;'ak/e‘(k —OR;
i k'.q

— hSNSk,O — h Z a(rak’Sk’,kﬁ»q
kK'.q

= hSN(sk'() — hZa;{qu
q

Verification of commutation relations:

[S*(), S™(@)]_ = Rr*28N [ax, a*,]_
= 2SNh*8k1q
~ 215 (k + q)

[s°00, S*@]_=~h)_ [aganqs aq| WW2SN
-

- —h%QSNZ[af{,, aq] At
q _\/—_‘
—qq

= I*V2SNay 4
=hST(k+q)

[$°00, S~ (@] = ~W*V2SN Y [afansqs aty]
"

= —h*V/28N Za(? [akmr, afq]_

q/ ~————————

8¢/ —q-k

= —W*V2SNa®,
= —hS"(k +q)
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Problem 7.11
1 iq-R;
Qq = ﬁ Ze o
1 .
o = —— IRy
T ¢ e

1 iq(R,—R;
J(q) = NZJijeq( iR
ij

Dyson—Maléev:

SI.Jr = hv/2S8«;

fi:
ST =hV2Sa (1 — —
1 Otl ( 25)
Siz =S — ;)

Heisenberg model:

H = Ey+ H, + H,

Hy = 2SI Jo Y- i = 2S0* Y, Jijata,

Zﬁi — % Z efi(qfq’)Rfa;l# o
i

q.9.i

_ +
= E oy Qqdqq
q.q

— E +
= Olq Oq
q

ota —
E Jijo ap =
i,j

1 . o
_ + iqR;—R;) —iq'R; Jiq"R;
=2 E E J(@agaqe al De 1R pIa'R,
iLj 4.9.9"

_ +
= Z J(@erg otqr8q.q8q.q7
q.9'.q"

= Z J(q)oqozq
q
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ha(q) = 2Sh*(Jo — J(q))

~ H, = Z hw(q)a:{aq
q

_ 2 o a 2 +a
Hy=—=h>}_; ; Jijhiij + 173, ; Jijeg hiatj
E Jijninj =

i

1
+ +
Na E E 0y, 0lqy g, g, J (@)
i,j d1-94,q
% ¢ AR —R)) ,i(@R —q3R; +q2R; —quR;)

_ 1 J(Q)a! agof g, 8
= Qg Xq3 ¥, %q49q,q1—q39q.q4—q2
q1-G4.q

1
_ + +
== E J(Q4 — 92)8q;+q5.q3+q4 Xy Vs g, Y
qqs

1
v Z J(qs — q2)5q1+q2’q2+q40l;;01q4+
419294

1
§ : + o+
+ N J(qq — q2)8q1+Qz,Q3+(I4aq1aqza(ba(h
q1...94

1
N Z J(G1 — q2)org, og, +
q1.92

1
2 : + o+
+ N J(qs — q2)5m+¢lz-%+ﬂ4aq]aqza%am
q1---q4

§ + A _
J,'jOli n,»ozj =
ij

1 .
_ b —iq(R,—R))
e Z Z J(@arg, ag, g g e 4

i,j 4.91.--94
% ei(Q1Ri+q:Rf—Q3R,—Q4Rj)

1
_1 Z + ot
= J(q)aqlaqzaq3aq48q,q48q,(h+q2—¢b
q1---94.9q

1
_ + o+
=N g J(‘]4)8q1+qz,qs+maqlO‘qza%a‘h
q1---q4
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In the first term q and q; commute:

h2
e H4:N Z(J((M)—J((M—(Il))*
q1---q4

+ ,t
*8% +Q2,Q3+Q4aq1 Olq2 Uq3 gy

Here we exploit

1 1 o
N Z J(q — q) = v Z Z ]ijel(m ©2)(R;—R;)
qQ2

Q@ i)

1 )
= = 3 iRy
= 2= Jue T
i

:%ZJ,»[:O

Problem 7.12

E) = Eo(By = 0) = —N Joh*S?

U =< Hgy >= Eg + Zha)(q) < g >
q
ha(q) = 28h*(Jo — J (@) ~ Dg” for small |q|
Low temperatures — only a few magnons are excited:
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2
~ F0 4q
UNE+D) 5y
q

Vv
— F9 —-BDg’ —nfDg’
_EO+D(2n)3/ g q°e Z

o @
Z/dqqél —nBDg?

Substitution
nBD
t =nBDqg?> dt =2nBDqdq =2t ——d
nBDq nBDq dgq f\/nﬂ_D q
1 dt
dg = —
2/nBD \/t
~ U=~ E)+
o0
DV & s 3o
+m2}(nﬂD) 2 /dme
n= 0
N —’

F)=3TG)=3r(=1v7

U~y 30V, (5) <k3>§T
1o \2/\D

0 5
=E,+nT>

Loy

oU 5
~  Cpy=0 = 5T ZETITZ
0

is experimentally uniquely confirmed.
Measurement of Cg—g — n — D — Jo = z1J;.

Problem 7.13
1. Proof by complete induction:
p = 0; trivial.
p=1
[ al]_ = aj [aq. a]_+[aj. a(]_aq
= al;

pp+1
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[ig: @] =
= ()’ [Ag, a}] + [fq, (@p)”]_af
— (1Pt 1yt
- (aq)I aq + p(aq)paq
= (p+ D@ q.e.d.

fi (]‘[(@"q) 10)
q

#k
A(a)™ [ J(ady™ 10)
q

#k
[T (@™ + mdal™ ) 10)
q

#k
=0+ m [ J(@))"(aly™ 10)
q
=i [ Jap)™10)
q
= ng |¥)

|vr) is therefore an eigenstate of 7ix with the eigenvalue ng. Thus |y) is also
eigenstate of H:

Hly) = (EO(BO) +y hw(k)nk) 2
k

Problem 7.14

U =< Hsy >=E, + Z {Ea(Q) < afaq > +E4(q) < B Bq >}
q

By =0; B4 =0:

Eu(qQ) = Eg(q) = D -q =¢e(q)

A q
~ U=Ea+2[)z—ew)_1
q
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Abbreviation:

Heat capacity:

Problem 7.15
Sub-lattice magnetization of an antiferromagnet (Eq. (7.304)):

2
5 cosh” g
Ma(T) = —gJMB { P ZSth Ng — Z <eﬁEd(q) 1"

N sinh? 7,
eﬁEﬁ(q) —1

B():O;BAZOZ

J
(7.356) ~ tanh2n, ~ —@ =-Y (T independent)

J(0)

Ma(0) = $gs1p {% -2 SinhZCI}

Eu(q) = Eg(q) = 2512/(Jo + J(@)(Jo — J (@)
o—J (@~d Jog®

~  2SE|JIV2d) g = e(q)
—

D
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1 + 2sinh?
A MA(T) — Ma(0) = ——gmB Z —

efe@ — 1

T — 0;8— oc:

1
Xq: he@ _ 1

Vv 3 —Belq)
= / d’q —————  (without correction term)

(2m)3 1 — e Pe@
BZ

s / % )

_ d’q § e "Pe@
3

2m) =

N — o P Z / dq q2 —nhDq (justification as for ferromagnets!)
n=1
0

o0
R ilfd
=52 3 3 yyle™
2n2 (BD) n=1n0

I‘(3) 2=

Vv 1
= ( i ))

Abbreviation: C3 = nsz’,’f%)si 3
B

~ | Mu(T)— M@O)=C;-T?| if without correction term

With correction term:

1 +2sinh’n, =

1 1
V1 - tanh2p, - J1-7

Consider
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\/1 —y2 g -dq
1

v

~ l—y;%quz

5
XU
Q| =

(only small ¢g play a role in the spin wave approximation)

142sinh*n, 1 11
~ ; Pe@ _ | Nm§qeﬂs(4)_1

1 v o1 il/ood o
= — e
J2d 2 (DR =2 | Y
l
=1

Abbreviation: C, = %C )
—OF

~ [ MAT) - MO) =C, 72

Problem 7.16

H=E,+byY afaq+bs Y bibg+ Y c(q){aghy +albl}
q q q

M in the new operators:

H =E, +bAZ(coshn~a;r+SinhTI'IBq)*
q

% (coshn - &g +sinh - ) +

+bBZ(sinhn -y + coshn - BF) x
q

% (sinh - &F 4 coshn - Bg) +

+ Z c(q) {(coshn - @y + sinhn - 1)«
q

% (sinh 7 - ;" 4 coshn - B,)+
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+ (coshn - & + sinhp - B,)
% (sinhy - &g + coshn - 1)}

=E, + Z [b4 (cosh® 7 - af o, + sinh? 7 - BaBy
q

+sinh 7 - coshn (o B + Byy))
-+ bg (sinh® n - ager) + cosh® n - 7 B, +
+ sinh 7 - cosh n(ay By + B @ ))) +
+ c(g) (cosh® nay By + o) B+
+ sinh? ( ;a; + Byog)+
+ cosh 7 - sinh g (aqa; + B, B+
‘thjo‘q + ﬁqﬂ;))]

Use
. L.
sinhn - coshn = 3 sinh 27
1
cosh’n = E(cosh 2n+1)

1
sinh® n = E(cosh 2n—1)

1
~H=E+ 3 > [balef g — BoBY) + bs(—aqer) + BB+
q

+C(Q)(°‘q:3q +O‘+:3+ + + :340‘4)]

4= Z sinh(2n) [ba(er) B + Bytg) + biley By + Bl o) )+

+e(q) (eqor) + B By + oy + ByBT)]

1
+ 5 D cosh@i) [batef ey + BB + bs(egag + B B+
q
+c(q) (Zaqﬂq + Za;ﬂ;)]
1
=Ea+ 5 ) ((ba = bp)afey + (by — ba)B By — (ba+ bp))
q
1
+5 ; sinh(2n) ((ba + bp)agBy + o B+

+ c(q) (Za;aq + 2,3;&1 + 2))
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1
+ 5 D cosh(2m)| (b + ba)ety oy + B B) + (ba + bo)+
q
2c(q) (B + i} B)) |
—(bp+by) tanh(2n)

—Ey = X bs b+ 2 (s + brycosh 2+
=Fa = a4 B 24 A B)coshzn

+ 2c(q) sinh 2n)+
1
+ Z a;aq (E(bA — bg) + c(g) sinh 2n+
q

1
+§(bA + bp) cosh 217) +

1
+Y BB, <§(b3 — ba) + c(q) sinh 2n+
q

1
+§(bA + bp) cosh 277)

1
c(q) sinh2n + E(bA + bg)cosh2n =
tanh 2n

1
=cq)————+ 5(ba + bB)—2
V1 —tanh’2p 2 V1 — tanh®2n
—2c(q) 1 1
=c(q)——=2E  (bp + bp)——
fl_ 4 2 | — 4
(ba+bg)? (ba+bg)?
 —4cg) L1 Gatbyy
2/(bs +bp)? —4c2 2

V(ba +bp)* — 4c?
1
=5V (ba +bp)* —4c?

1
=E.(q) — E(bA — bp)

1
=Es(g) + E(bA —bp)

~

Ey=E,— 5 (ba+bp)+ 53 4 v/(ba+bp)* — 4c*(q)

H= Ea + Zq (Ea(q)a;aq + Eﬁ(q)ﬂ;{ﬂq)
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Problem 7.17
_ 1 3 ks
Y

z1: number of nearest neighbours
R, lattice vector from the origin to a nearest neighbouring site

qu_(h(ﬁql) =
qi
:_ZZ i(q— ql)RA‘—ZCla l(h(R —Rj)

q Ay

:—E E aa PARE S8 A,
ij

Z_E lqRA] E (a ai— Al

ZIA

Due to translational symmetry, the expectation value is the same for all nearest
neighbours. That is, independent of any particular A;:

ZVq—m(ﬁq])
qi
= (i Z(a ai—n,) ) Ze’qRAI

A
1

= Vq_ Z(ajai—A1)

N

Z Z —iq1R; ,iq2(Ri—Ra) (a Taq2>

lA] qi,

E E —iq2'Rp
¢ I 8‘11 Q2 (aql a¢h>

Al q1.q2

1 .
=yqz(;ze ot o)
qi ! Ay
=V Z Vai (fiq,)
qi
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Problem 7.18

1 )
Yo = — Z et

21 N

Ry, € {a(£1,0,0), a0, £1,0), a(0, 0, 1)}

=52l —vy):

1
NXq:lzl

lz _izlzeiq-ml
N q yq_N q

21 A

1
=—Y 8a0=0
21 A

since Ry = (0, 0, 0) is not a nearest neighbour.

8% Cl=1
CZZ%Zq(l_qu:

1
62=NZ(1—2yq+yqz)
q

TOBZEE D IEDD) DY

Z

q a “bL oA p
1
D 2) SN
Loar a
! 1
=22
ke
1
oz

/\Cz:l—l—z—
1

3 = % Zq(l - Vq)3 :
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1
c3 = NZ(I —3J/q+3)/qz—)/(i”)
q

% Z Ve % Z 13 Z Z Z o1 (Re Ry +Ry)
q

q S A A A
! E E )
z_3 Z A=A A
Loar ap oy
=0
since (—Ra, — RA/]) for s.c. lattice cannot be

a nearest neighbour.

Problem 7.19
Calculation of the anisotropy contribution of the dipole interaction

H,=-3) Di(Si-ey) (S, -ey)
i

in spin wave approximation:

Sz+ = ﬁ\/ 2561,‘
ST = h/2Sa]
SF= h(S —aja,-)

1

This gives
H,=-3 Z Di; (Si - e;) (S - eij)
ij

=-3 Z D;; {(Sfx,‘.,- + Sl-yy,-j + SfZij) *

ij
* (S;X,'j + Sjy-y,'j + S;Z,y)]

= =3 Dyl SISy + 93 8T + 2 sisi+
iJ

ijRi J A
+ X i) (st,}"y + Sivsf) + i (stj - S"ZS;) "
+ iz (555 + 5787 |

25 .
= —3R? ZDij{xiZjT (a,- + ai') (aj +a}) +
iJj
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2 ) o)
ij 4 i i J J
+2 (87 = S (i +ny) +inj) +
28 -
i (o) (o)
+ (a,- — aT) (aj + at)> +
+ XijZij—— ((a, +a; ) (S —n;)+
+(S—n,)<a] +a; ))
T Vi ((a, - af) (S—=nj)+

+(S—n,-)<aj —aj)) }

_—3hZZDU[ (a,aj—i—a,a +a; aj+aJr [)—

S
—Eyf,- (a a]+aT T—aia;—al?aj>+
+2S(S—ni—nj)+

S
+2—ixijy,-j<aiaj a,a +a aj —a; aT—l—

+a;a; + aia; — alTa — ajaj) +

2S
+ STx,-jz,-j (Cll' —i—aj +Clj +aJ]f)

+
V2§ i i
+S5— % yuz”( ai—i-aj—aj)}

= —3hZSZD»jzij (S —2n;)—
2 1
—3h SZDU ( u_zyu"HXUy’J +

1, 1 ,
+a,aj<2 —z)’,j lxijyij>+

1 1
i) (1)

SV 2SXijZ[j (a,- —i—aj) — ISV 2SyijZ[j (a,- — aj) }

The mixed terms vanish. In order to see that, hold z;; fixed. All R; and R; with

zij = const define an x, y-plane. In this for each R; there is a R/j with x;; = —xl./j
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and y;; = —ylfj and |R;;| = |R;j|, ie. Dj; = lej. That means Zj Djjxijzij =
0 in the plane and therefore in the entire space. Analogously: Y, D;;y;;zij = 0.
Therefore what remains is (Fig. C.2)

H, = =318 Dyjz} (S —2n) —
i

1 1
—3m*S Z Dij{aja;[z(xz'j + l')h",')2 + aia_;i(xij — iyij)2+

ij
i 2 2
+ ailaj (.xl-j + yU) }
Fig. C.2 Graphical AZ
illustration for the evaluation ,,,/’y
of the “mixed” terms in H, g
(see text)
N
ij
1
ij
Problem 7.20
First derivative
dw e B(1 + p)e™™
i hxw — 5
a (14 @)eha — ¢)
= hw(x — @)
with
(1+g@e ¢

= = _|_—
(14 @)eha — ¢ (14 @)eha — ¢

Second derivative:
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do = RPo(x —a)’ + ho hy(1 + g)e™

da? (1 + gehe — g)*
=h2wx—a2+h2woé$
( ) (1 +@)eha — ¢

= hlw ((x — o) +ala — 1))

Coefficient of the second term in the differential equation:

(I1+¢)+ge " @

— =a+o—1
(14 ¢) — pe—ah (14 @)ed — ¢

Thus what remains is

o ((x —a)’ + ala — 1))+

+ RPox — )2 — 1) — B*S(S + Do =0
~xr—2ax +a* +a® — o + 2xa—

—x =202 4+a—-SS+1)=0
AxP—x=SS+1)=0
Ax1=-8 x=85+1

general solution:
Q(a) = cio(—S, a) + (S + 1, a)

Problem 8.1
For the Hamiltonian

_ wo+
Hy = § § :Tu CingCjvo

ijo v

holds after substituting the Fourier integrals:
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Hy = ZZ ZTW ik (R —R;)

ijo W,
* i —iq-Ri—p-R; + Umu Um’v *
X e CqmaCPmO' po
" q.p.mm

*
KUY yrmp m'v +
§ : 2 : 2 :Tk Uqa (Upa ) 8k7q5k»PCqmaCPm'U

k,q,pm,m’ o,v, 10

=YY R (Ui) Ui g

k m,m o,v,n

= Z Z Z Em' (k) ( Uy, M) ko clirmackm’a

k m,m o,u

— E +
- Sm’(k)sm’,mckmg Ckm'c

k,m,m’,o

= Z 8m(k)cli_mgckma

k,m,o

Problem 8.2
Wannier representation:

H = Z ijC ijg—f‘%UZniani—o

ijo

Hopping integrals:
! Z ik-(R;—R))
7,']' = N k 8(1()6 J

Construction operators:

One-particle part:
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Ho =" Tjcl,cio

ijo

1 . . .
_ k-(R,—R;) —ip-R; ,iqR;
— g D ccp g 3R R g

k.,p.q,0 i,J

= Y e)ch, Cqodpdig

k,p.q.0
= Z e(k)c]tack(T

ko

Interaction part:

H,

%U Z Nighi—o

1 1
i i
EUﬁ Z Cky0 Ckao Chy o Chy—o
k;..ky,0

* 2 o Ckitk)R; i(—ks+ky)R;

L

1
T i
EU Z Skl+k3~k2+k4ck]ackzﬂckg—ach—ﬁ
k]...k4,0‘
ki >k+q, ks—>p—q, ki —>p, k, >k
1 P
& H) = EU Z Ck+qo Cp—q—oCp—o Cko
k.,p.q.0

Total:

1
H = Ze(k)cfwckg + EU Z chac;(,,qacp_gck(,
ko k,p.q.0

Problem 8.3
Band limit:

GU—)OE —
ke (E) E—ek) +p

Zero bandwidth limit (W = 0):

GV=0 _ Ml —n_y) hn_,
° T E-Ty+pn E-To—-U+npn

Stoner approximation:
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h
E—ek)—Un_,+pn

G;{S{"mner)(E) —

obviously satisfies the band limit but not the limit of infinitely narrow band.

Problem 8.4

H= " P&}, o a. B € (A, B)
ko,o,B

m 1 1
e; (k) = e(k) + EUn — EZgUm —

BE 1 1
ey (k) = e(k) + EUn + Engm —u
e2B(k) = t(k) = e (k)

Here we have used

AA BB _ _
<n’ >=—<n, >=n,

m=n4y —n,;, mp=-—mp=m

Green’s functions:

Gﬁf(E) =<< CkWU;ClT(/SU >>F

1. Quasiparticle energies:
[ckao, H]- = ZSfﬁ(k)Ck/za
B

= 24 (K)ckao + 28 (K)ckpo

Equation of motion:

(E — e24(K)GPNE) = h 4 25 () GEAE)
With
[ckpos HI_ = e84 (K)exao + 28 (K)ckpo

also follows:
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(E — ePP()GEAE) = ePA KR GAA(E)

BA

BA g (k) AA
~ Gy (E) = mcka (E)

Substituting in the equation of motion for G2 (E):
AB(1)|2

AA AA( oy leg” (K AA

(E —&," ()G, (E) = h + mGkg (E)
E — eBB(k)

AA —
™ G (B = e AR G0)E = eB5(0) = e/ B (K

Poles:

(Ex — s24A0)E — e25() — [s22 M) = 0

~ Eik) = %(ef,“*(k) + &2 (k)

+ \/% (gg\A(k) — 858(]())2 + |8§‘B(k)|2

That means the spin-independent quasiparticle energies:

1 1
Ex(k) = e(k) + SUn + ,/Zuznﬂ + )2 — p

2. Spectral weights:

E — ¢BB(k)
(E — Ey(0)(E — E_(K))
herg (k) = lim G (E)E — E+(K))

GeME)=h

EL(k) — e3P (k)

(€3] —
a7 (k) =
E+(k) — E+(k)
1 U
& Pk =515z =
2 VU2m? + 4]t(k)|2
Spectral weights are obviously spin dependent

Spectral density:

SSUE) = halP(K)S(E — E () + hal (K)S(E — E_(K))
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Quasiparticle density of states:

11
(*) — _ (+) _y —
PE) = 5~ ; {2 K)S(E — 1 — E4 (k)
+al (KS(E — o — E_(K)}
k: wavevector of the first Brillouin zone of the sub-lattice.

Problem 8.5
Let x # 0:

1
— lim B _ lim Be Pl =0
2 p—>oo 1 + cosh(Bx) p—oo

The expression diverges for x = 0. In addition it holds

+00 o0
/dx—limLzlim/de,
2 p—oo 1 + cosh(fx) p—oo 1 + cosh(Bx)
—00 0
o0 [e¢] [e]

B 1 1
dx ——— = | dy—— = | dy ———
1 + cosh(Bx) 1 + cosh(y) 2cosh? &
0 0 0

roo
:/dz 5 :tanhz’
cosh” z 0
0
=1-0=1.

Thus we have the defining properties of the §-function satisfied!

Problem 8.6
According to (8.97) the Hubbard Hamiltonian can be written as follows:

2U 1 .
H =Y eci, e = 53 D 000) -0 (k) + UN =243 Boor(0)
k

ko

1. We calculate the commutator termwise:
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[0+(k), > Tnchs Cna:|

m,n,o

—ikR + +
= E e i E Toun [cmcw, cmcng]
i

m,n,o

= Zeﬂ.k'R" Z Tun (5im5n¢6;}6m - 5in5aTCnJL,Ci¢>
i

m,n,o

§ + —ik-R,, + —ik-R,
= Tnn (CmTC”ie - Cmﬁcnle )
m,n

_ —ik-R —ikR,) .+
= E Ton (e " —e ) CourCnl
m,n

We further calculate

[oﬂk), > a(p)o(—p)}
P

1
= Z [o*(k), o*(p)o(—p+ §a+(p)o‘(—p)
P

1
+§o‘(p)o+(—p)]

=Y e @ e ®. o p) + [0k, )]
p

1
%0 (—p) + 50*(13) [0t k), 0™ (—p)]_
1
+3 [0 (k). o~ (p)]_ 0*(—1))}
=Y {00 (k—p)— o (k+poi(—p+
p

+ot(p)o(k —p) +o*(k+ p)ot(—p)}

Il
o

One recognizes this when one replaces p by p + k in the term before the last and
p by p — Kk in the last term:
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[o7®). N] =) ek [c;cw, c,,t(,cma]_

= Z e_ik'Ri {(Sai(simC;CmJ — 5,-,,,80chn'gc,-¢}
= Ze_ik'R" {C?_TCiL — C?—TCZ"L}
=0

[07(), % (0)]_ = —o™ (k)

Therefore what remains is

[0+(k), H]_ = 2upByo T (k)

—ikR,, —ikR,\ .+
+ E Ton (e —e )cmﬁcni
m,n

This corresponds to (8.106).

2. For the double commutator we need the results of 1.:

—ik-R —ik-R ik-R; + +
E Ton (e " _ o n) E et I:CmTC"i’ CiiciT]7
m,n i

1

— Z Tmn (e—ik-Rm _ e—ik-R,,) *
m,n
ik-R;
*Zel {S'IiC;¢CiT - Smic;lcni}
i

= Z Ton {(e"k(R”fR’") — 1) c;n"Tc,m—

m,n

— (1= ™) e o}

So that it follows:

[[a+(k), H] o'_(—k)]i

= 4113 Boo*(0) + Z T (eiznk-(Rn—Rm) _ 1) Cntﬂcna

mno

This is exactly (8.107).

Problem 8.7
We use (8.137) and (8.138) and then have the following determining equation for
the chemical potential p:
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_ 2 f_(Tp) 1y
I+ f-(To) — f~(To + U)

n=ns;+n_,

That is the same thing as

f-(To)=1—f(Th+U)
1 1 P To+U—p)
BT 11 ¢ 1 FTtU—m 1 |
A PTo=) 1] =1 4 e PTtU—1)

~ To—pu=—To+U—w

U

Problem 8.8
Substituting the spectral density (8.139) for

Ng =N_g =

N =

in (8.77), it directly follows:

Zy—o = —% (f-"(To) + f-'(To + 1))
On the other hand substituting in (8.78) gives
Ny=o = —f-(To) + f-(To + U)
For the susceptibility holds (8.79)

Zw—o

P Sl e
XW=0 /L31+NW=0

The chemical potential for half-filling is known from Problem 8.7:

U
M(n=1)=To+3

So that we calculate



C Solutions to Problems 679

1 1
(f~To+U) = f-(To) = (eﬂ(To+Uu) +1 ePTw 1)

_( 1 1 )
C\eFE 41 e PY 41

w
~ Ny— = —tanh(ﬂZ)

For Zy—o we need the derivative of the Fermi function:

ePE=I)
(ePE-W 4 1)2
1

2
(e%ﬂ(E—m 4 e—%ﬂ(E—m)

F(E) = —B

Then it follows:

1 / /
-5 (' (T + £ (T +U)) =

1
+ 2
<e+ﬂ% + e—ﬂ%)
B 1 1
P, 2.
2 4 coshz(ﬂ%)
7 1/3 1
~ ==
V=0T g cosh*(BY)
Susceptibility:
1 21
-1 cosh*(BY)
*= ZﬁMBl—tanh(,B%)
113 1+ tanh(ﬂ%)
= pPHe cosh’(BY)(1 — tanh*(BYL))
1,3 1 + tanh(BY)
~ 2" s (BY) — sinh2(BY)

Then we finally have
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1
Xw=0 = 5,3,1/«3 (1 + tanh (’fiTU>>

Problem 8.9
Complete basis:

EP) =i, 10
E) =, 10y

Hamiltonian matrix:

Diagonalization:
Det (HV —E) =0
-E t | _ 2 .
Det p —E‘ =F t
o EV=— . EV=
For Eil):
1t
(1) ()0
tt o)
S tla+a)=0 & op=—u
Normalization:
) [ 4
’El > = _2 (cla 10) — ¢35, |0>)
For Egl):

< t(=f1+B)=0 & Bi=p8

Normalization:

1
’E§1)> =5 (cio 10) + 3, 10))
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Problem 8.10
1. We use
I:cio” c;ror:l+ == 5,~j8m,/
[Cia» Cja’]+ = I:C;:,, C;,/:IJF =0
G l0)=0:  (Olcf, =
<e§2> | e?) = (0] c2-gCroct, -, 10)
= (0lc25¢; ,10)=(0]0) =1
analogously:
<8§2)‘8§2)>=1 i=2.....4
<8§2)‘ 89) = (0] C2—0clac;acJ{_a |0)
0‘6‘2 0'62061 +Clo O)
=0
@] @ ToT
<81 &3 >= (0l c2—pci5€y,€1_, 10) =0
\_/4
(7] ) = (Ol c2-perpcl el 10) =0
N T
<852) 52)> = (0] cl,oczchcLG 0) =0
\/4
@ @ P
<82 &y > = (0] c1=6C25C,¢5_, 10) =0
\/4
<€§2) 4(12)> = (Ol ¢1sCioChych , 10) =0
\_/’
Therefore it holds

(852)‘ 83‘2)) =8y Lj=1...4
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, __ |
H o) =13 (cler +cbyeror) ey, 10) +

o'

1 B
+ EU Znig/ni_g/clracéfa |0)

—th Ucla |0) + tcz(,c2 o 10) +

+ EU anofnl_afciaci_g 10) +
o
1
+5U ana/nz_afCL,c;_a 0)

o)+ 3 ol

+Clan1*0C27G |O) + Cianzacgfa |O> +

+CJITG Cifansz |0>)

- () )

H[e") = 13 (clycar +elyeror) chyel_, 10) +

o’

1
+5U Y nigmi—grclyel_, 10)

io’

= rel,cl_, 0) = te}_,c}, |0)

- () )

2
H[e) =13 (el 20+ hyeror) eyl 10+
:

1 o
+5U ;nlofnlfadgﬂ,a |0)

= IZCJ{U/CQU/CJ{UC}_U |0) + Unlgnl_gc;(ac{_a |0)

o’

= (relyel, =1t e}, ) 10) + Ul el 10)

=1 ([e) =)+ )
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H[e?) =13 (20 + hyrior) byl 10) +
a/

1
+5U > nigni_grch,cl_, 10)

=1 (cI(,cg_(, 10) — ¢} _,ch, |0>) +

+ Unzgnz—aC;gC;g 0)

= (c}gc;g 10) + ¢l el , |0>) +Ucl,el, 10)
- () o)

So that we get from the matrix elements

<8§2)‘H‘8;2)>; i,j=1...4
the Hamiltonian matrix:
00¢ ¢
00 ¢ ¢
2 _
B = ttU 0
tt 00U

3. The eigenvalues are determined from the secular determinant:

det (H® — E1) =0

= —FEdet t U—E O +
t 0 U-E
0—E t 0—E t
t ot 0 —tdet |t t U

t t U—E rot
=(—E)((—E)U — E)* = 21*(U — E)) +
+1* =4+ EWU — E))—t(—E(U — E)t +1> — 1)
= E(U — EXE(U — E) + 41°)

E

=2
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It must therefore hold

0= EWU — EXE(U — E) + 4%

Eigenvalues
E®Y =E_
E® =0
EY =U
EY =E,
with
E, = lUi 1U2+4t2
7277V
Eigenstates:
EY =E_

—E_ 0 t t X1
0 —-E_ t t x| v 0
t t U-E_ 0 x3 |

t t 0 U—-E_ X4
N —E xi+t(xs+x4) =0
—E_xo4+t(x3+x4) =0
txi+x)+ U —E_)x3 =0

txp+x2)+ WU —E_)xy =0

E_
N X1 = X2, X3 = X4, x3=7x2;

We define (8.168)

Normalization:
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x12+x§+x32+x§ =1
2x7 +2x3 =1
2xf +2y%x% =1

) 1
X = 0=
2(1+y2)
N X =
,/2(1+y )
,/2(1+y )
‘Ea)

) \/m (‘ (2)>+ ‘5%

o () ) s

00 ¢ ¢ Y1
007« ¢ V2 !
ttU 0 V3
tt0OU V4

~ ty3+y) =

1(y3 + ya)

i +y2)+Uys

th+y2)+Uys =

N y3=—y4 =+y4 »=y4=0; y=—y;

I
o o o o

Normalization:

1
)’IIE=—)’2

=)

(‘e?)) — ‘s?)) . (8.165)

-

@ _
EPY =U
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-U 0 tt¢t 21
0 -Utt 22 LO
r t 00 |
t t 00 24
~ Uz +t(z3+z4)=0

Uz +1t(z3+24) =0

t(zi+22)=0
tH(z14+2)=0
N 1 =22 =22 2u=2=0; z3=—z24;
Normalization:
1
B=—==—U
V2
o) L /@ o)
~ |ED) = —2(‘83 J-[e): @166
EY =E,

—-E; O t t wi
0 —E; t t wo —!O
t t U-E; 0 w3
t t 0 U-E, Wy

Formally as for E ;2) = E_, only y_ is replaced by y,:

1
o~ [ER) = e () )
V2 + v

oy (’e?) n }e?») . (8.167)

®
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1
(2l ) = (55 et ko)
1

1
2 2) 2 2

2
_ ;(y — 1)L
,ua+ﬁ)_ V2

y_—1
1+y2
E® _EV—E 44

s

i

(ii)
1
@ .t ()] @] .2 @] @
(5]l |27} = 5 (8] o) - (7] )
_l.
=5
EP —EV = 4+
(iif)
1
@ 1 (O] @ @ @ @
(57|l [£17) = 75 ({257] 57) = (7] 7))
_1.
=5
EP —EV =U+1
(iv)
1
@ .1 (1 @] @ @] @
(£ el |227) = 5 ((287] o) - (227] 7))
11
=3 v+ =D
1+ 3

)
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(vi)

(vii)

(viii)

@ 1
<E4 Clo

2 == E+ —t
For the partition function of the one-particle system holds

Z =P e h,

and therefore

e PE ef! 1
Z Py eP T 1te2b
e—ﬁEg" b o281
Z e +e Pt -

14 e 28t



C Solutions to Problems 689

Then with (8.147) the density of states is given by

pSNE) = pla ”(E) + o570 (E)

1
Pro(E) = A0 5 2P *
(1—y)?
2
—(1111’*2) e PIS(E —(E- + 1)+ e P'S(E + t)}
y?
1
pus(E) = A0 1 e *
(1 —yy)?
2
ﬁi%?emME—w+—m
+

e PS(E — (U — 1)) }

Problem 8.11

1. We demonstrate the correctness of the eigenstates by substituting of ‘E 53;> in the
corresponding eigenvalue equation:

1
) > (el i
Ho ‘E"2> - ﬁt p (c“’/cz"/ +62"’c"") *
* <C]1L—(T + C;—a) CJI[UCLT |0>

(CLUCZ,U + cgfacl,(,) *

-

#(clo Fel, ) elocly 100

(:Fclo(l el o)+

-

+ Cifo'(l - c.lrfacl*")) CJl((rcia |O)
t
=5 ( o T CL) CloCly 10)

= 1| E))
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1 1
H, ‘E§3§> = N EU Z(”la’nlfa’ + Nogfy o) *

# (clp Feloy ) elocl, 10
v ( + )
= —=WNieN1—0 NagNy—g) *
V2

# (el F el ) el 10

= % (nlanl_ac{_a F n25n2—acz_a> CJI[UC;T 0)
= % <nlgcl{7(f F nzoC;U) C]ILJC;I 10)

= % ( C{acl GCZU :FCzoC; 0C10> 10)

= % (Ci_g F C;_ﬂ) cl,cly 10)

=U ’E§3;>

Therefore they are indeed eigenstates with eigenenergies:
3) _ . (3)
EWV=U-1 =U+t

2. Density of states

2
pON(E) = Z‘(E@‘ch, EP) 8 - (ED — E )+

2
+ Z ‘<Et(n]) lcio | E§2)>‘ 8(E —(E_ — Er(nl)))

At T = 0, for the averaging in p{°~)(E), the ground state ‘E§2)> of the two-

electron system can be used (see Problem 8.10, Eq. (8.164)) with the ground
state energy E(z) E_ (8.163).
Matrix elements
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(el £2)

lo

1
)| .1 oo
= <E1 2| 1o (CIUCZ ot

V2L +v2)

+C2061 —0o +V*ZCM Ci— 0’)
i=1

0
B S (£6)

20+ y?)

+ V€l el )

(€l Cho] o+

l—o
0

_l; 0|casc ! teh
= 20C10C1-0C|_»C15Cay)

0
(1+72)
1 1

IBPREA
e — N (0] ‘020010027%1(;%00270)
2 Ja+y2 <
1 1
2 0] 0)F (010
el e

1 1Fy

2+ 92

0

With (8.160) and (8.161) we calculate

1
(E(l’%) Clo

EP) = = {0lero 3 e2oens| EP)

; 0lci_sC I el
2 1-0C16V-C15C1_¢o
J1+9y2
o)}

'”SI

0

F <O ‘cz_aclg c];a c;_a

Ly F1

2 142

Density of states:
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_ 11—y )
(0,—0) _ _ _
P NE) = s yg){(S(E (U—-t—E_ )+
+8(E —(E_+ 1)} +
1+ y)?

m{sw —(U+t—E )+

+8(E — (E- — 1))}

Problem 8.12
The expression

| i#
% 2T {elgeio@nin = 1)
iJ

should be expressed in terms of the one-electron spectral density!

(a) Spectral theorem:

i#]

1
f
N > Tij <Ci—acj*0'>
i

1 .
= N Z Tij <C1T—GCJ'*0'> - TO (CI‘I—GC"*U)
i,J

+00
1 1
— 2t [ ax (—n—hlmG,,i_,,<E - u)) (B -
i,j

+o0
s / dE (—nihlmGii_n(E - u) F(E)

+00
1 1 /K (R —R,
=y Ty e ) [ aE fE).
iJ ki S

1 ika(R;—R;) 1
-N;e 2 ——ImGi, o (E —pt ) =
2
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+o0

1 1
~ Ty / dE f(E) ) (—%> ImGyo(E — )
k

—00

+00
1
=N > / dE f_(E)dk, k0K kEK1)Sk,—o(E — 1) —

ki ko g

1

+00
~Tor ij f dE f (E)Sk_o(E — 1)

+00
1
= 7 26k = To) f dE f-(E)Si-q(E — 1)
k -0

(b) Real expectation value:

T L 1 (T
<C[,gcj—r7ni¢7 - ni(rcjfgci—zr - Cj,gniaci—d

| i T
¢ N ,2,: T;j <ci—acj—0ni<7)

1
N Z T;; <c;r'_(,niacifa> - T <Cj_(,niccifa)
i,j

+00
1 1
5 Z T (—n—h) / dE f(E)ImTiiijo(E — ) —
LJ

+00

1
Ty f dE f_(E) (—%) ImUijii—o(E — )

The “higher” Green'’s function is defined in (8]24) From (81 25) one reads off
Iml — (E - /l,) = —1 E (E(S - T )ImG — (E — /l,)
iii;j—o im im mi—o
) U

Therewith follows:
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i#j
1 T t
— E i <Ci_ Ci_gNjg >
N - J i—o~J

L]

+00
1
= 2 (Tij = Todyy) / dE f(E)*
ij _
o Z(Eam,- — Tim)Smj—o(E — 1)

3 Z > MR ek — To)

ki ko ks

+00
. / dE f-( E)ﬁ 3 R iR R)
- m

o]

*(E — 3(k2))Sk3 o(E — 1)

- LS k- 1) / dE f(E)(E ~ o)

Nh
kKo ks

*Sky—o (B — )8k, —k, Ok, ks Ok, ks
o0
LS et - 7o) / dE [ (E)~(E - oK)
= — e(k) — (E)—(E —¢ *
Nh 0 U
k —00
*Skfa(E - /'L)
Together with the result of (a) we have found

n—c(l - n—c)B—a
i#]

= _ZTl/< i—oCj— U(an_l)>
1 2
=7 g(s(k) —Ty) / dE f_(E) (U(E — e(k)) — 1) s

*Sk—o (£ — 1)
This is exactly (8.217)

Problem 8.13

Oth spectral moment:

My, = <|:Cm, CL]_> =38 & Mg =1 (@)
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1st spectral moment:

@1 _ ) T
Mijo' = <|:[Cl(77 H]_, ng]+>

[¢io, H]- = Z (Tun — USmn) [Ciaa C;rmf/cna’]_ +
1
+ EU ; [Cia9 nma’nmfa’]_

= Z (Tnn — 8mn)imboo'Cnor+

1
+ EU Z Sim(aaa’cma’nm—a’ + aa—a’nmo’cm—a’)
= Z(Tin - M(sin)cna +Uni_sCis
~ e H- el | = @y = i) + Usiyni
A M) = (Tij — uéij) + Un_s4;;

ijo

N M]Sr) =ek)—u+Un_,

2nd spectral moment:

w2 = ([ltew 11 1) el )

abbreviation : tij = Tij — udjj

Then with (b) holds

[[cio. HI . H] =) tin[cno. HI- + U [ni—gcio. H]_

695

(b)

()

(d
(e

®)
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[nifaci(rv H]7

I e P

- mn |Ni—oCios CpyrCno’ +
m,n,o’

+ %U r; [ni—aciav nma’nm—a’]_

§ : T
= tmn((sim(soa’nifacna’ + (Sim(sofo’ci_gcna’cia_

m,n,o’

1
- Sinaﬂ—ﬂ’c;];o’ci—acia) + §U Z(Simaan/ni—ncma’nm—a’+

mo’

+ 8im 8a—a’ni—a nmo’cm—a’)

_ 2 : § : T
- tinli—oCno + tinci_gcn—acia_
n n

1
- Z tmicjn_(rci—(rcia + EU(ni—dCiO'ni—U + ni—ani—acia)

m

§ : T T
- tim(ni—acmzr + Ci,gcm—ocia - Cm_aci—acia)+

m
+ Ui’li_(,C,‘U (g)
Here we have used n? _ = n;_, which is an identity valid for Fermions. Then what
remains is
[[Ciaa H]— ’ H]7
= Ztin [Cnas H]— +
n
+ U Z tim(nifacma + CI«T_de,gC,'J - Cjnfacifacio’)'i_
m
+ U2ni—acia (h)
With this follows:

Ml(]z()T = Zl‘iani}L + Ull'jl’l,g + 5,’jU Zt[m <C;L—acmfa> —
n

m

_ 851U Ztim <CL70C[,U> + U28,'jn,g
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Because of (8.268), the third and the fourth terms cancel each other. Then it remains
with (d):

Ml(jz; = Z tintnj + 2Utijn—o' + Uzi’l_g(sjj (1)

After Fourier transformation follows:
2 _ 2 2
M = (k) — ) + 2(e(k) — WUn_g + Un_,

3rd spectral moment:

sy = ([t 1 1) 1] cl,] )

For the triple commutator holds with (h):

[[[Ciaa H]_, H]7 ’ H]_
= Ztin [[Cnav H], ’ H]7+

+U Ztim I:(nifacma + C,T,gcmfocicr - C;L_gcifdcia)» H] +
m

+U? [ni—ocioc, H]_
= Ztin [[Cmrv H]— ) H]7 + U [[Cia» H]— ) H]7 -

-U Ztin [Cmr’ H]— + U Ztim {[ni—acma’ H]7 +

—+ I:ija'cm_”cid’ H] - I:C”tl_aci_aCi”’ H] } 0)

Three commutators remain to be calculated:
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(D =Utim [ni—gCmo. H]_

m
=U Ztim Z Ist I:nifocmaa C;ra/(,‘m/:l +
m

s,t,0’

+ %Uz ; tim Z [ni—acmm nsﬂ/ns—a’]_

5,0’

=U Z Limlst {(Sms&ra’nifacm’"k

m,s,t,o’

T T
+8i5807()',ci_(7ct0/cm0' - 8,1.80-70-,6‘3'(7/0['706’”0- +

1
+ EUZ Z tim {Smsaaa’nifacsa’nsfa"i_

m,s,o’

+8ms 8070”71'70 nsa’cxfzr’}

=U Z LimtmiNi—oCro + U Z timtitcj_gctfacma -
m,t

m,t

1
2
-U Z timtsic,i—qci—acmo + EU Ztimni—(rcm(rnm—(r +

m,s m
1 2 § :
+ EU LimNi—oNm—o Cmo
m
— § : E : T
=U LimtmNi—oCro + U timtit(ci_qctfacma -
m,t m,t

T 2 Z
_Cf—gci—ocma) + +U timni—anm—acma
m

~ |:(1)7 C}U:IJ,- =U Ztimtmjniftr +
m
+ U Zl‘[,[,‘j(cj_a()t,g — C;[,UC,‘fg) +
t

2
+ U Lijni—oNj—q

We again use (8.268):

<[(1), cj.gL) =Uno Y timtny + Uty (ni—onj—s) ®)

m

In the same manner we calculate
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un=u Ztim [C;[_gcmfacias H:|

m
=U Ztim Z I I:C,]'L,gcm—acizr» Cj-g/cta’] +
m

s,t,0'

1
EUZ ; tim Z [cj_gcm_gc,va, nw/ns_a/L

s, 0’

+

U Z timtst{Saa’aixC,‘T,gcm—acm"i‘

m,s,t,o’

T T
+86—G,8mSCi70CtG‘,CiO‘ - 80—0’8itcsg/cm—acia +

+

1
EUZ Z tim {(Sisaaa’czr,gcm—ocso/ns—a"k

m,s,o’
+8ix8(7—a’cj,gCm—ansa’cs—a’ +
+8m‘v80’—0’62[,06.?0’”‘?—0’61‘0 +
+8m‘v800’C,]'L,gnxa’cs—a’cizr -

T
_61“? Sa—a’csafnx—a’cm—a Cioc —

T
- (Sis Saa’nsa’cs_(;/ Cm—oCio }

U Z timtitcj_gcmfacm +U Z timtmtcj_gctfacia -

m,t m,t

T
_U Z timtsics—gcm—acia +

m,s

1
2§ :
+ EU tim {C,]'L,gcm—aciani—a + C,]'L,gcm—ani—acia"f'
m

] T
+Ci_acm—anmacia + Ci_oMmoCm—oCic —

f f
— Ci_oNicCm—cCic — NicCi_;Cm—oCic

~ [(”), CL,L UZtimtijc,T_gcm—a+
m

+ U‘Sij Z tim(tmlcjfgct—a - tilc;r—acm—a) +

m.t

+ U2 Z tim {8ijC§70Cm_gni_g+
m

I e
i—oCm—0CpoCio

T TooT
—8ijCi_oNiocCm—o — 8ijCi_5CisCm—oCia

= Ut,'j Ztimcj_acm_g +

m

T 1
+ sijci_acmfanma - Smjc
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+ U8ij Ztim(tmtcj,gct—a - titcj_acm—a) -
m,t

2
- U t,'jC]L C}L-GC,‘GC]‘_G +

i—o

+ Uzgij Z Lim {C;Lgcm—ani—a + C,]'Lfgcm—anma}

T
-U Ztim Z tst I:Cmfacifociav CZU'CIU’:I -
m

m
UID) = =UY tin [choti-acio. H]
m

s,t,0’
1 ]
- EU tim Cm—aci—(fci(77 Ngo'Ng—o7
m 5,0’
E : E : T
=-U tim st {SisSJa’cmfgcifacza"‘f'
m s,t,0'

+8is(safa’ci1_gcm’cia -
_8mt80—a’cig/ci—acia} -
1 T
- EU Z tim {5[‘3‘60‘0’Cm—o‘cl-*OCXO"nS7O’/+
m,s,o’
+6is80—a’cjn_aCi—ansa’cx—tr/ +
+8i5SG—G/C:nfchO'/nS—O'/CiU +
+8i3800’c;70ns0’csftr’cia -
_(SmsSa—a/cig/ns—a’ci—acia -

]
_(Sms 500’”30’65_0161'70 Cio

§ : T
=-U timtitcm_aci—acm -
m,t

- U Z timtitCLfgthocia +

m,t

+ UztimtsmCZ—aci—acia -

m,s
1 2 i
- 3U ;nm oo CioCioNi—o+

t
+Cm—aci—ani—acia -

_Cmfgnmacifacia -
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"
—Nmo Cmfo' Ci—oCio }

=-U Z timtit(c;_gci—octa + C;Ln_acl—acia) +

m,t

+ U Ztimtsmcéfgcifacia -

m,s

2 Z ¥ 1
-U Lim {Cmfacifanif(fcia —Cn—06Ci—oMmoCic }
m

~ [(111), cjaL — U tintijcly_ycino +
m

+ U(Sij Ztimtitcjnfgctfa -

m,t
— U(S ti 1 ] . —
ij imlimCi—_gCi—o
mt
2 i
— U%§;; E LimCi—oCi—oNi—o +
m

2
+ U (Sij Ztimcl];l_gci—anmo -
m

2, T T
- U tijcj_gci—o*cjgciu

With this follows:

<[(11) 1), cjiq] )
+

= Utij Z tim ((Cj_gcmfa> - <Cjn706,',6>) +
+ Ué;; Z timtms <<clgc,,a> — <c;f_gc,<,g>> —

m,t
_ U8U Z timtit ((cjﬂ,cm,a) — <C;700[70>> =+

m,t
+ Uzaij Z Lim (<Cj_(rcmfanifc> - <Cizfgcifanifo>)
+ Uzaij Z tim (<Cj_gcmfonma> + <CLfgcifo'nma>> -

m

— Uzl,'j (C}L_GC;UC,'UCJ',U> + Uzl,'j <C;_6C;0Ci,(;cio>

Translational symmetry:
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S ()
im i—gtm—o m—oCi—o
m
1
S SN )
im
1
N Z (tim - tmi) <C,]'L,gcm—a> =0
i,m
Z timtmt ((Cj_g Ct70'> - (ijg Ci*d’))
m,t
1
= N Z Eimtme — ttmtmi)<cj_gcl—¢r> =0
m,t,i
Z timtir <<C}L_gcm—a> - <C;_”Ct_a))
m,t
- Z (timtit - tittim) <CtT_ng7c7> =0
m,t
5t (el o) (e omi )
im i—gtm—olli—c m—oCi—olli—o
m
= Zt' (8- n —<CT Ci >)
im \ OimN —o m—oCi—o
m

- (TO - M)n—o - Z tim <Ci1_gci—a>
m

Real expectation values:

] ~ T
<Ci70 Cm—oNMmo | = \MmoCip—6Ci—oc

Then we finally have
<[(1) UD+UID, cj.aL)

= U, ((T0 — N = Y tim <cL_Uci_a>) +

m

+ Un—a Z timtmj +
+ U23,~j Ztim (2 (Cjn—qci—(r”ma>> +
+ Ut {(n,-_onj_g> + <c;_acjac,~_(,c,~a> +

Tt
<Cj”Ci_UCiO—Cj,g>]
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Fourier transformation:

1 .
N Ze—zk(Rl—R/‘)Z‘,—j {<I’li_gl’lj_a> + <C;_JC;UC,'_UC[(,>+
ij
-|—<CJr ¢l cisc; >}—
joti—otiotj—o [ —
1 i#j .
=t0lno =2 {mignio)) + 1 3 e KRy )
i,j
= (Ty — 1) (n—y — 2 (Migni—o)) +n>, (e(k) — To) +

+n_o(1—n_o)Fio

The second summand is exactly the bandwidth correction of (8.213):

1 » _R.
st (oo
i m

~ferer) =
1
=5 2 fm )
,m
i#m

1
= 2 tim () 10 Q2 nignio) —n5))

i,m

= }’l,a(l —n_g)B_o +(To — 1) (2 (ni—onig) — n_g)

We have used here the definition (8.212) of spin-dependent band shift. Then finally
what remains is

% 2,: e MR [+ (1D + (1), cj.a]+> —

=Un_o(e(K) — )’ + U’n_o(To — )+
+U?n? (e(k) — To) + Un_o(1 = n_5) By )

We substitute (/) in (j) and then have



704 C Solutions to Problems

MY = (k) — WME + UMP — U(s(k) — m)MY +
+ Un_y(e(K) — p)* +
+ Un_o(Ty — ) + U?n? (e(k) — Tp) +
+ Un_o(1 —n_g)Bx_q
= (s(k) — p)* + 2(e(k) — w’*Un_, +
+ 20 (e(k) — Win_o + U'n_, +
+ Un_o(e(k) — n)* + Un_o(Ty — p) +
+ Un? ,(e(k) — To) + Un_o(1 = n_4)Bi o
= (e(k) — u)* +3Un_, (s(k) — p)* +
+ Un_s(e(k) — )2 +n_g) + Un_, +
+ Un_o(1 = n_g)(Bx_s + To — 1)

This is the 3rd spectral moment (8.224).
Problem 8.14

Hamiltonian of the Stoner model (8.34):

Hg = Z(s(k) +Un_, — ;L)cltackg
ko

That means

[eko, H]- = (e(K) + Un_ — w)cko
[' o [Ckaa H]— Tt H]7 = (E(k) + Un_a - ,LL)ana

n—fold

~ Spectral moments:
M = (e(k) + Un_y — )"
Then it holds
v g

(1)
k 1) 3,2
7 Mka Mka

= 2 -
=0

~ Therefore the spectral density is a one-pole function!
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Problem 8.15
1
1. H=T0§nia+§U§ni(rni—a
It holds
[Ciosnio]l- = Sao/cia

With this it directly follows:

[¢io, H]- = (To — w)cic + Ucioni—
[Cianifav H]7 = [Ciav H]— ni—¢
= (TO — U+ U)Citrni—a

Here we have used once more nizfg ES s
O _
M;;, =1
a1 _
M, =T —w)+Un_,

=To—w' +[(T+U—-w' —(To—w'n,

Complete induction:
Let the proposition be true for n. That means

[l 10 1] ] =

n—fold
= (To — W)'cis + [(To+ U — )" = (T — )" | CioNi—o
~ [-'-[[Cia,H]_,H]_m ,H] =

(n+1)—fold
= (To — )" [cio, H]- —
— [T+ U — )" = (To — '] [cioni—o H]_
= (To — w)"(To — wWCi—e + Unj_scis) +
+ [(To =+ U)' = (To — W' (To — k4 U)cigni—o
= (To— W' Meio + U(Ty — )" ni—oCio +
+ (To—pu+ Uy eioni—g —
— (To — w)"(To — p+ U)cigni—o
= (To — W' eio +
+ [(To = e+ U = (To = "™ cioni—g
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So that it holds

[“-[[CimH]_,H]_-“ ,H] =
= (Ty — wW'cic +[(To — n + U = (To — w)"] cioi—e

Then the spectral moments are
Mgy = (To = )" + [(To =+ UY' = (Ty = )"

2. Lonke theorem [24]

(0) ()
AL _ (Miig Mijq
iio M-(l) M_(Z)

=MOM?P — M)

= (To = + [(To — w+ U)* = (Ty = )] n—s —
—(To—pn+Un_g)

= 2Un_,(Ty — p) — U*n*, +2U(Ty — w)n_q +
+ U2n_a

=U’n_o(1—n_g)#0, Ifn_,+#0,1

For empty bands (n = 0), fully occupied bands (n = 2) and fully polarized and
half-filled bands (n, = 1,n_, = 0) the spectral density consists of only one (!)
8-function. In all other cases

AV >0
We now calculate

© (1) s

o _ (45 i s
Ajig = Miizcr Mii3tr Mit;o
M) My M)

iio iio iio

= MMM +2M)MS) M) —

iic " iioc T iio iic " iic " iio
(243 0) (3)\2 (127 74)
- (Miia) - Miicr(Miia) - (Miio) Miia
0) 5 4(2) (12 4)
= {M. MY — (M) }M +

iio " iio iio

+ {M.(”M.(3) - (M.(?>)2} M? +

iioc " iio iio iio

+ [M.(”M@ - M9 M.(3)] M®

iioc"iio iic " iio iio
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‘We calculate the individual terms with the abbreviation:

to="To— 1

(MM

iioc " iio

_ (Ml.‘i‘a))2} -
=124+t + U =Dy —(to+ (o +U —hn_y)?
=ty —t5 +n_o {260U + U> = 2t,U} — n> U?
=Un_o(1 —n_y)
(MM — nly) =
= (to + Un_o)(t5 + (to + U)* — t)n_y —
— (t5+ (0 + UY = 15)n_5)
= (to + Un_o)(tg +n_s (313U + 3tU* + U?)) —
— (15 + n_o 21U + U?)
=15 +n_oBRU + 33U + 10U + Un_o 13 +
+ Un?,Bt5U + 31U + U?) — 15 —
—n?, QtoU + U —2n_,13QtU + U?)
n_o 35U + 365U + toU> + Uty — 43U —
— 2t5U%) +n?, (3t5U% + 31U° + U* — 415U°—
U* — 41,U°%)
=n_,(13U* + 1,U%) + n* (—12U* — t,U)
=Un_, (13 +10U) — U*n® (12 + 1t0U)
= U’n_q(1 — n_g)io(to + U)

(Mm@ - mOu)
= (to + Un_, )t +n_o ((to + U)* — 1)) —
— (15 +n_ (o + U — 1))
=13 +n_ 23U + 10U%) + Un_, (15+
+ n_o2HU + Uz)) -
(g +n_o 13U + 31U* + U?))
n_q 265U + 1,U* + Uty —
315U = 310U* — U?) +n?, (26U° + U°)
=n_o(=2tU* — U?) +n* U2ty + U)
= —Un_s(1 —n_gs)o+ U)
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Intermediate result:

iio — M_(ft)
Un_o(1—n_,) e

- Qo+ U)ME

iio

+ 1ot + UYM? —

iio

We now finally calculate the right-hand side:

A®
U, ()
=10+ (o + U —thn_o +
+ to(to + U) [15 + (o + U — 1) n—o ] —
— Qi+ U)[15+ ((to + UY = 15) n]
= (tg +13to + U) — 215 — U13) +
+ n_e {((to + U)* — 15) (to(to + U)+
+ (to+ U +15) — Qto+ U)(to + U)’ — 1)}
=n_q {2toU + U315 + toU + 21U + U*)—
— Qty+ U)Bt3U + 31U + U?)}
=n_, {613U* + 301§ — 613U* — 313U+
+ 219U + 3tU° — 214U° — 31,U°}
=0

With this it is proved that the one-electron spectral density in the limit of infinitely
narrow band is a two-pole function:

So(E) = a158(E — E5) + 026 8(E — Eny)
3. Spectral moments:
MENE) = (To — w)'"(1 = n_g) + (To+ U — p)'n_q
On the other hand it follows from part 2
M) (E) = a1, Ef, + as 3,

Compare:

Eio=To—u; ajg =1-n_,
EZUZTO"'U_/'L; Ay =N



C Solutions to Problems

This agrees with (8.129), (8.130) and (8.131)!

Problem 8.16
One can easily calculate

[cio, H]- = (g4 — )cis +

+ Z VkaCro + |:Cd(7a %U ana’nd—a’j|
k o’

With (8.334) follows then the equation of motion:

(E+ 1t — 84 — Zao(E))Gao(E) = h+ Y Via <<C“”;Cjw>>z;
k

We calculate the “mixed” Green’s function

[eko, H]- = (e(K) — wW)cko + VikaCao
A (E = e)((awicl) = Via((earich))

So that it follows:

(fewos €l ), = ﬁ%@

With the definition of (8.335) of the “hybridization function”, what remains is:
(E+pn—¢ea— Z4o(E)Gyo(E) = h+ A(E)G 40 (E)
This proves the proposition:

R

o ) = ey~ Sun(E) — AE)

Problem 8.17

Mo (1= 140)(Bao = £0) = 3 Vi (cly €t 2na—s = 1)
k

We begin with
Z Via <C1T(0Cda> =
Kk

—+00

S f dE f,(E)ijde ((eamscts)),

—00

709
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‘We have calculated the mixed Green’s function in Problem 8.16:

([oicle)) = g GarB) = ([eamicle)) @

Because of the assumption that Vi, is real, the last step can be easily proved:
3 Via (el an) =
kd \CkCdo | =
Kk

+o0
1
=-— Im / dE f_(E)A(E — w)Gao(E — ) (3)

—00

A: “hybridization function” (8.335):

V2
AE)=) — K
B = w
It holds
[cdo. H]- = (84 — Wcdo + Uctona—s + Y VpiCpo
P
So that

i ! i
<Ckgcd0nd—a> = _E(Ed - /'L) <Cka'cd0> -
1 1.
i Xp: Vpa <szcpa> + U <C]T(U [cao, H]_>

Now for the band shift we still have to calculate

€d — M f
4o (1 — 4o )(Bio — €4) = <_2 U - 1) Xk: Vka (Cll(acd<7> -

2
— E Z de Vpd <C|T((,Cp6> +
k.p

+ % ; Via (CL, [cdos H]7> 4)

The first summand is known from (3). For the second summand we need
<l cpy >
ko “Po .
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(E+pn—ep) <(Cpa; CIW»E = Népk + Vpa <<Cdo; CL,»

@ Via Vpa
hé ———— G4 (E
o a0 )
That means
Y VaaVpa <CIT(JCPU> =
k.p
| +00
_ b .
———1Im / dE f-(E)> VaaVpa <<cpg,cka>>E_
“00 k.p
+00
Ly /dEf(E) hy Vi +
=——1Im _ —_—
mh o E — e(k)
—0Q
Vdekzd
+ P o(E — 1)
kz; (E— e0)(E — (o)
| +00
———Im / dE f_(E)A(E — 1) *
wh
—o0
*x{h+ A(E — w)Gao(E — )} (5)
Finally it still holds

(tear 20156k )) = i), =2 cvr-cke | )

@ t
E X s E+/L s(k) Gda(E) <|:Cd0's Cka:l+>

Spectral theorem:

Z Via <Clt<7 [cao H],> =
K

~+00
1
=—_71m / dE f(E)E — WAE — )G ao(E — 1) (6)

—0Q

In (4) we need (3), (5) and (6):

711
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I =(_28d—ﬂ
U

— DA(E — w)Guo(E — ) —
2

- UA(E — W {h+ AE — w)Gao(E — )} +
2

+ UA(E —W(E — WGy (E — )

2
= —A(E — M)Eh—}- AE — w)Gao(E — ) *

2
* {—1+5(_5d+ﬂ_A(E_M)+E_M)}

Equation of motion:

(E4+p — &4 — Zys(E) — AE)Gus(E) =h
2
& I=—AE- M)ﬁﬁ— AE — )G ao(E — ) +

2
+ UA(E — )(h+ 2o (E — )Gyo(E — 1))

2
= A(E — w)Gao(E — 1) <EEdH(E — M) - 1)
Then it finally follows:

Nas (1 — ngs)(Bis — €4) =
+o0

= —i Im / dE f (E)A(E — w)Gao(E — 1) *
mh

—00

22 E 1
*(5 do(E — ) — )

This is exactly the proposition (8.352).

Problem A.1
With (A.24) and (A.30) we first have

cp (C;T/koou T QDaN>(€)) =+N+1 aﬁ|(pygpal ce (paN>(8)
= {8(0p — @)@, Puy )+

+ £'8(0p — Pa)|Oy P+ Py ) +

+ 8N8(¢ﬂ - (PaN)l(py(pm e (000\,71)(8)}

On the other hand it is also valid that
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C;r/ (C,B |(pa1 e QDQN)(E)) = 5(<Pﬂ - ¢a1)|(py(pa2 e 90011\/)(8)
+ &N 15(0p — Pun)|0y Py Py )

One multiplies the last equation by ¢ and then subtracts one equation from the other
to get

(cpcl —echcp) a -+ Pu ) = 8(0p — 0|0, + -+ Py )
Problem A.2
Bosons : ‘ S Mg, Mg )(+) . arbitrary Fock state.
r#£s:
ol el -~-na,~--na,~--)(+)

= Ve, + Wng + 1| ng +1-ng +1---)7
=CTCT ”)(+)

oy "0y

- [CI(,’ clx]_ =0.

..nar... @

For r = s this relation is trivially valid.
Since

directly follows:

[Ca,, cas]7 =0
r#£s:
Ca, CLA Ny, o )(+)
= Mg/ Na, + 1 "na,_l"'na5+1'-->(+)
_ .t (+)
= Cy Ca, | "N, "+ Na, > .
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Carcj)—(, |...nar...>(+):Car\/m|...nar+1...)(+)
=(”a,.+1)|'-~na,.-~-)(+),
¢l ca, |"'n°‘"">(+)=«/ﬂcl, s —1~~)(+)

=g, |-+ ng )

— [Ca,, cls]_ 8rs-
Fermions:
(c:;,)2 | g, >(_) =0 (Pauli principle: Problem A .4).
r<s
ch el -~~na,.~~~nas--~)(_)
= Clr(_l)NSSnm.O | c Mg, N, + 1--. >(_)
= (=DM (=)™ 8y, 08,0 [ 1 1)
chel |- na g )
— (_])Nr(sﬂanoc; | .. na' + 1-.- naly o >(_)
= (=DM (=)™, 0800 [ ne 1o 1)
N =N, +1
= (clrclx + clxc;) |- ng, < ong, - -)(_) =0
T Af —
s [car, Cm-]+ =0.
Since

[Cutrs Cozd.]_’_ = ([Clx ’ cl,-]+)T

again the second anti-commutator relation follows directly:

[Ca,., cax] + = 0

Mg, >(_) = Car(—l)N’(snahO | c Ny, + I-- )(_) =

el (—1)2N'6nar’0 ‘ . .nar e )(_) fr
=80 |--~na,-~-)(7),

chcay | ngy YT =St |1 )T
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Since in every case n,, = 0 or 1, we have

(Carcll, +C(1;£,Car) |. . 'n(X,- .. .)(7) = ‘ . '”a, . .>(7).
r<s
Carclx g, .naj...)(*>

= COér(_l)NS(Sna‘r,O ‘ . .nar e nax + 1 e )(_)
= (_1)NV+N‘r5na,,18nm,O | Ny, — I-- ‘N, +1--- )(7) 5
=)
Ny, * g, )
— C;\-(_I)Nr8”ar71 | Ny — 1 e nm.V e )(_)

— (—I)Nr+NSN8na,,18nm,0 | Ry, — g 1 >(7) ,

i
Cotx car o

N/=N,—1

= (Cq, CL: + cly Ca,)

g - .)(’)zo_

r

Ny

s

So altogether we have

[cavel,], = bns.
Problem A.3
1. Bosons:
la C = cheac
= chelea +8up ¢l

= c;clca + 8qp cl

= c; g + Sap cl

SO that we ha\/e
;l\ CT - 8 CT
o B af C

Fermions:
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Ty c}; = cj;c(,[cz3
= —clc}ca + 8up €l
=clcle + 8yp !
ptala af Co

= c; Tl + 8up .

So that just as in the case of Bosons we get

[’n}, c:g] =8upCh

2. Bosons :
Ty cp = clege
alp aCalp
= cicﬂca = cpclcq — Bup Co
=B ﬁa — aaﬁ Cy
With this follows:
[ﬁa, Cﬂ]_ = _Saﬂ Cy
Fermions:

Ny cp = Clcacﬂ
= —clcpeq = cpelcy — Bup ca
= Cﬂﬁa — 5&,3 Cy

With this, as in the case of Bosons we get

[ﬁa, Cﬂ]_ = _5043 Cy

3. For Bosons as well as for Fermions, with part 1
[]/\7, cl]_ = Z Ny, C a ZSWC
Y

is valid.
4. For Bosons as well as Fermions with part 2

[ﬁ ca]7 = Z ny,, ca Z( —8ayCa) =

v

is valid.
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Problem A.4
1.

[CmC,SL:O N [ca,ca]+=2c§=0 N cé:O

2.
ﬁi = clcaclco, = cl (l — clca) Ca
2 ) o~ ..
= clca — (cl) (co)? D Ny (Pauli principle)
3.
o — ] L
Cally = CoClCy = (1 — caca) Cy = Cqy
cny, = clcj;ca Dy
4.
~ + 1.)
Ny Cq = CYcycqy =0
Ty cl = clcac; = cl (1 — clca) L cl
Problem A.5
Proof by complete induction
N=1:

(0l gyl 10) = (01 [8(B1, ) £ ¢ 5,1 10)

= 8(B1, @) (010) £ (0l ] g, 10) = 8(B1, 1)
because cg, 10 > = 0.

N—-1— N_:
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(Olcgy -~ cpcl, -+l 10)

an
/taking cp, to the right

=38(B1. 1) (0l cpy - cpyel -+l 10) +
+ (i)l(S(,Bl, a2) (0l cgy - - -clgzcl]c];3 . CLN [0) +
+ BV '8(Br an) (Ol ey, -+ cpyel el el 10) =

ap an—i
/condilion for induction

=08(p1, 1) Z(i)”“Pa [8(B2, 02) - - - 8(Bw> aan)] +

’P(l
(£)'8(B1, ) Z(i)”“Pa [6(B2, 1)8(B3, a3) - - 3(Bw, an)] +
P
+ (BN 8B, an) Y ()7 Pu (B2, 01)(B3, @) - -
Pot
-+ 8(Bys an—1)]
= Z(i)”“Pa [6(B1, 1)8(B2, a2) - - 8(Bn, an)]  q.e.d.
,P(l
Problem A.6
1.
[’ﬁa, cg]_ = clcac; - c);cllco,
=6 — B) cl + clcgca — cgclca
=6(x — B) cl + c;clca — c;clca
=8~ p)c}
2.
[’n}, C/g]7 = clcac,g — clchca

= clcacﬂ — 8 —B)cy F clcﬂca
= cicacﬁ —8(a—B)cy — clclc,g
= —8(a — B) ca

These relations are equally valid for both Bosons and Fermions.
Problem A.7

N:/mm.
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We first calculate the following commutators:

ct) = faefnat] ™ [ancsia- =,

[(N.cs]_ = fda [, cp] TOEAO /d(x [—8(a — B)ca] = —ca.

We therefore have

Nel = ch(N + 1y
Nc,g = Cﬁ(](] — ]1)

& (cj8 |6 ~~)(i)) = bV + 1) |gg, )

=N+ 1) (ch lgw )

As proposed, it is an eigenstate. The eigenvalue is N + 1. The name creator for c;,

is therefore appropriate.
2.

N (cp lwr ) = caR = D], )

=(N-1) (Cﬂ |0 ~~)(i))

+) . . . o .
cg ](pal e )( 'is also an eigenstate of the particle number operator N with the eigen-
value N — 1. The name annihilator for cg is therefore appropriate.

Problem A.8
Plane waves:

Kinetic energy:
One-particle basis: |ko) = |k)|o)
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p2 ., h2k12 L, hzk/z
ko |-—|ko') = (ko | K'o') = Sk So0’
m 2m 2m
~ p; P2 i
i ¥ ’ ! L
A YRS (o 2m’ka>c,mcka
i=1 kk'oo’
272
- e
ko m
Interaction:
<k101, ky0, —|?(1) _’,:(2)| k303, k464>

= 30103 80204 <k1 k2 m

ks k4>

The interaction is spin independent. Therefore the spin parts of the eigenstates can
be evaluated directly and they yield the two Kronecker deltas. The two-particle
states used are not symmetrized:

k3 k4>

<k1 k;
:// d3r1d3r2 <k1 k2

1
- ./f dnid’r, |r1 — 12| <k(ll) | r(ll)> <k(22) | r(22)> *

1 1 2 2
() (5 1)

ry —nr

(NP I
= 8k1+k2,k3+k4 V/\d‘r_el(lq ki

o]

1
o7

r| 1‘2> (rira | ks Kkyg)

r

The last step is obtained by introducing the centre of mass and relative coordinates.
We get the Kronecker delta when the centre of mass part is integrated out. The
remaining integral is calculated using a convergence ensuring factor «:
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+1
lim | d*r =97 ¢® = lim 271/ dx/ drr e "

a—0 r a—0

= lim —/ dr( far _ e"q’) e
0
4

Then the interaction matrix element reads as

1
kioy, kyor | —————| Kksz03, k4o,
101, K202 | =7 | K303, K40
Sors820s0 i
= 2049k tho ks tky T o
010390204 Ok +Kkz k3 k4V|k3—k1|2
Interaction operator in second quantization:
i#]
I/\_rji
: > kioi, k : kso3, k
== o1, kooy | ————1| k303, kyou ) *
) 101, K202 | =7 | K303, K40

ki01,ky02,k303,Kkq04

T T
*Ck, 01 Cky 0, Cka04 Ckz0

4 tot
= 5 § : V ks — k |2Ck101 Ckyo, Cki+k2—k30,2 Cks0
kio1. k02 k3 3 1

We further set
ki>k+q;k—>p—-q:ki—>Kk; 01 —>0; 0,0

and have the Hamiltonian of the N-electron system in second quantization:

1 ;
N = ZgO(k)ClTwcka + E Z vO(q)C]r(.»,.quI)_q”/cpa’Cka
ko

kpqoo’

27,2 2

(k) e Q@ =—=
go(k) = ; vo(q) =
0 2m otd soVq?
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Problem A.9

. t .
ke = CkyCko == [k, kel =0

Therefore the kinetic energy commutes in any case with N. Therefore we only have
to calculate the commutator with the interaction:

1 toot t
|
z E vo(q) I:ck+qgcp_qg/cp0'/ckc, Ckfa,,Ck’a”L

kpq

7
Ko

1
f i
=§ Z UO(q) {Skk/ao'a”ck-‘rqdcp—q(f/cpglck/a”_

k.p.q
k/.U,U/.J”

T T

— Opk 800" Chyqo Cpqo Cko CK o+
TooT

+ 8p—qk So'07 €y 1 Cc 4o Cpo’ Cko —

T T
8k+qk’(sao"’ Ck/g,, Cp_qG/Cpo’ Cko

1 P Pt
— _ |
=3 E vo(q) {ckﬂa Cp—qo’Cpo’Cko — Citqo Cp—qo’ Cko Cpo'+
k.p.q
o0’

T T i ¥ —
+Cp_qo'Cktqo CPo'Cko — Cik g0 Cp—qo’Cpo’Cko | = 0

— [HN,N]_IO

Hy and N have common eigenstates. The particle number is a conserved quantity.
Problem A.10

1. Hamiltonian of the two-particle system:

h2
H=H +H,= _%(AI + A2)+ V(x1) + V(xp)

Unsymmetrized eigenstate:
P 0as) = 100102
Position space representation:
(122000, Par) = @ (XD (x2)x5(ms ) xs(ms)

Xs: spin function (identical particles have the same spin S)

ay =(n,mg); oy =(m,mg)
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2. Solution of the one-particle problem:
h2
<—2—A + V(x)) o(x) = E@p(x)
m
We first have

p(x)=0forx <Oandx > a

For 0 < x < a we have to solve

ﬁZ
5 Ap(x) = E¢(x)
m

Ansatz for solution:
@(x) = csin(y1x + y2)
Boundary conditions:

00)=0 = y, =0,
pa)=0 = y1=nz; n=1273,...
a

Energy eigenvalues:

Eigen functions:

2
1£c2/ sin’ (nzx>dx == c=,/—,
0 a a
() = %sm(n%x) for0 <x <a,
! 0 otherwise

3. Two-particle problem:

L L{<pn(x1)qam(JCz)m(m D xs(m§)E
1o \/E S N

£ 0, ()P (X)) xs M) xs(m)))
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(4+): Bosons,

(—): Fermions: (n, mg) # (m, mg ) because of Pauli’s principle.
4. Ground state energy of the N-particle system:

Bosons:

All particles in the n = 1-state:

2
Eo = N2m 2
Fermions:
5 2 0 2_2 aA73
hem = N
Ey=2
0 ; 2ma2n 2ma? 24
with
5 ¥ 3 3
2 N>l [? 1 N
an % /2 2dn=—<—_1>~_
= 1 3\ 8 24
Problem A.11

1. Non-interacting, identical Bosons or Fermions:

N
H=>Y H
i=1
Eigenvalue equation:

Hlg?) = elol). (@ 19") = 8y

One-particle operator in second quantization:

H = Z(‘pr”{ll(pv a.ag = Ze 5rva Ay

r,S

— H= Ze,.aja,. = Ze,.ﬁ,.
r r
2. Unnormalized density matrix of the grand canonical ensemble:

exp[—B(H — uN)],

> 4
-

= >
Il

The normalized Fock states
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IN;mny...ni...)©

are the eigenstates of /i, and therefore also of N und H:

H|N;n,..)© = (Zernr) IN3ny .. )@,
r
NI|N:ny..)© = N|N;n;...)©
That is why it is convenient to build the trace with these Fock states:

©(N;niny ... lexp[—B(H — ]| Ninin, .. .>(€)

= exp |:—5 Z(er — M)n,:| with Zn, =N

From this follows:

Trp=73 D exp [—ﬂ DG u)n,}
N=0 r

{nr}

X nr=N)
oo
-3 [l
N=0 {nr} r
(X nr=N)
D I) I NN | Ry
n o n n, r

— (Z eﬂ"l(ﬂﬂ)) (Z eﬂ"z(&u)) o
ni na

Grand canonical partition function:

E(T, V, ,l,L) = Trlo — 1_[ (Z eﬂm(e,.g))

Bosons (n, =0,1,2,...):

1
Ep(T,V,pn) = 1_[ T oFem

Fermions (n, =0, 1):

Ep(T,V,n) = 1_[ (1 + e—ﬁ(e,—u))

r
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3. Expectation value of the particle number:

. 1 .
(N) = =Sp(pN)

To build the trace Fock states are preferred because they are the eigenstates of
N:

i > {Nexp [—ﬂ Z(er —~ u)nr} ,

ml —_

{nr}
(X nr=N)

N=0
d
o

InE

=| -

With part 2

0

alnug— i{—ZIH[l—gﬂ(érﬂ)]}
Z —Be~ Bler—

1 — e Ble—w)

=82 eﬁ(eﬁu) -1
-~ a — -—
@lnap = @ {Xr:ln[l—i—e Bl ‘”]}

—Bler

e —)

=F Xr: 1+ ePle—mw
1

=82 ePle—im + 1

This means

1
(R = > wew—] Bosons
= ) .
E r m Fermions

. Internal energy:

U=(H)= %Tr(pH)

Fock states are the eigenstates of H and therefore appropriate for building the
trace required here:
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U= é i > [(Z fmi) e’ Z"(E'_“)”'i|

N=0 _inr}
(X np=N)

9 .
=——1In& N
aﬂn + 1(N)

—Ble,—)

3 (6 — e
—ag B = e

N €,
S WEDS it

a —_ ( — M)efﬂ(frfﬂ)
B mEr=—3, 1+ e Bl

r

A €,
=)+ Pl + 1

We finally get

€r
U — {Zr eBler—n_1 BOSOHS

€, .
> po=n.y Fermions.

5. Fock states are also eigenstates of the occupation number operator:

1
(i) = < Tr(pn;)

[x

1 o0
L35 [erme)
= N=0 _ i}
(X nr=N)
1 0
=———InEgE,
B ¢
R Z+ﬂeﬂ“f " e,
——— N &g = —
IB 861’ B 1 — e—Ble—) 86
1 .
- m (Bose function),
epr\ti —
L9 Be P je,
:3861‘ t F Zl‘l‘e ﬂ(fr /")86
1
= w1 (Fermi function).
ePl€i

It follows:
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(A;) = {exp[Ble; — ) — 1}" Bosons,
U HexplBe; — w1+ 1} Fermions.

One immediately recognizes by comparison with the earlier problems:

Problem B.1

=

hd

B
. d
p/.d)»A(t —i\h) = p/d)»——A(t —iAR) =
0 0

plAG@ —ihB) — AQt)] =

Sf‘l“‘

0 [e'g(—ihmHA(t)eug(—mﬁ)H _ A(,)] —

>0 o~

p (P A P — A(r)) =

[ e PP A(r)e P

;H ~. ;H ~.

- ,OA(t)i| =

Sp(e=F™)

~.

= - (A()p — /OA(l))— [A(l),,O]_ q.ed.

Dﬁ‘

Problem B.2

p o [a0). B}

p{pAMB(") — pB(HA®M)}
p {B(pA®) — pBUHAWD)]
pll

B, p]_ A0

(cyclic invariance of trace).

([, B)))

[
©»v v wv w»

Substitute Kubo identity:

(A@: BOOW™ = ~i06 =) {[A0), Bt)]_) =

= —hO(t —z’)/dASp{pB(ﬂ —iADA®)) =

= —hO@ —1) f dr(B(t' — ixR)A(1)  qed.
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Problem B.3
1 i . i A
(BOA( + i) = =Sp [ Bet Mt p - ieing |

= lSp {eﬁHefﬂHBe%H[ef’gHAef%H’}
= ;Sp {e‘ﬂHe%H’Ae_%H’B}
= (A(1)B(0))

Here the cyclic invariance of trace has been used several times.

Problem B.4

l.t—t>0:

The integrand has a pole at x = xo = —i0". Residue:

—ix(t—t") 1)
e = lim (x —xg)——— = lim e ") =1
1 x—)xo( 0) x +i0t+ X—X0

Since ¢+ — ' > 0, the semicircle closes in the lower half-plane; then the expo-
nential function sees to it that the contribution from the semicircle vanishes. The
contour runs mathematically negatively. Therefore it follows that

O — 1) = ——(=27i)l =1
2
Imx A

b

> =
K ° -

In order that no contribution from the semicircle appears, now it closes in the
upper half-plane. Then it follows that

2. t—t <O

Ot —-1t)=0

as there is no pole in the region of integration.
Problem B.5

+00 B )
flw) = / dt F(t)e™

o]
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Let the integral exist for real w. Set

w=w +iw
+0o0

= f(w) =/ dt f(t)e' e !

—0Q

1. f(t)=0fort <O0:
— f(w) = / dt F()e e
0

Converges for all w, > 0, therefore it is possible to analytically continue in the
upper half-plane.
2. f(t)=0fort > 0:

0

= f(w)= / dt f(t)e'® e

—00

Converges for all w, < 0, therefore it is possible to analytically continue in the
lower half-plane.

Problem B.6
With

Ho =Y (e(k) — pway,ax

ko

we first calculate

[, Hol- = Y (e K) = ) e @l | =

Ko’

= D (e(K) — wcdooaier = (e(k) — p)axs.
Ko’

The interaction term requires more effort:
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[axs, H — Hol-

_ ! o (qQ) i t ,

= 5 K'p q) | Ako » ak/+qa,,ap_qa/apo-rak o B
K'pq
oo’

1 3 i
= z Uk’p(q) (800”8k,k’+qap_qq/apa’ak’a”
K'pq

ot

[oaaen

i
_800’kafqak/quU/fapa’ak’a”

1 3 t
= z kaqp(q)ap_qa/apa’aqua
pqo’

1 3 i
—_ E vkrk+q(q)ak,+qg,,ak+qaakfﬂ,/
k/qa”

In the first summand:

q— —q; Vkiqp(—q) = Vpkiq(qQ)

In the second summand:

K —>p, " —o0o

Then the two summands can be combined:

T
[akeo H - HO]— = Z Up,k+q(‘])ap+qg/apo’ak+qo
pqo’

Equation of motion:

(E — e(k) + )Gy (E)

ret

=h + Z UP,kJrq(q)<<a;r,+q(,/clparak+qa; alg))E
pyqo’

Problem B.7
H=Y eKal,an —pN = (k) — paj,ax,
ko ko

One can easily calculate
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[ H- = _(e(K) — wlaks . afy, teqr]-

Ko’
=Y (e(K) — 1)k S50 aicor
ko’
= (e(k) — was
From this it further follows that
[[ao, H]-, H]- = (e(k) — wlaks, H]- = (e(k) — 1)’ axo
For the spectral moments this means
My = ([axs, @, 14)
=1
) = (llawo. 11 af, 1)

= (e(k) — ) {[ako» af,14)
= (e(k) — )

M2 = ([llawo, 11101 af«rL)

= (e(k) — ;) ([ako» ay, 1+)
= (e(k) — )’

Then by complete induction one gets immediately

M = () —p)'s n=0,1,2....

o

The relationship (B.99) with the spectral density,

1 +00
M = / dE E"Sio(E)

o0

then leads to the solution:
Sko (E) = RS(E — €(K) + 1)

Problem B.8

1. Creation and annihilation operators for Cooper pairs:

b]T( = altT CIT_IW 5 bk = d_k| akp
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Fundamental commutation relations

(a)
[bx, bl = [bl1 b;]_ =0

because the creation and annihilation operators of fermions anticommute among
themselves. Therefore products of even number of Fermion construction opera-
tors then commute.

(b)

[bk, b;i/]_ = [a,k¢ak¢, alLTaJr—k’ijl_

= Skk’a—kiaT_k/¢ — 8_k_k/alt,Tak¢

= Sk (1 — Ai_k) — Aiy)

Therefore the Cooper pairs inspite of their total spin being zero are not real
Bosons because only two of the three basic commutation relations are satisfied.
(c) Since

[bk, bkf]Jr = 2bkbk/ 75 0 for k 75 k/

they are naturally also not real Fermions, either, even though

2
(b) =tk =0

is valid for them.
2. Equation of motion:

[aka, H*], = Z t(p) [akg, a;a,apgr]_

po’

— A Z [ak(,, a_plapy + aleaT_N]i
p

= Z t(p)(saa’ékpapa’

po’
—A Z ((SkP(SJTaT_pL — akfpao'\ba;,r)
P
= t(k)aka - A(SUT - 8JL)aT_k_q7

_ +1, foro =1,
TN foro =)

Then the equation of motion reads as
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(E — 1(K)Gio (E) = h— Az {(a]_,a,)).

The Green’s function on the right-hand side prevents a direct solution. Therefore
we set up the corresponding equation of motion for this:

o]

= —1(-kal,_, — A Z [aikfa’ a—piam]_
3

= 100, — AN (Spdosa)y — 5 kpd rap,)
P
= _t(k)aT_k_o' — Azpags
This gives us the following equation of motion:

(E +t®){(a',__ial ) = —Az, Gy (E)
7o A

_mGka(E)

(al\_ial ) =

This is substituted in the equation of motion for Giix (E):

A2
(E —t(k) — m) G (E)=h

Excitation energies:

E(K) = ++/12(K) + A2 - A (Energy gap).
t—

Green’s function:

I(E + t(k))
E)y= —— "
Gio(E) = 15— g
Imposing the boundary conditions:
GEl () — h (k) +Ek) (k) — Ek)
kT 2E(K) | E — E(K) 400 E 4+ E(K) 4 i0*

3. For A we need the expectation value:
<a|i¢aik 1 )

Its determination is via spectral theorem and the Green’s function used in part 2.:
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—hA
Gir(E) = —

(@] gyl = o ey
T ) >~ E2(k)

Taking into account the boundary conditions we obtain for the corresponding
retarded function:

ret

(@l sap )

_ hA 1 1
T 2E®K) |:E +EK)+i0t E—E®K) + i0+]

The spectral density corresponding to this

hA
Skt (E) = 5=~ [6(E + E(K)) — §(E — E(k))]

2E(k)
Spectral theorem:
(altTaT_ki)
LS
=—/dE k)t (E)
h exp(BE)+ 1

—00

A 1 1
T 2E(K) (eXp(—ﬂE(k)) +1  exp(BEK) + 1)

tanh (%ﬂE(k))

T 2E(K)

Then we finally get

| tanh (%ﬂ,/rz(k) T AZ)
A=-AV

2 5 V() + A2

Ay

T

Te

A = A(T) = Energy gap is T dependent. Special case:

1
T — 0 = tanh (E,B\/tz(k) + A2> — 1
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Problem B.9

1. We first show that

[l B ] B ]
. (2(k) + A", if p=2n
~ @0+ AY R a —zohal )i p=2n+1
is valid.
Heren =0, 1,2, - - -. We prove this by complete induction.

Induction’s start p = 1, 2:

[aro, H*]. = t0ax, — z0Aa",_, (see Problem B.8)

([, 5] ] = 109) (1000, — 5 0a )

— 208 (—100aly, — 20 Aa)
= (f*(k) + A?) ax,.

Induction’send p — p + 1:

(a)p even:
[ [lawo B m] ]
(p+1)-fold commutator
= (> + AY)* [, H]_
=@+ A (1o — z,8d!, )
(b)p odd:

[ [[aka*]f’H*]_"”’H*]_

(p+1)-fold commutator

- (t2 + A2)%(p71) I:takc — 3o Aaik—a’ H*]

= (2 4+ AHPD [t(taka —zAdl,_,)

—zoA(—taT_k_(r - Azaaka)]

= (2 + AH P g ged.
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For the spectral moments of the one-electron spectral density we directly get
n=20,1,2,...

M = (o +a%)"
MY = (k) + A?) 1(Kk).

2. We use
+o00
(n) 1 n
M, = 7 dEE" S (E)
—00

Determining equations from the first four spectral moments:

A + A2e = I,
1o E15 + 26 Exy = Nt
a1o EY, + anp B3, = h(t* + AY),
ais By + 0ap E5) = h(t* + APt

Reformulating them:

a26(E20' - Ela) = h(t - Elo)v
O‘ZGEZJ(EZU - Elo) - h[tz + A2 - tEl(T] 5
@ B3 (Exy — Eig) = h[(t* + APt — E)5)]

After division follows:
EL =124+ A =  Epk) =+/2(k + A2 = EK)

This has the further consequence:

P+ AN —1E, A2
EO=—"%. ~'""iCE,
= (EKk) —t(k)'A? = (k) — E1,(K)
A? _ E®)it(k) — E*(K)

= Eis(k)=1(k) -

E®) —t(k)  Ek) —1(k)
= Ei(k) = —E(k) = —Ex (k)

Spectral weights:
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a2 (K)2E(K) = R(t(k) + E(K))
R+ EK)
= k)= hT(k)
B _E®) —1(K)
a1o(K) = h — ay(K) = hT(k)

O TE® - 1(K)
— S (E)=h [—ZE(k) S(E + E(K))

E(k) + t(k)
T(k)S(E - E(k))}

Problem B.10
Free energy:

F(T,V)=U(T,V)—TS(T,V)=U(T,V)+T (-)
aT ),

So that for the internal energy we get

Ur,v)y= -T2 {i (lF(T, V))}
aT \ T v

FO,V)=U(@©,V)

~ U, V)—U(T,0)= -T2 {% (F(T,V)— F(0, V))}

r Uur',vy—u(,v
_/ AT ( ) o,V _
0 T/2

1 . 1
?(F(T, V) —F(, V))—}%{?(F(T, V) - F(Q, V))}

Third law:

T—0

(1 9
lim {? (F(T,V)— F(0, V))} = (8_T>V (T =0)

= S(T=0,V)=0

Then it follows that



C Solutions to Problems

U(T', V) —U(0, V)
T/2

T
F(T,V)= F(,V)— T/ dT’
0

Problem B.11

Ho =Y (€(k) — way,ax

ko
Then one can easily calculate
laxo . Hol- = (e(K) — wako,

la),, Hol- = —(e(K) — wa,,,

la} awe, Hol- = [a), . Hol awo + aj, [aws:, Hol-

= —(e(k) — wap, awor + (k) — pal,awy

= (e(K) — e(K))a), any
|o) is eigenstate of H, because

aj awe Mol Eo) — [a), awer, Hol— | Eo)
(Eo — (k') + (k) |v)

Holvro)

Time dependence:

1Y) = al, (as (1) Eo)
= e a) aqre” 70| Eq)
= e BT |y

i

_ e—EEote%(Eo-&-e(k/)—e(k))r|¢0>
= [Yo(1) = e FEEI=wN )
Further with (Ey|Ey) = 1 follows:

(Wolwo) = (Eolal,, axeay, ao | Eo)

= (Eolaj, (1 — no)aws| Eo)

= (Eolay, axo|Eo) (k> kr)
= (Eol(1 — akoal,,) Eo)

= (EolE) (K <kp)

=1

739
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Therewith we finally have

{(Yo®IYo(t) = exp <—%(6(k') —e(k)(r — t'))

= [(Yo®)|Yo(t))|> = 1: stationary state

Problem B.12

G = WE —e(k) + pn — Zy(k, E))™"
general representation

1. It must hold

2

| E
E—ek)+u—2,(k E)=E —2e(k)+ —— +iy|E]
e(k)

— S,k E)=R,(k, E)+il,(k, E)

E2
= <€(k)+ll - @) —iyl|E|

2

E
— R,(k,E)=¢€(k)+ u — @, I,(k, E)=—y|E]|.

E2 (k)

Eiy = €(k) — it + Ro(k, Eiy(K)) = 2¢(K) — o

= ELK) + e E;;(K) = 262 (K),
Eis(k) + : (k) . (k)
io —€ = —€
2 4
Then we get two quasiparticle energies:

Eip(K) = —2e(k);  Eas (k) = €(k).

Spectral weights (B.162);
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-1 -1

o (K) = -9 R k, E) = ‘1+2E""(k)
A YR A e(k)
1
- O510’(k) = a20(k) = g
Lifetimes:
I; (K, E15(K)) = =2y le(K)| = I1,(k),
I; (K, Exs(K)) = —yle(K)| = Iy (K)
35
oK)= —7—; o (K) = .
= 1ol = e’ %= Y0

3. Quasi particle concept is applicable provided
s (k, E)| < le(k) — u + Ry (K, E)|
— (K, Eir)| < |Eix(K)|

= Y|Ei,(K)| < |Eis(K)|
— K1

<8Ra(k,E)> _ 2
E o €

R, (K, E) s E?
( de(k) >E_ €2(k)

— () 1-4 1

m =m——=—=m

lo 1+5 2 4
. 142
mza(k)zmmzm

Problem B.13
The self-energy is real and k independent. Then with (B.192),

E —b,
Po(E) = po(E — Eo(E — 1)) = po <E —do >
— ¢,

Lower band edges:
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742
! E_ba
0=FE —a,
E—c,
= 0=E> (a5 + ¢)E + ayb,
2
— (E= Yy +cn) +ashs — 2@ +c07
= zao Co asDy 4% Co
1
== Egl,)Z(r = E (aa +co F \/(aa + Cu)2 - 4aaba>
Upper band edges:
! E_ba
W=F—a,
—c,

— —c, W= E* — (ay +co + WYE + a, b,
1 2
0= (E - E(ao + ¢ + W)) + (agbs + co W)

1 2
- Z(acr +co + W)

1
EY, = 5 (a0 4o+ W F Vias +cx + WP = 4ash, +c,W))

Quasi particle density of states:

) ©)
w. fallsEY) <E<E

1
W 9

po(E) =1 &, falls ESY < E < EY)
0, otherwise

Band splitting into two quasi particle sub-bands.
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A

ABAB-structure, 306

Actinides, 16, 137

Adiabatic demagnetization, 174

Advanced Green’s function, 528, 531, 533, 539

Alkali metals, 120, 121, 387

Alloy analogy of the Hubbard model, 471

Angle averaged photoemission, 556

Angle resolved photoemission, 556

Anisotropy, 280, 281-283, 291, 315, 316, 337,
340, 341, 346, 348, 350, 351, 667

Anisotropy field, 283, 337, 340, 341

Annihilation operator, 177, 201, 202, 226, 275,
278, 322,391, 477, 491, 497, 498, 504,
507, 508, 511, 523, 543, 732, 733

Anomalous Zeeman effect, 61, 80, 164, 280

Antiferromagnet, 227, 286, 297, 303-316, 317,
337, 340, 341, 343, 345, 346, 350, 382,
384, 431, 486, 644, 660

Antiferromagnetism, 18, 87, 175, 431

Antisymmetric N-particle states, 197

Antisymmetric singlet state, 187

Appearance potential spectroscopy, 524

Atomic-limit self-energy, 418

Auger-electron spectroscopy (AES), 524, 525,
526

Average occupation number, 134, 324, 458,
468, 513, 540, 541, 555, 587

B
Band
correction, 435, 436, 439, 441, 465, 468,
472
ferromagnetic solid, 389
magnetism, 12, 176, 387, 389, 395
magnets, 12, 176, 184, 194, 233, 387, 388,
389, 391, 393, 395
occupation, 394, 451, 457, 460, 461, 464,
466, 467, 468, 473, 481, 483, 485

shift, 177, 435, 436, 460, 461, 464, 465,
466, 468, 469, 475, 480, 483, 485, 488,
489, 703,710
structure, 185, 391

Bandwidth correction, 436, 437, 465, 468, 703

BCS theory, 560

Bernoulli number, 355

Binding energy, 388

Bloch density of states, 398, 399, 402, 403,
437, 445, 446, 455, 458, 462, 471, 473,
478, 556

Bloch energy, 506

Bloch function, 124, 171, 506, 507, 508, 545,
597

Bloch representation, 486, 509, 545

Bloch’s T?/? law, 299, 326, 334, 356

Bogoliubov inequality, 286, 287, 289, 411, 412

Bogoliubov transformation, 341, 348, 384

Bohr magneton, 11, 16, 106

Bohr radius, 89, 151

Bohr—Sommerfeld condition, 132, 133

Bose-Einstein distribution function, 324, 343,
545

Bose operator, 276, 277, 279, 323, 384, 528,
650, 652

Boson, 294, 343, 350, 493, 494, 496, 497, 502,
503, 504, 505, 511, 512, 513, 544, 561,
713,715,716, 718, 724, 725, 726, 727,
728,733

Bound current density, 3

Bravais lattice, 171

Brillouin function, 159, 160, 161, 181, 227,
298, 299, 300, 308, 319, 484, 647

C

Callen decoupling, 371
Callen method, 371-381, 385
Callen theory, 380

743
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Canonical partition function, 20, 21, 95, 104,
109, 134, 135, 136, 156, 172, 236, 237,
241, 254, 255, 257, 261, 264, 265, 266,
270, 323, 421, 525, 528, 564, 604, 632,
635, 725

Cauchy’s principal value, 534

Causal Green’s function, 528, 529

Central field approximation, 74, 75, 80

Centre of gravity, 163, 434, 437, 460, 468

Centre of gravity of the energy spectrum, 437

Centre of mass coordinates, 149, 600

Chain of equations of motion, 372, 530

Charge density, 3, 6, 62, 520, 521, 522

Chemical potential, 19, 95, 97, 100-101, 109,
117, 119, 135, 324, 399, 409, 417, 474,
475, 476, 478, 481, 487, 525, 543, 591,
677,678

Classical Langevin paramagnetism, 173, 605

Classical limit, 133

Classical quasiparticle picture, 550, 555

Classical theories, 405, 623, 624

Closed orbit, 125, 127, 132

Closed paths, 262, 263

Closed polygons, 247

Cluster configuration, 212

Cluster model, 210, 212, 213, 216, 217, 219

CMR system, 217

c-number, 31, 32, 43, 234, 297, 301, 304, 313,
347, 353, 396, 515, 522

Coherent potential approximation (CPA), 471,
472,473,471

Collective eigenoscillations, 523

Collective magnetism, 15, 17, 18, 85, 89, 142,
175, 176, 184, 226, 229, 280, 281, 387,
410,471, 482

Collective phenomena, 87, 175

Colossal magneto-resistance, 217

Combined Green’s function, 534, 535, 537,
540

Commutation relation, 49, 50, 52, 53, 58, 66,
82, 83, 202, 203, 226, 274, 275, 276,
277, 282, 287, 293, 339, 383, 410, 429,
491, 501, 508, 511, 540, 544, 561, 571,
573, 580, 613, 651, 652, 654, 733

Commutation relations for the spin operators,
203

Compensation temperature, 317, 318

Completeness relations, 206, 284, 429, 494

Conduction electrons, 12, 16, 90, 91, 104, 109,
116, 117-121, 137, 138, 142, 154, 155,
178, 194, 201, 202, 203, 210, 230, 387,
388, 520, 521

Index

Construction operator, 278, 347, 391, 433, 434,
485, 495, 497, 501, 503-506, 508, 671,
733

Contact hyperfine interaction, 71, 73, 201

Continuity equation, 3, 5

Continuous Fock representation, 494-501

Conventional alloy analogy, 471, 473, 483

Cooper pair creation operator, 560

Coordination number, 468, 647, 649

Core electrons, 388, 525

Correlated electron hopping, 435, 473

Correlations, 153, 154, 155, 236, 238, 239,
271, 301, 376, 394, 405, 407, 427, 435,
436, 439, 441, 446, 451, 453, 455-457,
459, 461, 463, 465, 466, 467, 468, 469,
471, 473, 474, 475, 477, 479, 481, 483,
488, 529, 531, 535, 560, 637, 639

energy, 153, 154
function, 236, 238, 239, 271, 301, 436,

439, 441, 465, 481, 529, 531, 535, 560,
639

Correspondence principle, 9

Coulomb gauge, 9, 10, 68, 72

Coulomb integral, 146, 191

Coulomb interaction, 24, 74-75, 120, 142, 145,
147, 148, 151, 153, 154, 175, 176, 177,
184, 186, 190, 195, 197, 198, 199, 200,
213,229, 389, 392, 402, 420, 427, 451,
456, 462, 473, 485, 510-511, 545, 546,
559

Covalent bonding, 188

CPA equation, 472, 473

Creation operator, 177, 226, 277, 278, 323,
391, 495, 496, 504, 511, 560

Criterion for ferromagnetism, 182, 402,
457-461, 463

Critical exponent, 228, 269, 270, 299, 405,
622, 623, 624

Critical phenomena, 234

Critical region, 299, 368, 381, 623

Curie constant, 24, 161, 165, 173, 181, 300,
306, 311, 319, 485, 608, 615, 619, 621

Curie law, 24, 161, 165, 170, 173, 245, 420,
566, 567, 606, 607

Curie temperature, 17, 18, 175, 179, 183, 227,
253, 254, 267-268, 281, 299, 300, 301,
303, 308, 309, 317, 319-320, 321, 336,
355, 369, 372, 381, 382, 402, 403, 405,
461, 468, 482485, 620, 648

Curie-Weiss law, 183, 184, 227, 300, 308, 321,
371, 372, 381, 484, 615, 620

Current density of polarization charges, 3

Cyclic invariance of trace, 517, 529, 728, 729
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Cyclotron frequency, 105, 127, 128
Cyclotron mass, 126—127
Cyclotron orbit, 126

D
Darwin term, 44, 73, 76
d-band degeneracy, 393
Degeneracy of the Landau levels, 106, 593
Degenerate electron gas, 118
Degree of degeneracy, 107, 109, 110, 128, 129,
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Susceptibility of the conduction electrons, 104,
117-121, 138

Symmetric decoupling, 373, 374

Symmetric triplet state, 187

T

Taylor expansion, 48, 102, 115, 140, 141, 268

Tensor

operator, 52-53, 54, 64, 66, 83
of rank, 52, 66, 83

Term, 27, 28, 280

Thermal energy, 157, 161, 179, 295, 359

Thermodynamic expectation value, 332, 351,
353, 359, 372,412, 413, 435, 541

Thermodynamic limit, 109, 146, 239, 242, 243,
245,246, 247, 252-254, 255, 264, 266,
271,290, 414, 633, 638

Thermodynamic potential, 19, 21, 243, 252,
359-361

Third law of thermodynamics, 173, 244

Time evolution operator, 493

Time ordering operator, 529

Total angular momentum operator, 37

Transfer function, 241

Transfer integral, 214, 216, 219

Transfer matrix, 241, 243



752

Transfer matrix element, 213

Transfer matrix method, 240

Transition

metals, 16, 137, 210, 387, 389, 395, 402
operator, 523, 524, 525, 526

Translational symmetry, 85, 171, 239, 265,
297, 332, 353, 384, 396, 413, 417, 435,
452,465, 466, 510, 522, 647, 665, 701

Transposition operator, 198, 199, 492

Transverse susceptibility, 520

Triangular inequality, 413

Tunnelling probability, 389

Two-component theory, 38, 41

Two dimensional Ising model, 245-270

Two-electron system, 186, 187, 195, 199, 423,
426

Two-magnon states, 330

Two-particle density of states, 524

Two-peak structure, 434

Two-site Hubbard-model, 421, 424, 487, 488

Two-site model, 420-427, 432, 451, 456, 464,
487, 488

Tyablikov approximation, 353, 356

U
Uniaxial ferromagnet, 282
Upper sub-band, 425, 456

\%
Vacuum state, 323, 495, 501, 504, 511
Valence electrons, 388

Index

Valence mixture, 217, 317

van Vleck paramagnetism, 166-171
Variation ansatz, 190, 192

Variation method, 190

Vector operator, 48, 49, 52, 53, 54,78, 82, 83
Vector potential, 9, 10, 67, 68, 72, 82, 104
Vertex, 256, 257, 442

Virtual hopping, 431

w

Wall, 247, 249, 250

‘Wannier functions, 508

Wave packet, 124, 492

Weak-coupling behaviour, 441, 475, 479, 481,
482, 484

Weak ferromagnetism, 398

Weight of the path, 261

Weiss ferromagnet, 180-184, 228, 298, 305,
397, 401, 621

Weiss model, 180-184, 230, 298, 395

Wigner—Eckart theorem, 45-56, 59, 60, 61, 64,
65, 66, 78, 162, 167, 168, 233, 280

Wigner-Seitz cell, 281, 598

X
XY-model, 233

V4

Zeeman energy, 68, 156

Zeeman term, 58, 72, 106, 280, 281, 292
Zero-bandwidth limit, 417, 487
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